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PREFACE 


Tiie preparation of the material used in this book was 
begun more than ten years ago. It grew out of the author's 
need for a set of exercises comprehensive enough to meet 
every demand in his classroom and graded according to the 
difficulties which the pupils experienced in Eolving them. 
The exercises were grouped under the proposition with 
which they were to be used, and notes were added to indicate 
the time when particular methods should be stressed. For 
several years the author had no idea of writing a text-book 
and worked merely to devise and perfect original exercises 
for use in his classes. Later he collected and graded those 
he found most effective in pupil-training. 

These exercises are the nucleus around which this text- 
book has been written. Four years have been spent in 
testing, experimenting with, and in writing the other parts 
of the book. The reports of all of the prominent mathe- 
matical committees have been studied, and the personal 
advice of Borne of the foremost mathematical authorities in 
the United States was obtained. All of the best modern 
ideas on the teaching of geometry have been considered and 
applied, and these have been combined with the new ideas 
and methods which the author’s own experience and research 
have disclosed. 

Some of the special features of the book are: 

1. It meets accepted standards. The list of propositions 
follows the recommendations of the National Committee on 
Mathematical Requirements and of the College Entrance 
Examination Board. The body of the text contains the 
•pntimlicina nzxmmmd(i& Vj Muest *cwt» ’uoiifta ivAfei tohy 
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such others as are needed to make a connected and logical 
sequence. 

(а) All propositions on the fundamental list of the Na- 
tional Committee are printed in blackface type so that they 
Btand out easily from the rest of the text. 

(б) All propositions on the required list of the College 
Entrance Examination Eoard are starred. 

(c) All others are printed in italic. 

2. A minimum course is offered. The propositions in the 
body of the text constitute a minimum course. The sup- 
plement contains additional material which may be used if 
time permits, or if called for by variations in courses of study. 

3. There is provision for individual differences. The empha- 
sis throughout the book is laid upon the exercises rather than 
upon the formal proposition. The exercises are divided 
into four groups: 

(a) Class Exercises. These are exercises for the whole 
class, and are part of the regular assignment. These exer- 
cises in addition to the required propositions provide a 
minimum course. 

(fe) Optional Exercises. These exercises are intended to 
be used with classes of high average ability, and for average 
classes capable of doing more work. 

(c) Honor Work. In this section are placed exercises for 
the better pupils of a class. 

(d) Applied Problems. From these the teacher should 
select exercises to motivate the course and to add interest 
generally to the work. These problems are grouped with the 
proposition to which they apply so that the teacher can tell 
when to use them. 

The applied problems have been selected with the interests 
of boys and girls in mind. Among them are problems in 
Ending distances to inaccessible points, applications to car- 
pentry, bridge-building, gardening, dress-making, china- 
painting, real estate, astronomy, radio, aviation, and base- 
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ball. The problems have been carefully correlated with 
other high school subjects, and especially with physics, 

4. Complete -proofs are given for all important propositions , 
The large number of original exercises prevents memorizing, 
and tho fact that reasons in the proof arc referred to only by 
paragraph numbers incites the pupil to think out his reasons 
for himself if possible, rather than to turn back in the book 
to search for them. This plan is particularly valuable in 
that it offers the student who has been absent a means of 
making up his work, and serves the other students as a model 
upon which to base their work. The proposition with the 
full proof is almost a necessity in review work. 

5. Reasons are required for all constructions. It is well 
known that faulty construction is the greatest source of 
error in geometry. Requiring reasons for every construction 
will eliminate such statements of pupils as: "Construct AB 
bisecting /.C and perpendicular to DE." 

6. There is a thorough treatment of motion and functional 
relationships. The ideas of motion, variation, and functional 
relationship have been carefully developed in this text. 
These concepts are particularly emphasized in such subjects 
as that of the measurement of angles by arcs and in the area 
propositions, but they are not limited to these. The idea 
has been introduced wherever the variation of one quantity 
can be made to depend upon that of another. Few groups 
of exercises can be found in the book that do not contain some 
problems in functional relationship. Loci are first defined 
in terms of motion, and this concept is carried through all 
of the exercises. 

7. There is an unusually thorough treatment of numerical 
trigonometry. Numerical trigonometry is given more than 
the grudging page or two in the supplement, which is too 
often accorded it. Since few pupils ever take a course in 
trigonometry, it is almost necessary to teach the fundamental 
principles of surveying and indirect measurement in a 
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geometry course. This book provides generously for this 
necessity. 

8. Methods of thinking are emphasized. Methods of attack 
and the mechanics of thinking out a proof are emphasized 
throughout the book. Each new method is called to the 
attention of the pupil as soon as he has used it, and suitable 
exercises are provided for further practice in using it Prob- 
lem analysis is carefully explained. 

9. Investigation problems are a new and original feature. 
These problems, coming before the important propositions, 
lead the pupil to discover the proposition and to work out the 
proof for himself. The teacher may use tho investigation 
problem as a basis for developing the proof of a proposition 
in class, before the study of the proposition has been taken up. 

10. Self -measuring tests. At important points in the book, 
the pupil is given “ScIf-mcasuriDg tests” which help him to 
estimate his grasp of the material he has studied. At the 
end of each book there is a summary of the important 
ideas learned in that book. This material may serve for 
review purposes in addition to the Review Problems. 

11. There is a systematic grouping of logically related topics. 
The propositions have been arranged bo that the pupil gets 
the idea of a continuous group of propositions built up into 
a logical whole. 

12. Only terms and symbols recommended by the Rational 
Committee are used. 

13. Essential parts of the hypotheses are emphasised. In 
order to help prevent an often recurring situation in which 
students fail to remember the essential part of the hypothesis, 
the facts that are readily observable from the figures are set 
©S in brackets. The author recommends that the student’s 
attention be called especially to that part of the statement 
that is not within the brackets. 

14. New-type tests and historical material have been 
mduded, the latter in an original manner intended to stimu- 
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late the interest of the pupil in the historical phase of the 
subject. 

The author acknowledges his indebtedness to many 
persons who have contributed to this volume by their advice 
and assistance, and in particular to Walter F. Downey, Head 
Master of the English High School, Boston, for his careful 
reading of the manuscript and for helpful advice and sugges- 
tions throughout the work; to John W. McCormack, Head 
of the Department of Physical Science in Jamaica High 
School, New York City, for many of the exercises corre- 
lating mathematics with science; to Emily J. Haddon, 
for exercises of interest to girls and for reading the proof; 
and to William Betz, supervisor of junior and senior high 
school mathematics in Rochester, N. Y., and Walter Roberts, 
of West Philadelphia High School, Philadelphia, for reading 
the manuscript before publication and for many helpful 
suggestions. 

Special acknowledgment is due Dr. Raleigh Schorling of 
the University of Michigan, who read the manuscript and 
the page proof and contributed the new-type tests and 
material on the history of geometry. By his detailed work 
he insured rigorous mathematical treatment. He also sug- 
gested numerous learning devices applying principles drawn 
from educational psychology and refined by years of obser- 
vation of Bchool practice. 


J. P. McC. 



PREFACE TO THE SECOND REVISED EDITION 


At no time has the subject-matter of high-school mathe- 
matics undergone such close scrutiny and have such rapid 
advances been made in fitting it to the life needs of the pupil 
as during the last few years. In geometry, the tendency 
has been to eliminate those parts that have no other worth 
than that of information and to substitute in their place 
material that better meets the major aims of mathematical 
instruction, training in reasoning, in spatial imagination, 
and in those types of thinking likely to be most useful in life 
situations. In accord with these aims, the following changes 
were made in the first revision. 

1. The number of exercises has been increased on impor- 
tant topics that the teacher may desire to stress, such as con- 
gruent triangles, loci, and similar triangles, which, with the 
great amount of original work the earlier edition grouped 
around a Email number of book theorems, enable the teacher 
to center emphasis on original thinkingrather than on memory. 

2. A large amount of construction has been placed at the 
beginning of the text so that the pupil may learn the fun- 
damental concepts by doing rather than by memorizing 
definitions. 

3. Intuitive solid geometry has been added at those 
points at which it is natural to carry the concepts of geometry 
over into three dimensions. This brings geometry closer to 
life since we live in a three-dimensional world, and it gives 
the pupil an opportunity to exercise his spatial imagination 
to an extent that is impossible in plane geometry. 

4. In the belief that much of the reasoning of life is of 
the indirect type, this topic has been given added emphasis. 
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5. Tho number of exercises in the new type testa has 
been very greatly increased, and these have been classified 
and distributed so that tho busy teacher can use them when- 
ever needed without the necessity of working them in advance 
to leam if the theorems already studied cover all of the 
questions. 

6. The concept of symmetry has been introduced in 
pictures showing its applicability to nature and living forms. 

7. Geometric reasoning has been directly applied to life 
situations. This Is in keeping with the modem belief of 
psychologists that the transfer of training is increased if 
there is a conscious attempt to connect the work of tho 
classroom with the life of the individual. 

In the present edition the following changes have been 
made. 

1. The introduction has been livened by new exercises 
on the line, etc., by applications that make the axioms 
more real to the pupil, by more and better directed construc- 
tion exercises, and by life situations to bring out the idea of 
postulate systems. 

2. The measurement of angles by arcs has been improved 
bo as to make it better bring out the idea of the continuous 
change of a function. 

3. A summary of important loci has been added. 

4. The topic of inequalities has been improved and added 
to because it contributes most to the forms of indirect rea- 
soning so common in life. 

5. Several pictures with comments showing the value 
of geometry hare been inserted. 

6. Tire application of mathematical reasoning to life 

situations has been particularly stressed by the further 
addition of many exercises involving axioms, postulates 
ratio and proportion, and the indirect proof. ' 

The author wishes to acknowledge his indebtedness to 
the many friends who have helped in this work by valuable 
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suggestions, and in particular to A. I. Barbanell, Thomas 
Jefferson High School, Brooklyn, N. Y.; Samuel Welkowitz, 
Franklin K. Lane High School, Brooklyn, N. Y.; Dorothy 

M. Keeler, Port Chester High School, Port Chester, N. Y.; 
Murray J. Lcvcnthnl, James Madison High School, Brooklyn, 

N. Y.; Ethel M. night, Skowhegan High School, Skowhegan, 
Me. ; Philip R. Dean and Josephine Brand, Evandcr Childs 
High School, New York; Henry II. Shanholt, Abraham 
Lincoln High School, Coney Island, N. Y.; Ida M. Elliott, 
Riverside High School, Buffalo, N. Y.; Wayne L. French, 
Shaker High School, Cleveland, O.; Aaron Freilich, Bush- 
wick High School, Brooklyn, N. Y.; Ralph P. Bliss, Alex- 
ander Hamilton High School, Brooklyn, N. Y.; H. A. 
Swineford, Withrow High School, Cincinnati, 0.; Norman 
Collins, Public High School, Scotia, N. Y.; Clara Eaton, 
Newtown High School, Elmhurst, N. Y.; Alberta S. Wanen- 
macher, Hutchinson Central High School, Buffalo, N. Y.; 
Herman L. Lutz, Ellen Nomoff, and Virginia Frey, Theodore 
Roosevelt High School, New York; Benjamin Braverman, 
High School of Commerce, New York City; Mildred Frazier, 
Santa Ana Senior High School, Santa Ana, Cal., G. Phillips, 
Thornton Township High School, Harvey, 111. 


J. P. McC. 
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SYMBOLS AND ABBREVIATIONS 


The following symbols and abbreviations are used in ttu* 
book. 


t 

angle 


and so forth 

A 

angles 

alt. 

alternate 

A 

triangle 

ax. 

axiom 

A 

triangles 

const. 

construction 

X 

perpendicular, or is per- 

com 

corresponding 


pendicular to 

ext. 

exterior 

|| 

parallel, or is parallel to 

hyp. 

hypothesis 

~ 

congruent, or is congru- 

iden. 

identity 


ent to 

int. 

interior 


similar, or is similar to 

isos. 

isosceles 

> 

is greater than 

post. 

postulate 

< 

is less than 

rt. 

right 

a 

parallelogram 

st. 

straight 

o 

circle 

subst. 

substitution 

© 

circles 

supp. 

supplement 

■—> 

arc 

vert. 

vertical 

A’ 

A prime 





INTRODUCTION 


L The geometry of the ancients. The name geometry is 
derived from two Greek words meaning “ earth measure.” 
The Greeks gave this name to the subject that you are about 
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MoBB THAN 3,000 TEARS AQO THE EgTPTIANS WORKED OUT A CRUDE 6TSTEM 


or OEOMETRT, 

to study because the Egyptians, from whom they learned 
the subject, used it in surveying. It is a very old science 
and grew out of the needs of the people. 

Every year the Nile River overflowed its banks, spread 
out over the flat plains of Egypt, and washed away many 
landmarks that indicated the limits of the fields bordering 
on the river. In order that the boundaries might again 
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be Bet accurately, the Egyptians more than three thousand 
years ago worked out a crude system of geometry. This 
geometry consisted merely of a few rules for surveying, which, 
through long experience, they had developed. They did not 
ask themselves why these rules should be true, but were satis- 
fied to use them when it was found they gave fairly satisfac- 
tory results. 

It is probable also that other early nations, such as the 
Babylonians, worked out a few simple rules for surveying and 
for constructing buildings. 

Long afterwards, but more than five hundred years before 
the time of Christ, the Greeks became interested in Egyptian 
geometry. The Greeks were a thinking people, and sought 
reasons for these rules. Gradually they built up the geom- 
etry which we study to-day, and, in so doing, they found that 
many of the rules used by the Egyptians were not strictly 
true. For example, the Egyptians found the area of an 
isosceles triangle by multiplying one of the legs by half the 
base. This, you will learn later, often gives a result that 
differs by a large amount from the correct value. It never 
gives the exact area. 

Uses of geometry to-day. The Greeks cared more for the 
theory, and in Euclid's great book on geometry, written 
about 300 b.c., there are no practical applications. Geom- 
etry, however, has many applications. The surveyor 
measuring land or laying out streets, and the civil engineer 
constructing a railroad, a bridge, or a building depend upon 
it. Also the physicist, in hi3 work in mechanics, sound, light, 
or electricity, the astronomer, studying the stars and deter- 
mining the correct time for our clocks, the navigator on the 
sea and in the air finding his position, the draughtsman, and 
the mechanical engineer all need geometry. Its principles are 
continually used, too, by estimators for excavations, for brick 
work or stone work, for monuments, and for plumbing and 
plastering, as well as by many other people. 
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You will find much of this geometry very simple, so simple, 
in fact, that you will ask yourself why we waste time learning 
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GtOMETRT PLATS AN IMPORTANT PART IN BRIDGE CONSTRUCTION. 

The etrenrth and rigidity of this bridge depend on the triangle and the 
circular arc. The picture shows Hell Gate Bridge, New Yort. 

to prove things that are already so evident. But we must 
start somewhere, so we start with facts so simple that every- 
one will admit their truth. As we proceed, each part becomes 
just as simple, but, if we should attempt at the beginning to 
solve the problems in the middle of the book, we should find 
the task impossible, without having had the first part. 

Here, for example, are illustrations of 
what you will meet later in the course. 

A surveyor finds the distance across a 
river from A to D by measuring tho 
length from B to C, and the number 
of degrees in the angles at B and C. 

Again, the railroad engineer must know the radius of every 
curve so that he can raise the outside rail enough to keep 
the train from jumping off the track. Usually he cannot 
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measure the radius directly, especially if the curve be built 
around a ledge or a bend in a river. When this is the case, 
he measures from E to F, from F n 

to G, and from F to II. From — j -v. 

these measurements, he finds the -p 

radius he needs. 

Such problems as these and many others that someone 
must solve in his daily work, you will learn in this book. 
Before you can understand them, however, you must under- 
stand tbe principles involved in the easier exercises that 
come before them. 

It may happen that you will never need to solve problems 
like those given above. Of what value, then, is geometry to 
you? The real value of geometry is not so much in the facts 
alx>ut space and design that it teaches you, interesting as 
these may be, but in the training it gives you in logical think- 
ing. It will teach you the way to discover new facts for your- 
self and how to convince others of facts that you know. 
It will train you to back up your assertions with reasons and 
to weigh the statements made by others. It will help you to 
express your thoughts in clear language that will mean what 
you want it to mean. 

But in order that it may do these things for you, you must 
attack it in the right way. Form the habit of thinking out 
things for yourself. When you read a statement to bo proved, 
stop and see how much of it you can do without reading the 
proof from the book. Memorizing the proof in the book will 
be of very little value to you. Y ou wish to develop the power 
to think better, and this can be done only by thinking. If 
you train yourself to think out things without help, you will 
find geometry both interesting and valuable, but if you 
memorize the proofs, it will prove to be a dull subject, and 
you will derive little benefit from it. Be honest with your- 
self, You will be the gainer. 

We shall begin by recalling a few facts about points and 
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lines which you already know. So much of our work deals 
with these that it will be necessary to form very clear ideas 
about such fundamental things before beginning the proofs. 
Consequently, you should do these exercises very carefully. 

Exercises 

1. How thick is a line? If you wished to represent a line, would 
you use a stick an inch thick, a pencil, a wire, or a piece of spider's 
web? Why? Can you think of a line that has no width at all? 
With your pencil draw a line on paper. Is this really a geometric 
line? Why not? Would the boundary between the black of this 
line and the white of the paper be more nearly a line? 

A geometric line has no width or thickness. 

2. How long is a line? Can you think of a line a mile long? 
Ten miles long? A thousand miles long? Can you imagine a line 
without any ends, going on and on, beyond the sun, beyond the stars? 

A geometric line is unlimited in length. Any part of it is 
called a line segment. 

3. What is a straight line? Look along the edge of your ruler. 
Can you make the whole edge look like a single point? Could you 
do this with a curved line? How then can you tell a straight line 
from a line slightly curved? 

4. What is a point? Draw a very light line on your paper. 
Remember that your line only represents an ideal line which has no 
width. Now draw another line crossing the first. How large is the 
point where they cross? If your lines had no width, how large would 
this point be? There is a period at the end of this sentence. Is it a 
point? Why not7 If it were smaller, would it be a point? Can 
you think of it as a small circle whose center is a point? 

2. A point is represented by a dot, and is read by a 
capital letter placed near the dot, as point A. A geo* * A 
metric point has no size. 

6. How many points are needed to determine a straight line, that 
is, how many points of a straight line must I name eo that you can 
tell which line I am talking about? 
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(а) Mark a point on your paper. Now draw a line through it. 
Can you draw another line through the same point? Would the 
one point be enough to tell which of your lines was meant? 

(б) Does one point determine a straight line? 

(e) Mark two points on your paper and draw a straight line 
through both. Can you draw another straight line through both 
points? How many different straight lines can be drown through 
the same two points? 

(tf) Do two points determine a straight line? 

6. Why has a gun two sights? Could you hit nn object if only 
one of the sights was in the line from your eye to the object? 

7. Draw two different straight lines through a point. Will 
these lines meet in another point if extended? 

3. A straight line is represented by a stretched thread or 
by the edge of a ruler. It is fixed in position by any two of 
its points. Therefore: 

4. Only one straight line can be drawn through two points. 

6. Two straight lines can meet in only one point. 

A straight line is usually denoted by two capital letters, 
one at each end of the line segment drawn, but it may be 
designated by reading any two of its points. A line seg- 
ment of definite length is A B 

often designated by reading a 

small letter placed near it. S D 

Thus the line AB; the line CD; a 

the line a. " 

Where no confusion can result, a straight line or a line seg- 
ment is called amply a line. A geometric line has neither 
width nor thickness. It has only one dimension, length. 

Sxekcises 

1. What does a radio salesman mean when he Bays, “This Bet 
will receive all stations within a radius of 1,000 miles?” If you 
bad a map of North America with a scale of miles, could you draw 
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& line which would include all stations within 1,000 miles of your 
home and no others? 

2. What is the line in Ex. 1 called? How far is it from your 
home to any point on this line? How does the distance from your 
home to one point on it compare with the distance from your home 
to any other point on it? 

3. If a city is less than 1,000 miles from your home, will it be 
inside, on, or outside this line? If more than 1,000 miles? 

4. Why are the wheels on a wagon made 
circular instead of square or shaped as in the 
figure? 

6. Why would the wagon jar if the wheels 
were not round? 

6. Draw a circle on paper. Now draw a 
straight line which passes through the center of this circle. In 
how many points does it touch the circle? 

7. Can you draw a straight line which will touch the circle in 
only one point and which will not touch it again no matter how 
long you make it? 

8. Can you draw a straight line which crosses your circle in 3 
points? What is the greatest number of points in which you can 
make a straight line cross a circle? 

9. Draw two circles which cross each other. In how many 
points do they cross? 

10. Draw two circles which touch in only one point. Now draw 
a straight line which touches one of them at this point but does not 
enter the circle. In how many points does it touch the other circle? 

11. Draw a circle entirely inside another circle and not touching 
it. Can you draw a straight line which will touch each of them in 
only one point no matter how far you extend it? 

12. Can you draw two circles which cross in three points? In 
four points? What is the greatest number of points in wh»ch two 
circles can cross each other? 



6. A plane is a smooth, flat surface. Tho surface of a 
pane of window glass, of still water, and of the walls of the 
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room are good examples of planes. If the straight edge of a 
ruler is placed against a plane in any position so that its ends 
touch the surface, the whole edge will touch the surface- 
Plasterers test their work in this way. 

A plane is often defined as a surface such that a straight 
line joining any two of its points lies wholly in the surface. 
A plane has length and width, but no thickness. 

Space Geometry (Optional) 

1. You have learned that not more than one straight line 
can be passed through two points. Do you think that more 
than one plane could be passed through two points? Through 
three points on a straight ’ine? Through three points not on 
a straight line7 

2. Hold one finger up vertically and support your book 
horizontally on it. Can you tip the book without removing 
it from your finger tip? Does one point fix a plane? 

3. Hold up two fingers apart and try 
the same experiment. Can you still tip 
the book without removing it from 
either finger? Do two points fix a 
plane? 

4. Hold up three fingers with the tips 
not in a straight line. Can you still 
tip the book without removing it from 
any finger? Do three points fix a plane? 

5. "What is the smallest number of points needed to hold a 
plane in position? Will these points hold the plane fixed if 
they are in a straight line? 

6. Is a plane fixed in position by a point and a straight 
line? By two straight lines which meet in a point? 

7. Can you think of two straight lines in space through 
which it would be impossible to pass a plane? Illustrate 
with two rulers or two pencils or two edges of the class room. 

8. Fold a sheet of paper. Is the edge of the fold a straight 
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line? Try to make a curved crease. Do both parts of the 
paper remain p'ane? Do two planes always cut each other 
in a straight line? Is it possible for two planes to have a 
curved line in common? Give a reason for your answer. 

7. A circle is a closed plane curve, all points of which are 
the same distance from a fixed point in the plane called the 
center. Any part of the circle is an arc. The radius is a 
line from the center to any point on the curve. Therefore, 
all radii of a eircle axe equal. A chord is a line joining two 
points of the circle. A chord passing through the center is 
a diameter. 

Drrwihg Exercises 

Copy the following designs. Notice that the spiral shown here 
is made up of half circles. 


£ 8 ®®> 

8. An angle ( Z ) is formed by two straight lines which meet 
at a point. The lines are the sides of the angle, and the point 
is its vertex. 

An angle is read by a capital letter placed near its vertex, as Z A. 
However, when two or more angles have the 
same vertex, this method of reading is open 
to misunderstanding. It is then desirable to 
place a small letter within the angle, as Zx. 

Or an an^le may be read by three letters, one at the vertex and 
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one on each side, the letter at the vertex being read between the 
other two, as L ABD or ADBA. The letters are read in the order 
in which one would come to them, were he to draw the angle 
with one continuous stroke of the pencil. 

We may think, of A ABC as having been 
formed by turning a line around point B M 
a pivot from the initial position BC to thi 
final position BA. The sire of the angle 
depends on the amount of this turning *nd 
not on the length of the sides. 

Illustration. Lay your book closed on the desk. Now open 
the front cover without moving the book. Notice that the cover 
turns around the back edge as the book opens. The eite of the 
angle which the lower edge of the cover makes with the lower edge 
of the first page depends on the amount the cover has turned. 

Exercises 

1. Draw two lines AB and CD crossing at point E. Read the 
angles formed by these lrnes. 




2. Which of the two angles ABC and DEF is the larger? If 
you lengthen the lines BA and BC, does A ABC become larger? 

3. Which is larger, ZAFB or A AFC? 



b If ACFD 13 added to A AFC, wnat angle is the result? 

C. If A AFB is subtracted from ZAFD . what angle is the result? 
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6. la there any angle in the figure larger than ZAFP1 

7. If ZDFE is added to ZAFD, what angle is the result? 

8. Draw a straight line XY. Now draw another line RS meet- 
ing XY at S so that two equal angles are formed. What is the 
name of this kind of angle? 

9. Draw an angle smaller than one of the angles in Ex. 8. What 
is this angle called? 

10. Draw an angle larger than one of the angles in Ex. 8, but 
smaller than the sum of the two equal angles. Name this angl v . 

9. Adjacent angles are two angles 
which have the Bam tt vnrtex and a com- 
mon side between them; as ZFGH and 

moj. 

10. A straight angle is an angle whose 

sides lie in a straight line in opposite directions from the 
vertex; as ZKLM. k l ar 



11. If one straight line meets another straight line so as 
to make two adjacent angles equal, each of these angles is e 
right angle. Z PSR and / RSQ are 
right angles. 

Show that a right angle is one hah of 
a straight angle. 



12. Two lines meeting at right angles are perpendicular 
(J_) to each other; as PQ and RS. 

A definition is always reversible. Consequently § 12 may be 
quoted in the form: Two lines perpendicular to each other meet 
at right angles, or perpendicular lines form right angles. 

Show that perpendicular is not the same as vertical. 

The foot of the perpendicular is the point where the lines meet', 
for ^sample, point S. 
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13. An acute angle ia an angle smaller tban a right angle; 
as ZA. An obtuse angle is on angle larger than a right 
angle, but smaller than a straight angle; as ZB la the figure 
below. 



14. The degree. The ordinary unit for measuring angles 
ia the degree (°), which is one-ninetieth, of a 
right angle. The degree is divided into 
on° ” i 1 equal parts called minutes {'), and thft 

180° - 1 8 t angle minute * s 0P> in divided into sixty equal 
parts called seconds ("). 

A degree is also divided into tenths, hundredths, and 
thousandths; that is, a part of a degree is expressed ns a 
decimal fraction • as 08.374°. 

Exercises wren the protractor 



Note. A protractor fa an instrument for measuring angles- It fa 
made in the form of a half circle whose are fa divided into ISO equal parts 
catted decrees. An angle fa measured by placing the protractor bo that 
the vertex of the angle fa at the center of the circle, and one side of the 
angle run3 along the straight edge, as shown in the diagram. The num- 
ber of degrees in the angle fa read At the point where the other side 
creases the scale. 
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1. Draw an acute angle BAC. Now using a protractor as 
shown in the figure on the previous page, measure the number of 
degrees in your angle. 

2. Draw an angle as nearly a right angle as you are able without 
using the protractor or compasses. Now measure it with the pro- 
tractor, and note how many degrees it differs from a true right angle. 

3. Similarly, draw and afterwards measure angles of 45°, 135®, 
30®, 60°, 120®, 22§ <s , 67g°, 20°, and 40®. In each case compare 
your estimate with the measured result. 

4. Draw an angle whose sides are each two inches long, and 
measure it. Now prolong the sides, making one of them three 
inches and the other four inches long. Measure the angle again. 
Has its size changed? 

6. Draw two angles as nearly equal as you can estimate. Meas- 
ure them, and determine the number of degrees by which they differ. 

6. Draw an angle ABC. Now draw a line BD which you think 
will divide A ABC into two equal parts. Measure the two parts, 
and determine their difference. 

7. Draw an angle of 45°, and extend odc of the sides through 
the vertex. Measure both angles. Find their sum. 

8, Make the same drawing and measurements, starting with 
angles of 135®, 30°, 60°, 120°, 150®, 22* ®, 67*®, 20®, and 40®. Could 
you have computed the number of degrees in each of the angles 
formed by extending the line, without measuring? 

9, Draw two lines which cross each other. Measure two oppo- 
site angles. How do they compare in size? Also measure anothe> 
angle of the same figure. What is the sum of this angle and eithe. 
of the other two? 

10. Draw two angles that have the same vertex but are not 
adjacent. Draw two angles that have a common side but arc not 
adjacent. Explain. 


How to copy an angle. Architects make an angle equal to 
another angle by using only the compasses and a straight- 
edge ruler. Can you do it without reading the directions 
below? 
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To maie an angle equal to angle B: 

1. Place the point of your compasses on B and with any conven- 
ient opening mate an are cutting AB at F and BC at G. 

2. Keeping the same opening of the compasses, put the point on 
D and draw an arc cutting DE at H. 



3. With your compasses measure GF. Then put the point on H 
and make an arc cutting the other arc at 7. 

4 . With your ruler draw Dl. 

ZD will equal ZB. 

Exercises with Compasses aitd Ruler 
L With your protractor draw an angle of 70®. Then with ruler 
and compasses construct an angle equal to it. Check with your 
protractor. (We construct a figure when we draw it accurately 
using straight-edge ruler and compasses only.) 

2. Draw the following angles and construct an angle equal to 
each: (o) 15", (b) 110", (c) 90®, (d) 45°. 

3. Draw an angle of 35®. Now construct an angle twice as large. 

4 . Draw any two angles. Then construct an angle equal to their 
sum. 

5 . Construct an angle that is equal to the difference of two given 
angles. 

6. Draw an angle of 20®. Construct an angle, (a) three times as 
large; (6) four times as large; (c) six times as large. 

7. Draw three unequal angles and construct aa angle equal to 
their Bum. Check with your protractor. 

8. With your protractor draw two angles, one of 30® and tb» 
other of 45°. Now by using combinations of these two angles, 
construct with compasses and ruler angles of (o) 75®, (b) 60®, 
<e) 105*. (d) 15®, (0 90®. 
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16. When two straight lines cross, the opposite angles are 
called vertical angles; as Zi and Zy. 



i6. Supplementary angles are two angles whose sum is 
a straight angle; as 
Zx and Zy, or Zv 
and Zto. Each angle 
is the supplement of 
the other. 
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17. Complementary angles are two angles whose sum is a 
right angle; as Zp and Aq, or Zr and Z s. 



Class Exercises' 

1. If the line AB turns around point B 
in the direction opposite to that in which 
the hands of a clock move until it lies in 
a straight line with BC, name in order the 
four kinds of angles it forms with BC. 

2. What angle equals the sum of a nght angle and an acute 
angle? What angle equals their difference? 

3. If an acute angle is subtracted from a straight angle, what 
kind of angle is the result? 

4. If an acute angle is subtracted from a right angte, what 
ldnd of angle is the result? 

6. Compare an acute angle with its supplement. 

6. If 3n acute angle grows larger, how does its supplement 
change? How large must the angle become to equal its supple 
ment? To exceed its supplement? 

7. Name the angle which is two-fifths of a straight angle. 
Three-fifths of a straight angle. 

8. Is half an obtuse angle necessarily an acute angle? Is 
twice an acute angle necessarily an obtuse angle? 

9. If three times an acute angle is an obtuse angle, what number 
of degrees must the acute angle exceed? 



1 Enough work has lieen provided under the heading “ Class Exer- 
cises” for the average class. However, extra exercises of a somewhat 
more difficult nature have been included, captioned “Optional Exer- 
cises.” These are intended for classes which have sufficient time for a 
treater number of exercises than are given under the first heading. Hie 
third division, “ Honor Work," contains exercises of a degree of diffi- 
sulty to test the mettle of the better pupils. 
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10. What is the angle formed by the hands of a clock at 3 P.u.? 
At 6 p.m.? At 4 p.m.? At 2 p.u.? 

11. Through how many degrees does the minute hand of a clock 
turn in one minute of time? 

12. How many degrees are there in the angle formed by the 
hands of a clock at 12:30 p.m.? At 2:30 P.M.? 

13. Through how many degrees does the minute hand pass in 
20 minutes? In 13 minutes? 

14. If the earth turns completely around in 24 hours, through 
how many degrees does it turn in 1 hour? In 2 hrs. 15 nun.? 

15. What angle is A ABE+ Z EBD? Z EEC -ADBC? 

16. If Z ABC - 90°, what is the complement of Z ABDl Of Z xl 

17. If ZARC«90°and A ABB = 62° 10', A 
find the number of degrees in As. 

18. If ZARC-90 0 , Zx = 35° 20' and 
Ay*> 28° 15', find At. 

19. If Z ABD = 5S° 40' 32" and Z y = 20° 

15' 25", find Ax. 

20. If A ABC is a right angle and Ay =*21° 50' 40", what is the 
sum of Zxand At? 
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Optiohal Exercises 

21. Zi and At are right angles and 

Zj/ = 20°. How many degrees are there in 
A FLK? In A FLII? G ^ 

22. If Ax and At remain right angles, B 

but Ay increases from 20° to 100°, describe 
the change which takes place in Z FLK. 

23. How many degrees are there in Ay 
when it becomes equal to Z FLK ? 

24. Find the supplement of 50°. Of 67 8 18'. Of 1 12 0 43' 32". 

25. If the complement of an angle of x° contains 2r“, find x. 

26. Find that anglo which is J of its supplement. 

27. The greater of two supplementary angles exceeds the smaller 
by 22°. Find both angles. 
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28. By how much does the supplement of an angle exceed the 
complement of that angle? 

29. If 34* were added to an angle, it would then equal the sup- 
plement of the original angle. Find the number of degrees in the 
original angle. 

30. An angle exceeds its supplement by 3S“. How many degrees 
must be subtracted from it in order that it equal its supple- 
ment? 

31. Draw a pair of adjacent angles which are supplementary. 
A pair of adjacent angles which are not supplementary. A pair of 
supplementary angles which are not adjacent. 

Common Terms 

18. Lines intersect if they have one or more common 
points. 

19. To bisect is to cut in two equal parts, or in halves. 



AB intersects CD at F. 

CD bisects AB at F, if AF = FB. 

20. Figures are said to coincide, if one of them exactly 
fits the other. 

21. (o) Figures which can be made to coincide are con- 
gruent (£0- 

(b) Any two figures are congruent if all the parts of one 
equal respectively the corresponding parts of the other. 
For, in that case, they could be made to coincide. 

22. The corresponding sides and angles of congruent figure* 
arc equal. I 
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How to bisect a line segment. 

To bisect AB: 

1. With A as center and with a 
radius more than half of AB, construct 
arcs on both sides of AB. 

2. With B as center and with the 
same radius, construct arcs cutting the A 
first arcs at C and D. 

3. With your ruler draw CD cutting 
AB at E. 

4. E is the middle point of AB. 

Note. CD is also perpendicular to AB. 

It is called the perpendicular bisector of 
AB. 

Construction Exercises 

1. On a given line AB, lay off a distance equal to a segment a. 
With an opening between the 
points of the compasses equal 
to the length of a, and with 
A as center, construct an 
arc cutting AB. 

2. Construct a segment three time3 as long as a given segment. 

3. Construct a line segment equal to the sum of two unequal 
segments a and b. 

4. Draw a vertical line segment and bisect it. Test with your 
compasses. 

6. Draw several segments of different lengths and in different 
directions. Bisect them and test with your compasses. 

6. Draw a line segment. Then construct a segment 1 J times as 
long. 

7. Divide a line segment into 4 equal parts. 

8. By the method learned above can you divide a line segment 
into 3 equal parts? 5 equal parts? 8 equal parts? 10 equal parts? 
Construct those that are possible. 
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9. Construct a line segment equal to the sum of three given line 
segments. 

10. If a and b arc two unequal segments, a being longer than b, 
construct a + i; a — b', 2 a + 3&; 2a — b. 

How to bisect an angle. 

Draw an angle ABC. With B as 
cutting A B at D and BC at E. Using 
D and E as centers and with the same 
radius, draw two arcs crossing at F. 

With your ruler draw a straight line 
from B to F. BF bisects Z A BC. 

CoHSTRoerioH Exercises 

1. Bisect an angle of 43 d ; CO®; 90°; and 120°. Test each angle 
with your compasses or measure with your protractor. Does the 
line always cut the angle into two equal parts? 

2. Construct a 00® angle by bisecting a straight angle. Check 
with your protractor. 

3. Divide a given angle into 4 equal parts. 

1 Can you divide an angle into 3 equal parts? 5 equal parts? 
8 equal parts? Construct those that are possible. 

6. Construct an angle of 45®; Of 135®; Of 22®30'; Of C7°30'. 

6. Construct an angle 1 J times a given angle. 

7. Construct a line perpendicular to a given line AB at a point 
C on the line by bisecting the straight angle at C. 

6. Construct a square having 
a given line segment as side. 

9. This design was used on 
a church in Zurich. Begin with 
a line segment KL and construct 4 squares. Then use their comers 
as centers for arcs. 

23. Reasoning. The power to reason is our most valuable 
possession, and the one in which we most surpass the horse or 
the dog or any other animal. The ability to weigh facts and 
to draw the correct conclusions is one well worth developing! 



center, draw an arc 
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for in any form of activity, situations are continually arising 
on which judgments must be formed. For example, the busi- 
ness man collects all the data he can get about the enter- 
prise he intends to undertake. These he studies, and from 
them draws certain conclusions. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
given us. From these we draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
sure that we shall not slip in our reasoning, we follow a 
definite form, giving a reason for every step in the process. 

24. A theorem is a statement to be proved. 

26. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easily 
from a previous statement. 

27. A theorem consists of two parts: (a) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and (fr) the conclusion, or that which is to be proved. 

When the statement is a simple sentence, the subject is the 
hypothesis and the predicate is the conclusion. Thus, in “Vertical 
angles arc equal,” “Vertical angles” is the hypothesis, and “are 
equal” is the conclusion. When the statement is a complex sen- 
tence, the conditional clause, that beginning with "if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, “If two triangles have the three sides of one equal respec- 
tively to the three sides of the other, the triangles are congruent,” 
the hypothesis is “ two triangles have the three sides of ono equal 
respectively to the three sides of the other,” and the conclusion is, 
“the triangles are congruent . 11 
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9. Construct a line segment equal to the sum of three given line 
segments. 

10. If a and b are two unequal segments, a being longer than 6, 
construct a + 6; a - b: 2o + 36; 2a - b. 

How to bisect an angle. 

Draw an angle ABC. With B as center, draw an arc 
cuttmg AB at D and BC at E. Using 
D and E as centers and with the same 
radius, draw two arcs crossing at F 
With your ruler draw a straight line 
from B to F. BF bisects A ABC. i 

CoNSTRncnoK Exercises 

1. Eisecl an angle or 45*; CO"; 90"; and 120". Test eaeh angle 

line “ m '“ ure "■'ll' your protractor. Does tie 

toe always eut the angle into two equal parts! 

with y™ pStoT ^ b “' ,i ° 8 * 5,r “ sht Ct “ k 

3. Divide a given angle into 4 equal parts. 

Sequa 5C " 7 
6. Construct an angle of 45"; Of 135°; Of 22 “30'; Of 07°30'. 
6. Construct an angle 1} times a given angle. 

Con\SS 

8. Construct a square having 

a given line segment as aide. 

9. This design was used on F 

a church m Zurich. Begin with i. 

L IS™" 4 '"“•'“ott a,ua„. Then use their eorner. 

PcSsdoTTnduie The P °7': r roason is our most valuable 
the dog or' any otherT ^ 7 '^-7° m ° st EurpaS3 the faoree or 

to draw The »met r f aM " y ‘° Weish “ d 

oraw the »TOt eonchnuon, i, „„ e WP 11 worth developing. 
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lor in any form of activity, situations are continually arising 
on which judgments must be formed. For example, the busi- 
ness man collects all the data he can get about the enter- 
prise he intends to undertake. These he studies, and from 
them draws certain conclusions. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
given us. From these we draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
sure that we shall not slip in our reasoning, we follow a 
definite form, giving a reason for every step in the process. 

24. A theorem is a statement to be proved. 

26. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easily 
from a previous statement. 

27. A theorem consists of two parts: (a) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and ( b ) the conclusion, or that which is to be proved. 

When the statement is a simple sentence, the subject is the 
hypothesis and the predicate is the conclusion. Thus, in “Vertical 
angles are equal," “Vertical angles" is the hypothesis, and “are 
equal” is the conclusion. When the statement is a complex sen- 
tence, the conditional clause, that beginning with “if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, “If two triangles have the three sides of one equal respec- 
tively to the three sides of the other, the triangles are congruent,” 
the hypothesis is “ two triangles have the three sides of one equal 
respectively to the three sides of the other,” and the conclusion is, 
“the triangles are congruent." 
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9. Construct a line segment equal to the sum of three given ^ ne 
segments. 

10. If a and b are two unequal segments, a being longer than b, 
construct tf + h; a — b: 2a + 3b; 2a — b. 

How to bisect an angle. 

Draw an angle ABC. With B as 
cutting AB at D and BC at E. Using 
D and E as centers and with the same 
radius, draw two arcs crossing at F. 

With your ruler draw a straight line 
from B to F. BF bisects A ABC. 

ConsTRUCTioiT Exercises 

1. Bisect an angle o( 45°; 60'’; 90°; and 120°. Test each aogk 
with your compasses or measure with your protractor. Does t e 
line always cut the angle into two equal parts? 

2. Construct a 90° angle by bisecting & straight angle. Check 
with your protractor. 

3. Divide a given angle into 4 equal parts. 

4. Can you divide an angle into 3 equal parts? 5 equal parts? 
8 equal parts? Construct those that are possible. 

6. Construct an angle of 45°; or 135°; Of 22°30'; Of 67°3G\ 

6. Construct an angle 1 J times a given angle. 

7. Construct a line perpendicular to a given line AB at a point 
C on the line l>y bisecting the straight angle at C. 

8. Construct a square having 
a given, line segment as side. 

9. This design was used on 
a church in Zurich. Begin with 
a line segment KL and construct 4 squares. Then use their corners 
as centers for arcs. 

23. Reasoning. The power to reason is our most valuable 
possession, and the one in which we most surpass the horse or 
the dog or any other animal. The ability to weigh facts and 
to draw the correct conclusions is one well worth developing. 
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for in any form of activity, situations are continually arising 
on which judgments must be formed. For example, the bush 
ness man collects all the data he can get about the enter- 
prise ho intends to undertake. These ho studies, and from 
them draws certain conclusions. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
given us. From these we draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
6ure that we shall not slip in our reasoning, we follow a 
definite form, giving a reason for every Btep in the process. 

24. A theorem is a statement to be proved. 

25. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easily 
from a previous statement. 

27. A theorem consists of two parts: (a) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and (6) the conclusion, or that which is to be proved. 

When the statement is a Eimple sentence, the subject is the 
hypothesis and the predicate is the conclusion. Thus, in “Vertical 
angles are equal,” “Vertical angles” is the hypothesis, and "are 
equal” is the conclusion. When the statement is a complex sen- 
tence, the conditional clause, that beginning with “if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, “If two triangles have the three sides of one equal respec- 
tively to the three sides of the other, the triangles are congruent," 
the hypothesis is “ two triangles have the three sides of one equal 
respectively to the three sides of the other,” and the conclusion is, 

“ the triangles are congruent-’* 
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Exercises 

In the following statements, tell which part is the hypothesis and 
which the conclusion. 

1. If there were no air, there would bo no twilight. 

2. Water freezes if it is cooled below 32° Fahrenheit. 

3. A book which is well bound will last longer. 

4. If two triangles are congruent, their corresponding parts are 
equal. 

5. An airplane wfll travel more slowly if the wind is against it. 

6. A line which passes through the center of a circle cuts the 
eircle in two points. 

7. The base angles of an isosceles triangle are equal. 

Axioms and Postdates 

28. It is evident that, i£ we are to give a reason for every 
6tep in a proof, we must agree on some facta which we can 
use as reasons in our first proofs. We shall therefore begin 
by making a list of simple statements which alt will accept. 
Such simple statements are called axioms and postulates. 

29. An axiom is a statement accepted as a truth without 
proof. A postulate is a construction admitted as possible 
without proof. 

30. Axioms and geometric assumptions. 

On the right pan of a balance are 10 lbs. of weights, on the left 
a can of sugar. How many pounds of sugar tire there? 

If I replace two 5-lb. weights by a 10-lb weight, will the scale 
stDl balance? Can I always substitute an equal weight without 
disturbing the balance? 

Axiom 1. In any process, a quantity may be substituted 
for an equal one (called “ substitution ”). 

If I replace the can of sugar by a can of coffee and the scale still 



INTRODUCTION 


23 


balances, how will the weight of the coffee compare with that of 
the sugar? 

Axiom 2. Things equal to the same thing or to equal 
things are equal to each other. 

If I now pour 2 lbs. of coffee into the can on the left pan, what 
must I do to the right pan to keep the balance? If I have equal 
amounts on the two pans, must I always add equal amounts to keep 
the balance? 

Axiom 3. If equals are added to equals, the results are 
equal. 

If I take 5 lbs. of coffee from the can, what must I do to the right 
pan to keep the balance? If I have equal amounts on the two pans, 
and take away equal amounts from both, will the result still balance? 

Axiom 4. If equals aru subtracted from equals, the results 
are equal. 

If 1 put three times as much coffee on the left pan, how many 
times as much weight must I have on the right pan to keep the 
balance? If I multiply equal amounts by equal numbers, will I 
always have equal results? 

Axiom 5. If equals are multiplied by equals, the results 
are equal. Corollary. Doubles of equals are equal. 

If I remove half the weight from the left pan, what must I do 
to the right pan to keep the balance? 

Axiom 6. If equals are divided by equals, the results are 
equal. Corollary. Halves of equals are equal. 

A bag of sugar is too large for the scale pan, so I divide it into two 
parts and weigh each separately. One part weighs 13 lbs. and the 
other weighs 8 lbs. "What is the weight of the whole bag of sugar? 
Do you always add the parts to get the weight of the whole? 

Axiom 7. The whole equals the sum of all its parts. 

Does either of the parts into which we divided the bag of sugar 
weigh as much as the whole bag of sugar weighs? Is it always 
true that the whole amount weighs more than one of its parts? 



21 


MANE GEOMETRY 


Axiom. 8. The whole is greater than any of its parts. 
Geometric assumptions. 

9. A straight line is the shortest line joining two points. 

10. A geometric figure can be moved without change of 
size or shape. 

11. Through a point not more than one line can be drawn 
parallel to a given line. 

12. The perpendicular is the shortest line from a point to a 
line. 

13. Every angle has a bisector. 

14. A line segment has a middle point. 

31. Postulates. 

1. A straight line can be drawn through any two points. 

2. A straight line can be extended as far as desired. 

3. A circle or arc can be constructed with any center and 
any radius. 

The postulates tell us that in construction we are allowed to use 
the straightedge ruler and the compasses only. Other instruments 
such ns the protractor, the triangle, or the square we shall find useful 
in ordinary drawing, or in checking the accuracy of our work, hut 
we must be careful never to use them in geometric construction. 

Exercises 

1. Give the axiom that best fits each of these statements: 

(a) If a pound of butter costs 32 cents, 3 lbs. of butter will 
cost 96 cents. 

lb) If a pound of butter costs 32 cents and a pound of 
sugar costs 6 cents, then a pound of butter and a 
pound of sugar will cost 38 cents. 

(e) If a pound of butter costs 32 cents, a quarter of a 
pound of butter will cost 8 cents. 

(d) If a pound of butter costs 35 cents and a pound of 
coffee costs 35 cents, the grocer ought to be willing 
to exchange ft pound of coffee for a pound of butter. 
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(e) I bought a pound of butter for 35 cents. Mrs. Rice 
wants only a part of a pound of butter. She ought 
to get it for less than 35 cents. 

(/) I bought Borne groceries, including a loaf of bread, for 
which the grocer wants 80 cents. I decided then not 
to take the bread which was worth 9 cents. So the 
grocer ought to charge me only 71 cents. 

2. If a=b and 6=c, why does a—c! 

3. If c s d, and b=d, why does a=c? 

a b , c 3 
K L M P Q 

4. If a**c and b—d, why does a+6=c+d? 

5. If a=c and b—d, why does a—b=c—d? 

6. If a-c, why does a+b-b+c? 

7. If KM =LP, why does a=c? 


8. If KM—MQ and a=d, why does b = c? 

9. If why does ZABD = ZEBC1 



Exs. 9, 10, ll, 12. Em. 13, 14. 


10. If ZABD = ZEBC, why does Zr=/z? 

11. If ZB and ZB' aie each cut into three equal angles, x, y, f 
and x', t/, z' respectively, and Ax- Zi' why does ZB equal 
Z B"t (S' is read B prime.) 

12. If Zx=20°, Zy= 25“ and ,Zz=30°, how many degrees are 
there in ZB't Why? 

13. If AB is cut into three equal parts at C and D, and A’B' is 
cut into three equal parts at C' and D', and AC=A'C', why does 
AB=A'B"l 

14. If AB and A'B' are cut into three equal parts at C, D, C', 
and D' respectively, and AB equals A'B’, why does CD=C'D’? 
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16. If F 0 is 2 in. long and Gil is 4 in 
Why? 

To construct a straight line in each of 
the following cases, state how many 
points of that line must be found: 

16. The straight line perpendicular to 
FH and bisecting FH. 

17. The straight line perpendicular to 
FH at point G on FH. 

IS. The straight line bisecting A DEF. 

19. Why is BC shorter than BA+AC7 

20. Why is chord AB shorter than 
are AB1 

LreK Situations. {Optional) 

In business advertising, many assumptions are made. These are 
seldom stated in words, and are often false. 

21. Name at least one assumption that each of these advertisers 
wishes you to make. Do you think this assumption is true? 

(a) Mcnin will relieve you quickly. See how quickly it 
dissolves. 

(fc) Itubiden is the only tooth paste containing murien. 

(c) Do as millions of other people do. Use vitatonc. 

(d) The elephant cigarette is bis majesty’s blend. 

(e) Armo tea is blended. 

22. What assumption is made in these two illustrations? Are the 
two cases equally likely? 

(a) You put off studying until sunrise tomorrow. You are 
sure the sun will rise because it has risen every 
morning for the past 1000 yrs. 

(h) Italians live on the slopes of Mt. Vesuvius without feaT. 
Their ancestors have lived there safely for the past 
1000 yrs. 

23. Examine advertisements in magazines or cars. Can you 
find the assumptions that the advertiser wishes you to make? Are 
these assumptions true? 


. long, how long is Flu 
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Simple Theorems 

32. All straight angles are equal. (See § 4.) 

33. All right angles are equal. (See § 32 and Ax. 6.) 

34. Supplements of the same angle or of equal angles are 
equal. (See § 32 and Ax. 4.) 

Also, complements of an angle or of equal angles are equal. 

35. If two adjacent angles nave their exterior sides in o 
straight line, they are supplementary. (§§ 9, 16.) 

36. The sum of the angles about a point is two straight 
angles. (Draw a straight line through the point.) 

37. Vertical angles are equal. Ax 
and Az are each supp. to Ay (§35). 

Therefore Ax ~ Az (§34). 



Class Exercises 

1. If AB±BC, EFX.VG, and Ax— Az, show that Zj/*» 

2. If KQLMQ, LQ±NQ and 
AKQN—H2 0 , how many degrees 
are there in / r? In As? (Fig. p. 29.) 

3. If EB±AC and Zr= Aw, 
show that EB bisects A FBD. 

4. If Az and r are supple- 
mentary, why does Ar** Aw? Ap** Aw? 


YV- 
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6. If Zp — Ztc, show that Zr*Zir; that Z* is the suppfc- 
men*. of Zic. 

6. If Zr=* Z tf, show that Zp**Zy. 

7. If Zr- /v. show that Z 9 is the supplement of Zy. 



Ex. 2 Ex- 3- Era. 4, 5. 6, ?. 


8. If Zp-70*, Z9*=S0°, Zr =50° and Z«=90 # , find Zi. 

9. If Ap, 9, r, «, Mid l are in the ratio 1 : 2 : 3 : 4 : 5, find the 
cumber of degrees in each. (Note: r-f 2r+3x+lx-+-5x -*3G0°.) 



Exa. a. tt. Exx. 10, IV. 12, 13 . 


OPTIOXAi ExEBCISES 

10. If Zx is the complement of Zr, how many degrees are there 
in Zr? 

11. If Zf“70°and Ze^SO®, haw many degrees are there in Zx? 
In ADGF1 In A AGE? 

12. If Zy is a rt. angle, what a the sum of Zf and Z«r? 

13. If Zt = Zr = Ztc, find the number of degrees in ADGF. 

14. If ZCBF=153% Z EBA =\Q\® and ABC is a straight line, 
find the number of degrees in AEBF. (See 
figure of Ex- 3-) 

15. If Zi = ZT and At •’AS, how many 
degrees are there in the tarn of the angles of 
AESTT 
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16. if Zv = Zn+ ZC and Zw = Zm+ ZB, 
how many degrees are there in ZA-\- ZB-\- 
ZC7 


Honor Work 

17. What angle is formed by the bisectors of two supplementary 
adjacent angles? 

18. If the bisectors FB and HB of A ABC 
and EBC are perpendicular to each other, why 
is ABE a straight line? 

19. If FG bisects ZABC, prove that it 
bisects its vertical Z DBE also 

20. If Zx-Zy, Zz = Zw, and AE and CD 
ire straight lines, prove that FBG is a straight 
line. 

21. If FB bisects ZABC and BH bisects ZCBE, prove that 
BIILFB. 




Applied Problems 

22. The draughtsman uses two right triangles, one having 
acute angles of 30° and G0°, 
and the other having two 45® 
angles. Name nine different 
sired angles which he can 
draw, using either one tri- 
angle alone or both together. 

23. In physics, it is found that 
when a ray of light AB strikes a 
piano mirror EF, it is reflected in a 
direction BC so that Zy—Zt, where 
BD is perpendicular to the mirror. 

Show that the ray of light also makes equal angles with the 
mirror, that is, that Zx-Zto. 

24. Paul Strong bought a carpenter's square at a sale, but he 
suspects that the right angle is not true. To test it, he places one 



k ^ 
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•edge on a straight line AB, and draws a line CD along the other 
edge. He then turns the square over, 
as shown in the diagram, and notices 
whether the edges fit the lines drawn. 

Prove that if the square has a true 
right angle, it will so fit. 

25. Dorothy wished to draw a perpendicular to a line but had 
no instrument with which to do it, so she folded an 
irregular piece of paper twice and obtained a right 
angle along which she could draw. Can you do it 
too? Explain why this gives you a right angle. 1 


Pottoows; Triangles 

38. A polygon is a figure formed by straight lines which 
enclose a portion of the plane. Its perimeter is the sum of 
the lines. 


39. A triangle (A) is a polygon having three sides. 


The triangle is important both in geometry and in its applica- 
tions. In geometry, any polygon can be cut into triangles, and in 
that way proofs can be simplified Outside of geometry, in con- 
struction work, Euch as bridge-building, the triangle is important 
because it is the only polygon whose sides alone give rigidity. 


40. An isosceles triangle is a 
triangle having at least two of its 
rides equal. The two equal sides 
are the legs, and the angle iormed by 
them is the vertex angle. The third 
ride is the base, and the angles ad- 
joining it are the base angles. 








41. An equilateral triangle is a triangle having all three 
rides equal. 

An rguUateral triangle is a special kind of isosceles triangle 
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42. A right triangle is a triangle one of whose angles is a 


right angle. The side oppo- 
site the right angle is the 
hypotenuse, and the other 
two sides are the legs. 

An obtuse triangle has one ob- 
tuse angle. An acute triangle has 
three acute angles. An equi- 
angular triangle is one in which 
all of the angles are equal. 



How to construct a triangle when the three sides are 
known. 


jr 


Suppose the line segments a, b and c arc to be the sides of 
your triangle. 

1. Draw a straight line DE of indefinite length. 

2. With D as center and c as radius, cut DE at F. 

3. With D as center and 6 as radius, construct an arc. 

4. With F as center and a as radius, cut the last arc at G. 

5. Draw DG and FG. 

DFG is the required triangle. 



Construction Exercises] 

!• Construct a triangle whose sides are 2 in., 3 5d., and 3$ in. 
With your protractor measure each angle of your triangle. Are 
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there any equal angles? How many degrees are there in the sum 
of all three angles? 

2. Construct an equilateral triangle each of whose sides is 2| in. 
Are there any equal angles? What is the sum of all three angles? 

3. Construct an isosceles triangle whose base is 2 in. and whose 
legs are each 3 in. Are any of the angles equal? Find their sum. 

4. Construct an equilateral triangle whose base is a given line 
Begment a. 

6. Construct an isosceles triangle given the base a and a leg b. 

6. (a) Construct a A ABC having AS =3 in., AC=1 in. and 

BC=3J in. 

(ty Then construct the bisector of AA. Is this line per- 
pendicular to BC7 Does it bisect BC1 

7. Construct an isosceles triangle and bisect its vertex angle. 
Is this line perpendicular to the base? Does it bisect the base? 
Does this appear to be true of isosceles triangles only? 

8. With the following lengths as sides, construct triangles when 
it is possible: 

(а) 2 in., 3 in., 4 in. (c) 2 in , 3 in., 6 in. 

(б) 2 in., 3 in., 5 in. (d) 2 in., 3 in., 2 in. 

9. Can you discover a method of telling in advance from the 
lengths of the lines whether it is possible to construct the triangle? 

10. Construct a triangle whose sides are respectively twice the 
sides of a given triangle. 

43. An altitude of a triangle is a line from a vertex perpen- 
dicular to the opposite side, extended if necessary; as AD 
cr PS. 


i/tJutn 

44. A median of a triangle is a line from a vertex to th* 
middle point of the opposite side; as Elf above. 



J^, 
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45. An angle bisector of a triangle is a line bisecting an 
angle of a triangle and extending to the 
opposite side; as KN. 

A triangle has three altitudes, three medians, 
and three angle bisectors. 

How to construct an altitude of a given triangle. 

To construct the altitude from A to BC : 

1. Take A as center, and with a convenient radius cut 
BC at D and E. 

2. With D as center and a conven- 
ient radius draw an arc. 

3. With E as center and the same 
radius, draw an arc cutting the last arc 
at F. 

4. Draw AF cutting BC at G. 

AG is the required altitude. 

Note : If ZB or /.C were obtuse, it would be necessary to extend 
the side BC. Why? 

How to construct a median of a given 
triangle. 

Since the median from A must pass 
through the middle point of BC, we 
must first bisect BC at D. Then AD 
is the required median. 

Construction Exercises 

1. Draw an acute triangle. Construct all three altitudes. Are 
all three inside the triangle? Do they meet in a point? 

2. Draw an obtuse triangle. Construct all three altitudes. Are 
three inside the triangle7 Do they meet in a point? 
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3. Draw a right triangle. Construct all three altitudes. What 
do you norice about the position of these altitudes? 

4. Draw any triangle. Construct the perpendicular bisectors of 
all three sides. Do they meet in a point? 

6. Draw an acute triangle ABC and construct the median 
to AC. 

6. Draw an obtuse triangle and construct all three medians. 
Do they meet in a point? 

7. Draw a triangle and construct all three angle bisectors. Do 
they meet in a point? 

8. (o) Construct a A ABC having AB = 1 in., AC=3J in., and 

BC-3 in. 

(b) From A construct the altitude, median and angle bisector. 

(c) Are they three separate lines? Which is between the 

other two? 

9. (a) Construct an equilateral triangle ABC having each side 

3 in. 

(&) From A construct the altitude, median, and angle bisector, 
(c) Are they three separate lines? If not, which of them 
coincide? 

10. Construct a triangle whose rides are 1J times the sides of 
a given triangle. 

46. When two sides of a triangle are 
mentioned, the angle formed by these 
two rides is called the included angle. 

In the figure, /LA is Included by AB 
and AC. 

47. When two angles of a triangle 
are mentioned, the side joining their 
vertices is called the included side. 

DE is included by AD and A E. 




In A ABC what angle is included by AC and BC1 By AB and 
BC? What side 13 included by AA and AB"t By AB and AC! 
By A A and A C? 
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How to construct a triangle when two Sides and their 
Included angle are given. 

Given L A and line segments b and c. 



1. On a line DG using D as center and b as radius, cut 
DG at E. 

2. Construct an angle at D- A A. 

3. With D as center and c as radius, cut DH at F. 

4. Draw EF. 

A DEF is the required triangle. 

Construction Exercises 

1. Using your protractor, draw an angle of 50°. Now with 
your compasses measure off a length of 1 in. on one side and 1$ in. 
on the other. Complete the triangle by drawing a line joining the 
ends of the segments marked off. 

2. Draw an angle of 70°, and two line segments, one 2 in. long 
and the other 3 in. long. Now on another line construct with your 
compasses a triangle having these lines and this angle as two sides 
and their included angle. 

3. Draw an angle of 40°. Construct an isosceles triangle having 
its vertex angle equal to this angle, and having a leg equal to 2 in. 
Measure the three angles with your protractor and find their sum. 

4. Draw two angles, one about 70“ and the other 65°, and draw 
a line 3 in. long. Now construct a triangle on another line having 
two angles equal to these angles and the included ride equal to this 
line segment. 

6. Construct a right angle and an angle of 45°. Draw a line 
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segment 2| in. long. Now construct a triangle having two angles 
and their included side equal to these parts. 

6. Construct a right angle. Then construct an isosceles triangle 
having its vertex angle equal to this angle, and each leg equal 
to 2 in. 

7- Construct a triangle whoso base is 3 in., and whose base 
angles arc each 45*. 

8. Construct AAJ3CmakingBC=2m., ZB=90°and ZC=45°. 

9. Construct a right triangle whose legs are 2 in. and 3 in. 

10. Draw an angle of 130®. Now construct a triangle having an 
angle equal to this angle and the including sides 2 in. and 1} in. 

11. (a) Draw a triangle. Construct another triangle having 
2 sides and the included angle equal to 2 sides and the included 
angle of this triangle. Do the triangles appear to be congruent? 

(ft) Cut out one of them and see if it will fit the other. Are 
they congruent? 

12. Try the same experiment beginning with a triangle having 
a different shape and size. Are two triangles always congruent 
when two sides and the included angle of one equal two sides and 
the included angle of the other? 

13. In two triangles ABC and A'B'C, if you knew that ZA~A', 
that AB is the same length as A'B\ and AC the same length as 
A’C , would you know that AABC=AA'B'C'? 

Two triangles are congruent, i! two sides and the included 
angle of one equal respectively two sides and the included 
angle of the other. (s.a.s.) 

14. Draw a triangle. Construct another triangle having two 
angles and the included side equal to two angles and the Included 
side of this triangle. Do these triangles appear to be congruent? 
Test by cutting out one of them and fitting on the other. 

15. Try the same experiment beginning with a different shaped 
triangle. Are two triangles always congruent when two angles 
and the included side of one equal two angles and the included 
side of the other? 
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Two triangles are congruent if two angles and the included 
side of one equal respectively two angles and the included 
side of the other. (a.s.a.) 

16. Among the following triangles select two pairs which are 
congruent and tell how you know. 



17. In these figures sides and angles are equal when they are 
marked alike. Find a triangle that is congruent to triangle 1; to 
triangle 2. Explain how you know that the triangles selected are 
the correct ones. 



18. In these figures, is triangle 1 congruent to triangle 2? How 
do you know? Is triangle 1 congruent to triangle 3? How do you 
know? 



48. A quadrilateral is a four-sided polygon. A quadrilat- 
eral, whose sides are all equal, is a rhombus, and if the angles 
are right angles is also a square. A diagonal is a line joining 
opposite vertices. 
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49. Need of a proof. A pupil often jumps to the conclu- 
si on that a statement is true simply because he can see that 
it is true from the figure before him. He does not yet under- 
stand that we are not trying to prove anything about that 
particular figure. We are proving a statement for all figures 
to which that hypothesis applies, and we use the figure on the 
paper or blackboard as a convenience only. 

Suppose, for example, that one child tries to prove to 
another that all birds can fly. He says “ I have seen them 
fly. Th? crow, the robin, the swallow, the eagle, and the 
sparrow all fly.” “ But,” the other remarks, " there may be 
a bird which you have not seen which cannot fly.'' And he 
is right. The ostrich cannot fly. Therefore the statement 
that all birds can fly i3 not true, regardless of the fact that 
all the birds that he has seen can fly. 

Similarly, in geometry, a statement is not true for all fig- 
ures simply because a pupil can see that it is true for the one 
be has drawn. It is quite possible that, in another figure, he 
could see equally well that the statement was not true at all 
Consequently, he must never accept a statement simply 
because it looks as if it were true. 


Exercises 


In each of the following Sgmes, we can 
true for the figure drawn. Try to draw 
another figure for which it is not true. 
If you do not succeed in doing this, arc 
You sure that no one else could? 

1. An angle outside a triangle, 
made by extending one of the sides, 
ia larger than any one of the angles of 
the triangle. 

2. A perpendicular to a line bisects 
the line. 


see that the statement 




is 


& 


3. The bisector of a straight amrl* //] 

bisects the straight line. 
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4. If, with the same radius, arcs are drawn from A and C as 
centers, meeting at D, BD bisects angle ABC. 



6. The supplement of an angle is always 
obtuse. 

6. Adjacent angles are supplementary. 




7. The bisector of an angle of a triangle bisects the opposite side 
and forms right angles with it. 

8. An isosceles triangle has three acute angles. p 

9. Prom the vertex P of a triangle PQS, we 
can construct a line PR perpendicular to QS and 
bisecting QS. 

10. A median to the base of a triangle is per- 
pendicular to the base. 


A. 


True-False Test (10 min.) 

Write the numbers 1 to 10 on your answer paper. If the 
statement is true, write T after its number, if false, write F 

1. The diameter of a circle is a chord. 

2. An acute angle is an angle less than a right angle. 

3. Adjacent angles are two angles whose sum is a straight angle, 

4. Supplementary angles are equal. 

6. An axiom is a statement to be proved. 

C. The sum of the angles about a point is two straight angles, 

7. A polygon is a figure having five sides. 

8. The angle formed by two sides of a triangle is called their 
included angle. 

9. A median of a triangle is a line from a vertex to the opposite 
ride. 

10. An equilateral quadrilateral is a rhombus. 
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Completion Test (10 min.) 

Write the numbers of the questions on your answer paper, 
and after each the one word that is omitted. 

1. Any polygon that has just four sides is called a . . • 

2. The difference between the supplement and the complement 
of an angle is always . . . degrees. 

3. In a triangle the line from a vertex perpendicular to the 
opposite side, extended if necessary, is called the . . . 

4. The bisectors of two supplementary adjacent angles form an 
angle of , . . degrees. 

6. A triangle is ... if two of its altitudes fall outside the triangle. 

Reasoning Test (10 min.) 

In the following exercises you are given certain angles and 
certain lines equal. Select another pair of lines or angles, 
one in each triangle, which 
are equal as a result of 
these, and give a reason for 
your selection. 

1. BG=EH and GC*=HF. 

2. BC=EF and BG=EH. 

3. BC—EF and AG and D/I 
are medians. 

4. AA*= AD and AG and DH are angle bisectors. 

5. AG and DH are altitudes. 

Matching Test (10 min.) 

Write the numbers 1 to 10 in a column. After each write 
the letter of the phrase which is a correct definition of the 
word following the number. 

1. Adjacent angles a. The Vine from a vertex of a triangle 

to the middle point of the opposite 
side. 
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2. Polygon 

3. Altitude 

4. Median 

5. Isosceles triangle 

6. Acute angle 

7. Supplementary angles 

8. Theorem 

9. Hypotenuse 

10. Perpendicular lines 


h. Two angles whose sum is 180°. 

c. The side of a right triangle oppo- 
site the right angle. 

d. A statement to be proved. 

e. Two angles which have the same 
vertex and a common side between 
them. 

/. An angle smaller than a right 
angle. 

q. Two lines meeting at right angles. 

h. A figure formed by straight lines 
which enclose a portion of the 
plane. 

i. A triangle having at least 2 sides 
equal. 

j. A line from a vertex of a triangle 
perpeodieu\a.T to the opposite side. 
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Differentiation of Propositions 

Propositions on the fundamental list of the National Com- 
mittee on Mathematical Requirements are indicated by bold- 
face italic type; for example: 

66. An angle equal lo a given angle can be constructed 
at a given point on a given straight line . 

Propositions whose proof is required by the College 
Entrance Examination Board are preceded by a star (*)■ 
thus: 

*60. Two triangles are congruent if two sides and the 
included angle of one equal respectively two sides and the 
included angle of the other. 


To the Pupil 

You will notice that in some propositions part of the 
hypothesis is enclosed in brackets while another part is left 
outside of them. This is done to help you distinguish be- 
tween those facts which the figure itself tells you and the more 
essential but less obvious ocea which you will need as reasons 
in the proof. For example, on the next page, you can see 
that ABC is a triangle but not that AB is exactly equal to 
A'B'. You should be particularly careful to know that 
part not enclosed in the brackets before you try to prove the 
proposition. 

In propositions in which either ull or none of the hypothe- 
cs is observable from the figure, the brackets are not used. 
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Proposition 1 

* 50. Two triangles are congruent, if two sides and the 
included angle of one equal respectively two sides and the 
included angle of the other. (s.a.s.) 



Given: [&ABC and A'B'C 0; AB = A'B', 
AC =A'C', and Z A - Z A'. 

To prove: A-ABC= AA'B'C'. 


Proof: Statements Reasons 

1. Place AABC on A A'B'C 1. A geometric figure can be 

so that point B is on point £', moved without change of size 

and BA falls on B'A'. or shape. 

2. Point A is on point A'. 2. AB —A'B’ by hyp. 

3. AC is on A’C’. 3. ZA - ZA‘ ' by hyp. 

4. Point C is on point C\ 4. AC — A'C' by hyp. 

5. BC is on B'C'. 5. Only one st. line ... (§4). 

6. AABC— AA'B'C' 6- Figures which can be made 

to coincide are congruent. 
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61. Arrangement of proof. On page 43 is given a model 
proof. Note that it is arranged in the order suggested below. 
This order should always, be followed by the pupil in arrang- 
ing bis written work. 

1. At the top of the paper, write out in words the proposi- 
tion to be proved. 

2. Draw a neat figure with pencil and ruler. The figure 
should not be too small. Preferably, no line should be less 
than one-and-one-half inches in length. 

3. Mark the given parts on the figure. 

4. Write the hypothesis in terms of the figure, that is, say, 
“ Given AB—CD ” and not “ Given two equal lines.” 

5. State in terms of the figure what is to be proved. 

6. Draw a straight line down, through the middle of the 
page. On the left of this line, write and number the state- 
ments. On the right of the line, opposite each statement, 
write its reason, numbered to correspond with the statement. 

7. When construction is necessary, it should be explained 
before the proof, with a reason for each construction. 

8. In the proof, a reason must be given for every statement. 
No reason is allowable, no matter how evident, unless it has 
previously been accepted as true in the geometry. Such 
reasons are: axioms, postulates, definitions, propositions 
already proved, identity, construction, and the hypothesis. 

Investigation Problem. — How many parts must be known to 
be equal in order that you can prove triangles congruent by 
Proposition 1? Can you select a different combination of parts 
which, if known, would enable you to prove triangles congruent! 
Tty to draw triangles (1) that are not congruent but have alt 
three angles of one equal to angles of the other; (2) that have 
two angles and the included side o f one equal to two angles and 
the included side of the other. 

Nora: Unless needed to meet the requirements of an outside eramt 
nation, the proofs of Pro positions 1 and 2 should be omitted. 
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Proposition 2 

* 52. Two triangles are congruent , if two angles and the 
included side of one equal respectively two angles and the 
included side of the other, (a.s.a.) 



Given: [aABC and A'B'C']-, ZB=ZB', 
ZC= AC', and BC=B’C'. 

To prove: A ABC'S AA'B'C*. 


Proof: 

Statements 

1. Place A ABC on A A'B'C' 
so that point B is on point B', 
and BA takes the direction B'A'. 

2. Then BC takes the direc- 
tion of B'C'. 

3. Point C is on point C\ 

4. CA takes the direction 
C'A'. 

5. Point A is on point A'. 

6. AABCS AA'B'C'. 


Reasons 

1. A geometric figure can be 
moved without change of size 
or Bhape. 

2. Z B «* Z B' by hyp. 

3. BC-B’C by hyp. 

4. ZC-ZC' by hyp. 

5. Two st. lines can meet in 
only one point. 

6. Figures which can be made 
to coincide are congruent. 





THE TRIANGLE IN ENGINEERING 

The triangle has ore quality , not possessed by any other 
polygon, that makes il particularly valuable in the con- 
struction of bridges, buildings, or other structure* where 
strength is desired. That is its sigidity. Other polygon* can 
be made rigid by constructing rigid joints. Bui the joint is 
the weakest point in construction, and if a joint gi^es, the 
polygon will change its shape. In the triangle, however, 
rigidity depends on the sides alone. Unless a side bends, 
the triangle cannot change its shape.no matter how flexible 
the joints may otherwise be. They may even be hinged or 
held by a single rivet. 

Examine the figure on the opposite page and try to de- 
termine in how many different ways the triangle is used to 
strengthen this frame. Can you find triangles in a vertical 
plane? Why are they there? Are there triangles in a hori- 
zontal plane? In what way do they strengthen the frame? 

Another quality possessed by the triangle alone i* of 
great value to the surveyor. When two sides end their 
included angle, or two angles and their included side, are 
known, the lengths of the other sides and the sires of (he 
, other angles can be computed. Now it is often much easier 
to look through the telescope of a transit at a distant point 
and measure an angle than to measure the distance to that 
point. So the triangle saves (he surveyor a great amount 
of work. 


Photo by Paul J. Woolf 
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Class Exercises 

L If AD-BC and Avr- Zx, prove that AABC^AACD. 
If Aw-^x and Ay- At, prove that AADCSZAACD. 


X. -<f- 


afkX-aom. FG ,nd A '" “■»* “' h »“» ■* ' 

s I! "fUZ? S* 9 * * nd Plt±QS ■ !*»*» APQSSARQS. 
ACBD. “ ty " E “■* AB -BC. prort AiflDS 

ACDD. 4AB ° “ b “' W by nE “ 11 -it. Pro™ AABBa 


X*- ,zt\ 

Exs.5.0. " O 


Exs.8,0. 

I: SSSTr 

If px-lqs qrJth ^o -no ’ prove A/> < 2 * SAS ™- 

APQflsASTTf. ' Zy=<0 “d ^P 7 ’S=U 0 Q J prove 

10 . The bisector of the vert** . 
divides the figure into two ant ' e °f &n isosceles triangle 

1 L Two right trian neruenl Wangles, 
respectively the leg 3 oUhe other 005 ™ 61 " 1 ^ t!le leg3 ol one ef l uaI 
12 . Two right triangles are 

acute angle of one equal resDe^v!^^ U a leg and tte ^joining 
angle of the other. ^ a e S and the adjoining acute 

12 . Two isosceles triangles are 
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14. If C is the middle point of BD, AB—ED, AB±BD and 
EDLBD, prove AABC^AEDC. 

15. If AE- 40* EDLBD, EC LAC, AB±BD, ED=BC and 
AECD =50°, prove A ABC'^ACDE. 



Exs. 14, 18. Ex. 16. Em- 17-21. 


16. If FGLFL and KLXFL and KG passes through the middle 
point of FL, prove that AFHG=ALHK. 

17. If Ax- Ay and NO-OP, prove A MN05&&UP0. 

18. If MQ bisects ANMP and Ax— A y , prove AAfNO=AMPO. 

19. If MQ bisects A NOP and NO - OP, prove AMKO^AMPO. 

20. If MQ bisects botn ANMP and A NOP, prove AMNO-* 
A MPO. 

21. If MQ bisects ANMP and Aw+x-z+y, prove A MNO^ 
A MPO. 

63. Method of attack. To prove lines equal or angles equal, 
choose a pair of triangles of which they are the correspond- 
ing parts. Prove these triangles congruent by Proposition 
1 or Proposition 2. Then use: 

54. The corresponding sides and angles of congruent triangles 
are equal. 

22. If the bisector of an angle of a triangle is perpendicular to 
the opposite side, the triangle is isosceles. 

23. If two opposite angles of a quadrilateral are bisected by a 
diagonal connecting their vertices, the quadrilateral has two 
pairs of equal sides. 

24. If the middle point of a side of a square is joined to the two 
vertices of the opposite side, the lines eo drawn are equal. 
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a „ I’n f "T”*™ 1 " bisector ot AS, then AC-BC. 
“ £DJ - 1B *» d ^ tleo ^ _ za 



Ea. 25, 28. 

tl« Off""^ “ ■ «■ » th*t /ff.fff „ d Zr „ 
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38. If EG—QI, ZE~Zl, Zx~Zy and GJ±FH, then G 
bisects FH. 

39. If G is the middle point of FH, GJ±FH, GJ bisects ZEGI, 
GE*=Gt, and EF±FH. then III±FII. 

40. If Z r = Z i, EF = IH, FG^GH and GJ bisects ZEGI, then 
GJ±FH. 


Optional Exercises 


41. Any point in the bisector of the vertex angle of an isosceles 
triangle is equally distant from the end3 of the base. 

42. If the equal sides of an isosceles 
triangle ABC are produced through the 
vertex A equal lengths to D and E, then 
DB equals EC. 


43. If, in A ABC, AD bisects ZA and AB^AE, prove that 
Zfl-Zz. 


44. If AB=CD. AE=FD, and ZA = ZD, then CE~FB. 

45. If AB~CD, BF=CE, and ZABF=ZDCE, then ZA- 
ZD. 


Ax, .H” E> 


48. If AB=CD, BF±AD, CE±AD and ZA = ZD, then 
LF=ZE. 

47. If ABCD is a square and CF = DE, then AF=BE. 

48. If, in AABC, D is the middle point of AC, and BD is 
extended its own length to E , then ZA= ZACE. 

49. In congruent triangles, corresponding medians are equal. 

60. In congruent triangles, corresponding angle bisector? are 

equal. » 




plane geometry 


51. II BD=CE, BBlAF, GE.1.AF, and Ay, 
HC=»G. 

62. If BD^CE, Aw** Az, and Ax= Ay, then AH’* A(7. 

Hosor Work 

63. If the legs EL and KM of an isosceles triangle KLM are 
extended equal lengths to P and Q, then PM=LQ. 

64. Using the same hypothesis, prove that At PM 
is congruent to ALJfQ, and from this that At = A *. 


Ex*. 61. 83. Ex*. 53, 54- 

65. If two rods AB and BC are hinged at B, can the distance 
between the ends A and C be changed? If now the size of A B is 
fixed by another pin so that it cannot become larger or smaller, 
what can you say about the distance from A to C? Give a reason. 

56. If AB^AC, and BD and CF are medians, prove that 
AABD^AACF; then that AFBC^ADCB. 


Ex. 56. N Ex. 87. Ex. 58. Ex. 59. 

67. If AB—AC, prove that their perpendicular bisectors BE 
and FO are equal; also that ADGHS^&FEH. 

63. If AB=AC, AP-AF, ADXAB, and AF±AC, prove that 
AADC—AABF. \ 

69. II JK=JL, and Ax= Ay, prove that AdivN-s 

AJlil. 

\ 
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60. To find the distance across a pond from A to B, Robert 
Young set up a pole at C and measured a 
distance CD equal to BC, and a distance 
CE equal to AC. Show that he can find 
the required distance by measuring DE. 

61. Engineers for the Lively Traffic 
R.R. Co. are surveying a right of way 
through John Greer's farm. At one place 
their work is obstructed by a ham. They 
want to know the distance from F to G, 

They lay off any line II G and make FH 
perpendicular to it. HI is then taken 
equal to HG. Show that FI is the same 
length as the distance from G to F. 
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62- To measure the distance from a point L on the shore to an 
island K, a surveyor found that Z KLN equaled 40® and ZKNL 
equaled 35®. He then laid off a triangle LAIN with Z If LAI ~ 4 0® 
and ZLNAI^ 35®. Show what line he bad to measure to find the 
distance from L to K. 



Ex. 62. Ex. 63. 


63. To find the distance from B across a river to a point C, 
BD U drawn perpendicular to BC. At the point D, ZBDA is 
constructed equal to Z BBC. Prove that BA equals BC. 


64. A man can find the distance EF 
across a river as follows. He measures 
EH at right angles with EF, and seta 
a stake at the middle point G. Then he 
measures the distance at right angles 
f rom II until he arrives at a point I at 
which he is in line with G and F. Show 
the EF equals the distance he has 
measured. 



66. Two boys, Henry and James, find a distance KL as follows. 


Henry walks at right angles to KL 
any distance KM and measures the 
ZKML with his protractor. He calls 



b3ck to James, who is at K, that the 
angle is 25®. The latter then measures 
an angle of 25®, Z SI Kit, and travels 
along KN until Henry, who is at Jf, 
observes that he is at right angles 



with MK. They decide that MN equals KL. Prove that they 


-re right. 
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66. QR is a mirror, and light from P is reflected at R to 
S so that Zx= Zy. The image P' s 
of P appears to be on SR produced \ 
through the mirror, and also on a 
line PP’ perpendicular to the mirror. 

Prove that PQ and QP' are equal in f/ Q N \f / 
length. a S 


67. When an object, such as candle P, is reflected in a mirror 
QR, the image P* is as far from the mirror as the object is, and is 
on the perpendicular from the object to the mirror produced 
through the mirror. If SRP' is a straight line, prove that Zx 


equals Zy. 

68. To find the distance between 
two points T and 17, both inaccessi- 
ble, take XV at right angles to the 
line TV extended, and set up a post 
at its middle point TP. Then walk 
along XZ, perpendicular to XV, and 
set stakes at Y and Z in line with UW 
and TIP. Prove that YZ is the re- 
quired distance. 



69. Mr. Wilson asked hia wife to cut eight triangles of doth 
to cover his umbrella. He told her that the ribs were each 26 in. 


long, and that when the umbrella was open, they met at angles 
of 45°. Mrs. Wilson insists that she cannot cut the triangles the 
correct size unless she also knows how far apart the ribs are at 
their outer ends. This extra information Mr. Wilson says is 
unnecessary. Which is right? Can she cut the triangles from the 
data given her7 Explain your answer. 


Investigation Problem. A ABC is isosceles. It has two equal 


sides AS and AC. Has it other equal parts? Can 
you prove them equal? What is the principal method 
of proving angles equal? If there is only one tri- 
angle in the figure, how can you do this? Would it 
help to have a line bisecting Z A? If you cannot prove 
your conclusion without lidp, read Proposition 3. 
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Proposition 3 

* 65. The base angles of an isosceles triangle ere equal 



Given: (A/1BC]; AB = AC. 
To prove: ZB^ZC. 


Proof: Statements Reasons 

1. LetA.Y bisect ZBAC. 1. Every angle has a bisector. 

2. Io A A BX and ACX, 2. Hyp. 

AB-AC. 

3. AX-AX. 3. Iden. 

4. Zr~Zs. 4. Const. 

5. AAB.Y ££ &ACX. 5. Two A nre SS, if two sides 

and the included angle of on« 
equal ... (5 50). 

6. Z B - Z C. C. Corr. A of = A arc equal. 

56. Corollary. An equilateral triangle is equiangular. 

Class Exercises 

1. In an isosceles triangle, «he exterior angles made by produc- 
ing the base are equal. 

2. Two isosceles triangles arc congruent, if the base and a base 
angle of one triangle equal the base and a base ang'e of the other. 
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3. If ABC and DBC are isosceles triangles on the same base BC, 
prove that Z x ** L y. 

4. The lines from the vertex of an isosceles triangle to the tri- 
section points of the base are equal. [To trisect is to divide into 
3 equal parts.] 



Ex. 3. Exs. 5, 6. Exa. 8, 9. 


5. If the base BC of isosceles A ABC is extended so that 
BD-CE, then ZD-ZE. 

6. If, in AABC, AB-AC, and ZDAB = ZEAC, then BD-CE. 

7. The two straight lines which join the middle points of the 
legs of an isosceles triangle to the middle point of the base are equal, 

8. If A ABC is isosceles, and perpendiculars to the base arc 
drawn making BD-FC, then the perpendiculars are equal. 

9. If, in isosceles A ABC, E and O are the middle points of the 
legs, and D and F the trisection points of the base, prove that 
DE-FG. 

10. The median to the base of an isosceles triangle bisects tho 
vertex angle. 

11. If A ABC and DBC are isosceles on the same base BC, then 
ZABD-ZACD. 



Ex. 11. Ex. 12. 


12. If, in quadrilateral ABDC, A B —AC, ana BD — DC, then 
ZB- ZC, and the diagonal AD cuts the figure Into two congruent 
'uianjfies. 
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OpnottAL Exercises 

13. If KL-KM, P is the middle point of LM, and Av-AX, 
pro re that PQ -PR. 

li. Given the same hypothesis os in Ex. 13, prove that Ay- At- 
IS. The angle bisectors of the base angles of an isosceles triangle 
ate equal. 



Exs 13. 14. Ex. 17 Exb. 18. 19. 


IS. The medians to the legs of an isosceles triangle arc equal. 

17 . II X Y -XZ and Am- An, prove that YT - SZ. 

18. If AB-AC, BD-CE, DF±AB, and GEJ.AC, prove that 
DF-GE. 

19. Perpendicular bisectors of the legs of an isosceles triangle 
terminating in the base, or the base produced, are equal. 

20. The lines joining the middle points of the three sides of an 
equilateral triangle form another equilateral triangle 

21. I^AB-BC-CA and dD-BE-CE, then ADEP is equi- 
lateral. I 
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Applied Problems 

24. Jasper King runs an antenna from the ridge of his house to 
the end of a pole which he fastens horizontally at the eaves, and he 
finds that he has just enough 
wire. However, Mr. King asks 
him to remove it from the front 
of the house and put it up in the 
rear. Jasper is a bit disappointed 
for he fears that the wire may 
not be long enough to reach. But his father argues that, since the 
two sides of the roof are equal, he will need exactly the same length 
of wire. Who was right? Prove your answer. 

25. A carpenter wishes to support a roof, whose rafters AB and 
AC are equal, by upright pieces at 
E and G, equal distances from B 
and C, respectively. He drives a 
nail at D, suspends a weight, and 
measures DE. Prove that he can 
now cut both pieces this length 
without first measuring FG. 




Investigation Problem. A A'BC has each of its three sidea equal 
respectively to the corresponding sides of A ABC. Do the triangles 


look congruent? Can you draw a triangle 
with sides equal to those of ABC that will 
not look congruent to it? Try it. Now try 
to see if your triangles can be made to 
coincide. What methods of proving 
triangles congruent do you know? To 
prove these triangles congruent, what 
other parts do you need equal? If A A 



were equal to A A', could you then prove it? What kind of 


triangle is ABA'? Does Ax equal Zx'l Does Ay equal Ay"t 


Now can you prove A A equal to A A'? If you give up, look at 


Proposition 4. 
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Psoposrnos 4 



Clvco: i— *um ,1 // (,' ]. 

AC -AC » ami liCm/rc'. 
To p^ ve: &AI1C gr A.VB’C'. 


Sf.iT tMt.vra 

&vn'C' k. that 
r .ridrf "» lh .'*? 


Ftt 0 * 1 

. with its cq: 

that A‘ and A are 

,.?fesr 




Rtasons 
*• A geometric figure can be 
moved without change of «i« 
or shape. 

•■• A et. fine con be drawn 
“ny two points. 

*»• Hyp. 

4 - The base angles of an isos 
a are equal. 

5 - Hyp. 

6 The base angles of an isos 
A ore equal. 

eoI'.i lf .r* qUaU “re added to 
8 Tw 3 rcsu Jts are equal, 
and A ftre — if two sides 

" d ,he “''"W «*.... 
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Class Exercises 

JL Construct a triangle, giyen the three rides. 

2. The median to the base of an isosceles triangle divides it into 
;wo congruent triangles. 

3. Two equilateral triangles are congruent, if a side of one 
:quals a side of the other. 



Ex 4. Ex. 5. Ex 6 


4. In the circle whose center is 0, if AB *=BC, prove Zx *» Zy, 

6. Using the accompanying figure, prove the theorem that two 
triangles are congruent if the three rides of one equal the three sides 
of the other. 

6. If the opposite sides of the quadrilateral ABCD are equal, 
then Zv**Zw. 

7. If equal lengths BD and BE are taken on the sides of Z ABC, 
and, from D and E, arcs are made with the same radius, intersecting 
at F, prove that BF bisects ZABC. 



Ex. 7 Ex. S. 


8. If AB, BC, DE, and EF are all measured with the same 
radius, and DF is measured with the radius AC, prove that 
ZE = ZB. 

9. A square is divided by its diagonal into two congruent tri* 
angles. 
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# Psoposrnoir 4 



°r:^« c r; 1 *«n» 

• ,l i and BCmR'c ' 

To prove; ASBcss^'fl'C'. 
Proof: State UEvrs 

opposite aides of /?C. 


2. Draw ad'. 

3. dB-a'B. 

4. 

5. ac?-a'c. 

6. Z.ymZ.if. 

, 7 nS X +^ V ' = '* x ’+£l/ 
*BAC~ZBA’C. v ‘ 
. 8 - AABC SS A.4'f?c or 


Reasons 

*• A geometric figure can be 
moved without change of riu 
or shape. 


-• A st. line can be drawn 
between any two points. 

3 - Hyp. 

4. The base angles of an isos 
A arc equal. 

5 - Hyp. 

6. The base angles of an isos 
A are equal. 

7- If equals are added to 
*7^= results are equal. 

• Two A are if two sides 
and the included angle.... 
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Class Exercises 

L Construct a triangle, given the three sides. 

2. The median to the base of an isosceles triangle divides it into 
:wo congruent triangles. 

3. Two equilateral triangles are congruent, if a side of one 
iquals a side of the other. 



Ex. 4. Dx. 5. Ex. 6 


4. In the circle whose center is 0, if AB prove A v *» Ay, 

5. Using the accompanying figure, prove the theorem that two 
triangles are congruent if the three sides of one equal the three sides 
of the other. 

6. If the opposite sides of the quadrilateral ABCD are equal, 
then Z a =• Aw. 


7. If equal lengths BD and BE are taken on the sides of Z ABC, 
and, from D and E, arcs are made with the same radius, intersecting 
at F, prove that BF bisects ZABC. 




8. If AB, BC, DE, and EF are all measured with the same 
radius, and DF is measured with the radius AC, prove that 
ZE~ZB. 

9. A square is divided by its diagonal into two congruent tri- 




to PLANE GEOMETRY ' 

10. If two circles whose centers are C and D intersect in A and 

B, then ZACD-ZBCD. ! 

11. If AB - CD and .10 -BO, then ZC-ZB. I 

12. A diagonal of a rhombus bisects the angles. 



Ex. 10. Ex. 11 Ex. 13. 


13. If, in the figure, AB-CD; E, F, G, II, I, and J are the tri- 
section points of AB, BC, and CD respectively; and £//- GJ, 
prove that ZB- AC. 

14. II two isosceles triangle have the some hasp, the line joining 
their vertices bisects the vertex angles. 

58. Analytic proof, or proof by analysis. Examine the fol- 
lowing reasoning carefully to see if it really proves what it 
attempts to prove. 

If AB equals BC, ZA equals ZC and 
Zx equals Zy, prove that BF equals 
BG. 

BF—BG if ABFD^&BGE, for they 
are corresponding parts. 

Now Zx^Zy (hyp.) and Zv= Zw 
(vertical A are equal). 

So &BFD £= ABGE if BD= BE, for they would then 
have two A and the included side of one equal to two A nod 
the included fade of the other. 

But BD—yE if AABD^ ACBE, for they are corre- 
sponding parts. 

And A ABA* S ACBE for Zv= Zw (vertical angles are 
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equal), AB=BC (hyp.), and AA = AC (hyp.). So the tri- 
angles have two angles and the included side of one equal to 
two angles and the included side of the other. 

Therefore we have proved that BF = BG. 

Does this proof convince you? Is there a reason for every 
step? Is there any mistake in the reasoning? How does it 
differ from the proof that you have had before? Could you 
work out this proof more easily than the other? 

This new kind of proof is called analytic proof, or proof by 
analysis. Whereas the form of proof we have used before 
is called synthetic proof. Notice that the analytic proof 
begins with the statement to be proved, and works back to 
some known facts. The pupil should Bay to himself, “ I 
can prove statement A if I can prove statement B. And I 
can prove statement B if I can prove statement C. But I 
know that statement C is true because of so and so. There- 
fore statement A is true.” 

Notice that in the above example, when we could not find 
enough parts to prove the first triangles congruent directly, 
we chose another pair of triangles whose corresponding parts 
were of use in the first pair, and proved the second pair of 
triangles congruent. 


Illustration 1. 

If in quadrilaterals ABCD and A 'B'C'D', AA = A A', A' 
Ay= Z.z, AB=A'B' and AD= 

A'D’, then BC-B'C. 

BC will equal B'C if A . - - = 

A... Why? But Aw=Az&nd 
Aye* Az. Why? Since we have 2 
A of one= 2 A of the other, A . . . 
will be = A ... if *or 

they will have 2 A and . . . BD will 

=B’D’ if &ABDZZA But 

A . . .—A . . . because 

. . . =» ... and . . .= .... Therefore BC=B'C\ 
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Illustration 2. / 

In AABC altitude AD is the perpendicular bisector of E& 
Inen^Be^tC. ( 

AB will=^C by corr. sides of SA if what A ' 

triangles are congruent? But in these triangles 
we have AD=AD. Why? 

i / W r Z2 ' • Why? Sbce we have 1 side and 
°‘ ° ne tnan sle = l side and corr. Z of the 
other, we can prove AABD^AADC if we e 
get . . . or . . . , for 2 triangles are ^ if . 

But Ax Trill- Ay if A AEF~ .... l n these 
triangles we have . an( j 
AABF^AAFG because. . . * Therefore AB=AC. 

Comparing the analytic and synthetic proofs 
n nd °i D ' ost peo P ,e tbe synthetic proof is the more convincing, 
Z » also th ° form better suited for recording a proof, 
discoverer^ 3 th * method b >' wIu 'ch the proof was 

vo ir, T ^ e antdj/tlC pT0 ° f ’ on the oth cr hand, leaves 
must «rr° U -S “ t0 where to begin. You know that you 
thTt the n<r? i 6 Statement t0 ^ Proved. You knoir 
tmlin, 6ment ” USt * ° ne of the methods of 

discover ^ i ion ^ Iu ® !0n - Consequently, it is much easier to 

mXd" 1 by the analytic by the synthetic 

Class Exercises 

one of congruent, if two sides and the median to 

a* h,,v ' ,he *-* b -. «* 

ioto ““f"™!' “ V™ sifc and the li™ which 

Uvriy two «di5d the comb'd " E '|”o°“ 

Mint I rT il ere ,he middle 
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5. If ABCDEF is equilateral and equiangular, the diagonal AD 
bisects ZCDE. 



Ex. 5. Exb. 6, 7. Ex. 0. 


6. If QH and JK bisect each other at M, then PQ is bisected 
at M. 

7. If GK-JH, ZG - Z H, and ZJ ~ Z K, prove that PM = MQ. 


Optional Exercises 

8, If polygon ABODE is equilateral and the diagonals AC and 
AD are equal, prove that ZBCD » Z CDE. 

9. If equal lengths GK and HN are taken on the legs of isosceles 
A FGH, and at K and N perpendiculars to the legs are drawn meet- 
ing the base at L and SI, then FL—FSt. 


Ex. 12. Ex. 13. 

10. In the quadrilateral PQRS, PQ=PS and QR *=RS. If T is 
any point on the diagonal PR, then TQ-*TS. 

11. If the opposite aides of a quadrilateral are equal, the diagonals 
bisect each other. 

12. If the opposite sides of quadrilateral ABCD are equal, and 
AE»FC, then BE-FD. 

13. If the opposite sides of a quadrilateral are equal, perpendicu- 
lars to a pair of opposite sides at their middle points, and ending in a 
dh^Kvas.', svj&s!. 
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It is made of several pieces hinged at all lettered points and sup- 
ported at A and i> only. Can it bend at any of these points! 
Why do you suppose he drew all triangles instead of quadrilateral* 
or other figures? 


29. ABCD is a gate whose boards arc 
fastened by a single nail at each joint. Why 
will the strip AC, nailed at A and C, hold tho 
gate rigid? 



30. George Shaw told Harold Stern that he could measure the 
distance from A to B without crossing the pond. Harold did not 
believe this, so George measured the lengths AD, A/v, and DE, and 
then made DC and CE equal respectively to AD and AE. lie then 
measured BC and found it to be 1S3 feet. George ray« that this is 
tho distance from A to B. Is he right? Give proof. Assuming 
that it requires less work to measure nn anglo than a Jong line, 
can you suggest a better method of finding AU than that which 
George used? 



E*-30. Ex. 31. 

31. In the angle bisector, FO-FII and QK-KU , and K cau 
slide along the rod FL. To bisect an angle, FG and FII are placed 
in coincidence with the sides, and a line is drawn along FL. Provo 
that this line bisects the angle. 

32. The wheel 0 is turned by 
the crank-shaft PR. As the 
wheel turns, point R moves 
along the line OR. If p and 
Q are tho two positions of the 
crank pin when R occupies the 
same position on OR, prove that Z FOR equals ZQOR. 
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S3. An inverted king-post bridge is built as shown in the 


figure. ADC is a strong wire 
cable fastened securely at A, 
D, and C. Explain why the 
bridge cannot bend at B and fall. 


A £ C 



34. Rosemary has made a large 
triangular flower bed ABC on one side 
of the walk on her front lawn, and 
wishes to make another A'B'C on 
the other side exactly congruent with 
it. Show what measurements she 
must make, and construct a plan of 
the walk and the two flower beds. 



A Self-Measuring Test 

There is no reason why you should he in doubt about your 
ability to do the exercises of this chapter or the work of the 
next unit. Here are questions which will help you to make an 
inventory of your equipment. If you can answer all of these 
questions, you can go forward with confidence. 

1. Give three methods for proving triangles congruent. 

2. What method of proving lines equal have you learned? 

3. Give five ways of showing that angles are equal. 

4. Give the definition and state some other fact learned about 
each of the following: (o) right angles; (6) adjacent angles; (c) 
vertical angles; (d) supplementary angles; (e) an isosceles triangle. 

5. Why is it that the proposition in which triangles are proved 
congruent by three sides is not proved in the same way as the other 
two congruent triangle propositions? 

6. Name four sizes of angle and define each. 

7. What is meant by perpendicular lines 7 

8. Which part of a proposition is the hypothesis, (a) when the 
sentence has two clauses? (6) when the sentence ha3 but one 
clause? 
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It is made of several pieces lunged at all lettere*! points and sup- 
ported at A and E only. Cnn it bend nt any of lhf«e pointal 
Why do you suppose Vie drew aft triangles instead of quadrilaterals 
or other figures' 

29. A ECO is a pie whose boards are 
fastened by a tingle nail nt each joint. Why 
will the strip dr, nailed at .4 and C, hold the 
gate rigid? 

30. George Phase told Harold Stern that he could measure the 
distance from /I to D without crowing the pond. Harold did not 
believe this, so George measured the lengths A I), AE, and PE, and 
then made PC and CE equal respectively to AD and AE. He then 
measured TIC and found it to 1-e 1S.1 feet. George say« that this is 
tho distance from A to D. Is he right? Givo proof. Assuming; 
that it requires less work to measure an angle than a long line, 
can you suggest a better method of Ending A ft than that which 
George used? 




Ex. 30. Ex. 31. 

31. In the angle bisector, FG—FIJ and GK-Kff, and K can 
elide along the rod FL. To bisect an angle, FO and FJI are placed 
in coincidence with, the aides, and a line is drawn along FL. Pm'"* 
that this line bisects the angle. 

39. The wheel 0 is turned bv 
the crank-shaft PR. As the 
wheel turns, point ft moves 
along the line Oft. If P and 
Q are the two positions of tho 
crank pin when ft occupies the 
same position on Oft, prove that /.FOR equals ZQOR. 
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33. An inverted king-post bridge is built as shown in the 
figure. ADC is a strong wire 
cable fastened securely at A, 

D, and C. Explain why the 
bridge cannot bend at B and fall. 

34. Rosemary has made a large 
triangular flower bed ABC on one side 
of the walk on her front lawn, and 
wishes to make another A'B'C' on 
the other side exactly congruent with 
It. Show what measurements she 
must make, and construct a plan of 
the walk and the two flower beds. 

A Self-Measuring Test 

There is no reason why you should be in doubt about your 
ability to do the exercises of this chapter or the work of the 
next unit. Here are questions which will help you to make an 
inventory of your equipment. If you can answer all of these 
questions, you can go forward with confidence. 

1. Give three methods for proving triangles congruent. 

2. What method of proving lines equal have you learned? 

3. Give five ways of showing that angles are equal. 

4. Give the definition and state some other fact learned about 
each of the following: (a) right angles; (6) adjacent angles; (c) 
vertical angles; (d) supplementary angles; (e) an isosceles triangle. 

6. Why is it that the proposition in which triangles arc proved 
congruent by three sides is not proved in the same way as the other 
two congruent triangle propositions? 

6. Name four sizes of angle and define each. 

1. What 13 meant by perpendicular lines? 

8. Which part of a proposition is the hypothesis, (a) when the 
sentence has two clauses? (6) when the sentence has but one 
clausa! 
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0. Stale two facta which you have learned about a straight 
line. 

10. What axioms can be used to prove lines equal? Angles 
equal? 

1L Define and illustrate: (a) the oltiiude of a triangle; (6) the 
median of a triangle. 

12. How many altitudes and how many medians has a triangle? 

13. Why is the proposition about the base angles of an isosceles 
triangle placed between the first two and the third congruent- 
triangle propositions, instead of having all three together? 

14. What is a polygon? Is a triangle a polygon? 

15. What is meant by an included angle ? An included aide? 

16. How many parts must be known in order to prove triangles 
congruent? How many of these can be sides? How many can be 
angles? 

17. In a right triangle, what is the side opposite the right angle 
called? What are the rides including the right angle called? 

18. How many degrees are there in a straight angle? In a right 
angle? 

19. What two instruments are you allowed to use in constructing 
a figure? What other instruments have you used in drawing a 
figure? 

20. Explain the difference between a synthetic proof and an 
analytic proof. Which form of proof do you t hink best suited for 
discovering the way to prove a theorem? 

21. What is an ariornt Give three geometric assumptions about 
lines or angles. Give six axioms that do not mention geometric 
figures. Give the three postulates. 

Method of attack. To prove a line perpendicular lo another 
line, show that it makes the two supplementary angles equal. 
Then use § 12. 

In the exercises below, the supplementary angles ere adjacent, 
but do not think that tins is always the ease. Angles that are both 
equal and supplementary are right angles wherever they may be. 
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Exercises 


1. If Ax— Aso and Ay= Az, then 
BB±AC. 

2. If Zz= At, FB bisects A ABE and BD 

bisects A EBC, then EB±A C. A 



3. The bisector of the vertex angle of an isosceles triangle is 
perpendicular to the base. 


4. The median to the base of an isosceles triangle is perpendic- 
ular to the base. 


6. Two congruent triangles ABC and A'B'C' arc placed beside 
each other 60 that AC and A'C’ coincide. If BC and B'C' form a 
straight line, then AC is perpendicular to BC. 

6. If AB**BC and BD bisects AB, then BDlAC. 



Eta. 0. 7. Ex. 0. Ex. 10. 


7. If ABCD is folded along BD and it is found that A.ABD and 
CBD coincide, then AC A. BD. 

8. The diagonals of a square are perpendicular to each other. 

9. If Ax** Ay and LM = LO, then LN ±M0. 

10. A carpenter sometimes determines whether a floor is hori- 
zontal by using an instrument like that shown here in which the 
legs AB and AC are equal, and there is a mark at the middle point 
D of BC. Show tliat BC is horizontal (J_ the plumbline) if the 
plumb bob hangs at D. 

Investigation Problem. CD is perpendicular to AC and bisects 
AB. How docs the distance from X to A 
compare with the distance from A' to B1 
What method do you know of proving two 
lines equal? Can you prove that AVI equals 
XB without looking et Proposition 5? 




70 


PLANE GEOMETRY 


Proposition 6 

* 59. Any point on the perpendicular bisector of a line 
segment is equally distant from the ends of the segment. 



Given: AD=DB,CD±AB, 
and X any point on CD. 
To prove: AM =* XB. 


Proof: Statements 

1. In AADX and XDB, 
AD - DB. 

2. XD-XD. 

3 . At and As are rt. angles. 

4. At -A s. 

5. AADX^AsXDB. 


Reasons 

1. Hyp. 

2. Iden. 

3. Two lines meeting at rt. 
angles are _L to each other. 

4. Rt. angles are equal. 

5. Two A are S if two sides 
and the included angle of one 
equal . . . 

6. Corresponding sides of S A 
are equal. 


e. XA -XB. 
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* 60. Converse. Any point , equally distant from the ends 
of a line segment, is on the perpendicular bisector of that 
segment . 

Given: [Line segment AB and point X]; AX~ XB. 

To prove: That X is on the perpendicular bisector 
of AB. 

Proof : Statements 

1. Let D be the middle point 
of AB. 

2. Draw CD through A'. 

3. In AADX and XDB, 

AD~DB. 

4. XD-XD. 
b. AX =XB. 

6. AADX = AXDB. 

7. Ar-As. 

8. Zr is a rt. angle. 


9. CD±AB. 

10. X i3 on the A. bisector of 
AB. 

61. Corollary. Txco points, each equally distant from the 
ends of a line segment, determine the pcrj>endicular bisector of 
that segment. 

Converse. What is the hypothesis in section 59? What 
is the conclusion? What is the hypothesis in section 60? 
What is the conclusion? What do you notice about the, 


Reasons 

1. A line segment has a 
middle point. 

2. A st. line can be drawn 
between any two points. 

3. D is the middle point of 
AB. 

4. Iden. 

5. Hyp. 

6. Two A are congruent if 
three 6ides of one equal . . . 

7. Corr. angles of ^ A are 
equal. 

8. If one st. line meets an- 
other st. line so as to make two 
adjacent angles equal, each of 
these angles is a rt. angle. 

9. Two lines meeting at rt. 
angles arc J. to each other. 

10. CD±AB and bisects AB. 
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hypothesis and conclusion in comparing these two state- 
ments? The second statement is called the converse of the 
first. 

The converse of a theorem is another theorem in which 
the hypothesis and conclusion are interchanged, that is, the 
hypothesis of one is the conclusion of the other, and vice 
versa. 

State the converse of each of the following statements: 

1. If two sides of a triangle are equal, the angles opposite them 
are equal. 

2. If two angles are equal, their supplements are equal. 

3. An equilateral triangle is equiangular. 

4. Right angles are equal. 

5. A squirrel is a small animal. 

Are all of the above statements true? Are all of the con- 
verses true? 

We see that the converse of a theorem is not necessarily 
true because the theorem is true. It may be true or it may be 
false. Consequently, if we wish to use the converse, we must 
prove it as a separate proposition. 

62. Method of attack. To -prove a line perpendicular U> 
another line, show that two points on one of them are each 
equally distant from two points on the other. 


Cuss Exercises 


1. The median to the ba» 
pendicular to the base. 

2. The line joining the vertices of two isosceles 
triangles on the same base is the perpendicular 
bisector of the base. 


isosceles triangle ia I**" 


3. A radius to the middle point of a chord of a circle is perpen- 
dicular to the chord. 



RECTILINEAR FIGURES 


73 

4. The diagonals of a square are perpendicular to each 
other. 

5. The diagonals of a rhombus are perpendicular to each 
other. 

6. In an isosceles triangle the bisector of the vertex angle is 
perpendicular to the base. 

7. If two adjacent sides of a quadrilateral are equal, and the 
other two sides are equal, the diagonals are perpendicular to each 
other. 


A 



Exs, 7, 8. Ex. 9 


8. If a diagonal of a quadrilateral bisects both angles, it is the 
perpendicular bisector of the other diagonal. 

9. If two circles intersect, the line joining their centers is the 
perpendicular bisector of their common chord. 

10. If the perpendicular bisector of a side of a triangle passes 
through the vertex, the triangle is isosceles. 


Optional Exercises 

11. The perpendicular bisector of the base of an isosceles tri- 
angle passes through the vertex. 

12. The perpendicular bisector of a chord 
passes through the center of the circle. 

13. The point of intersection of the 
perpendicular bisectors of two sides of 
a triangle is equally distant from tbe three 
vertices. 

14. The three perpendicular bisectors of the Bides of a triangle 

meet in a point. , 
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IB. Two straight lines from a point in a perpendicular to a lice, 
cutting off on the given lice equal lengths from the foot of the per- 
pendicular, are equal. 

Hokor Worn 


1G. A point, not on the perpendicular bisector of a line segment, 
is unequally distant from the ends of the segment 
17. If three or more isosceles triangles have the same base, their 
vertices lie on a straight line. 


18. If a point moves bo that it always remains equally distant 
from the ends of a segment, it traces the oerpendicular bisector of 
the segment 



19. To construct a perpendicular from P to AD, take any point 
" ° ter * CP as radius, construct an are PQ, 
tutting AD at D. Then, with D as center and PD as radius, con- 
* at that ^ » tte required 


thpn"rn ar >d CD passes through the center of circle 0, 

then CD s the perpendicular bisector of AB. 

CeoroMc reasonm, cppf.rf to lif, riM,™ (optional) 

Cto aD thj high mountains there is a line, called the tim- 
ber hue, above which trees will act grew. Arc the following 
conclusions necessarily tote? (a) Since Mount Blue has no 
trees on .to surmnit it calends above the limber line. 
(6) Srnce Mount Blank has tree, on its summit, it does not 
Mend above the timber line, (e) Since Mount White 
Mends above the timber line, it has no tree, on its summit, 
(d) Since Mount \erde does not extend above the timber 
hne, it baa trees on its s ummi t. 
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Space Geometry (Optional) 

A line perpendicular to a plane. A line AC is perpenciicu- 
iar to a plane AIN if it is perpendicular to all the lines of the 
plane through the point B where a 

it intersects the plane. 

1. If ACS.BD and BE and if 
AB—BC, prove 

(а) That AD™DC 

(б) That AE=EC 

(c) That AADE^ACDE. 

(d) That AF=FC. 

(e) That BF±AC. C 

(f) If BF is any line in MN through B, why is A B A AW? 

2. If in the same hypothesis, BD^BE, then AD=AE. 

3. If a line is perpendicular to one line in a plane, must it 
be perpendicular to the plane? Illustrate, using pencil and card- 
board or the top of the desk. 

4. In space can more than one line be drawn perpendicular tc 
the same line at the same point of the line? 

5. Can more than one line be drawn perpendicular to a plane 
at the same point of the plane? 

6. If a plane is not perpendicular to a line, 13 there any lino in 
the plane that is perpendicular to the line? Illustrate- 

7. To determine that the door jam is perpendicular to the floor, 
in how many positions must the carpenter place his square? 

Investigation Problem. By drawing arcs, find a point equally 
distant from the ends of a line segment AB. To construct the 
perpendicular bisector of AB, how many such points are needed? 
Find them and complete the construction. 

Take a point C on line AB. Can you draw arcs cutting off a 
segment of AB so that C is equally distant from its ends? Will 
the perpendicular bisector of this segment pass tltrough C7 
Complete the construction of & perpendicular to AB at C and 
prove your work. Could you choose a radius too short lor this, 
construction? 
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Proposition S 

63 . The perpendicular bisector of a given line segment 
can be constructed. 


1 

/ 

'/ 

\ 

/ 

X 


Given: A line segment DE. 

To prove: A perpendicular bisector of 
DE can be constructed. 


Construction: Statements 

1. With D as center and any 
convenient radius, construct arcs 
on both sides of DE. 

2. With E as center and the 
same radius, intersect these arcs 
at C and F. 

3. Draw CF. 


Then CF is the required line. 
Proof: 

L C is equally distant from 
D and E. 

2. F is equally distant from 
D and E. 

3. CF is the J_ bisector of 

m. 


Reasons 

1. A circle or arc can be con- 
structed with nny center and any 
radius. 

2. Same as No. 1. 


3. A st. line can be draw® 
between any two points. 


1. Const. 

2. Const. 

3. Two points, each equally 
distant from the ends of a line 
segment, determine the J. bisec- 
tor of that segment. 
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Proposition 7 

64. Through a given point, a perpendicular to a given line 
can be constructed. 



Given: Line A B and point C. 

To prove : A line through C± A B can be constructed. 


Case 1. When the point is on the line. 

Case 2. When the point is off the line. 

Construction: Statements Reasons 

1. With C as center and any 1. A circle or arc can be con- 

convenient radius, cut AB at D structed with any center and 
and E. any radius, 

2. With D as center and a 2. Same aa No. 1. 
radius more than one half DE, 

construct an arc. 

3. With E as center and the 3. Same as No. I. 
came radius, intersect the arc 

at F. 

4. Draw CF. 4. A st. line can be drawn 

between any two points. 


Then CF is the required line- 
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Proof: 

1. C is equally distant from 
D.and E. 

2 r is squally distant from 
D and E. 

3. CP is the _L bisector of DE. 


1. Const. 

2. Const. 


3. Two points, each equally 
distant from the ends of a line 
segment, determine the J. bisec- 
Non- in . I tor *bat segment. 

® exactly the sa^^t’h^L^c^ 3 !™^ 00 ^ Pr °° f ’ for CaS * 2 

Review Exercises 

1- Dmde a line segment into four ,q ra l parts. 

a tine segment twice as long as a given segment. 

. Construct a lute segment equal to lie sum of too segments. 

• given “ sm "‘ “ d “-tan times the length o- 

'• S'”™' 1 «» of « acute Wangle. 

■ S 0 ”?™* “* of au obtuse .dangle, 

mje’. ‘ POvPoatiicuIe, bisector, of .be nidus of . tri- 

10. Construe, a g,„ n , ^ 

S 0 ” 1 ™' 1 * 1“". even tb. perinreter 
U Sm of • given .rule angle 

If- Construct 'T ““ 3 

10. Construct an hoJ,„ ‘-S “ = »■ 

16. Construct a triangle „ h J d'"" “ d a,UtuJe - 

length o, tte .idea , gL, half tb. 

17. Given Wo unequal Unee, « sad 0, „ wing longer then 0, con- 
struct 3a— 6; n+34; rfz£. ja+;s 
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pROPOSITION 8 

65. A given angle can be bisected. 



Given: A ABC . 

To prove: A ABC can be bisected. 
Construction: Statesietjts ( Reasons 


1. With B as center, and with 
any radius, cut A B at D and BC 
at E. 

2. With D and E as centers 
and with equal radii, draw arcs 
intersecting at F. 

3. Draw BF. 

Then BF is the required line. 
Proof: 

1. Draw DF and EF. 

2. In A DBF and EBF, BF = 
BF. 

3. BD=BE. 

4. DF*=EF. 

5. ADBF^AEBF. 

6. AABF= ACBF. 

7. BF bisects A ABC. 


1. Post. 3. 


2. Post. 3. 


3. Post. 1. 


1. Post. 1. 

2. Iden. 

3. Cons:. 

4. Const. 

5. Two A are ^ if the three 
sides . . . (§ 57). 

6. Corr. parts of = A are **, 

7. To bisect is to cut in twr. 
equal parts. 
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Proposition 9 

66. An angle equal to a given angle can be constructed 
cl a given point on a given straight line. 



Given: ZB, line DE, and point F on DE. 
o prove : A One can be constructed at F making an Z - Z B. 


Construction: Statements 

1. With B as center, and any 
radius cut AB at G and BC at II 
2- With F as center and the 
Mae radius, construct an arc 
LJ > cutting DE at J. 

3. With J as center and GH as 
Mdius, cut the arc LJ at / 

■L Draw FI. 


Reason’s 

I. Post. 3. 


2. Post. 3. 


3. Post. 3. 

4. Post. 


' Illen the required and- 

Proof: 


1. Draw GII and IJ. 

^2. In ABHG and FJI, BG< 

3. BH=FJ. 

4. GII ■=■ I J. 

5. ABHG = AFJI. 


1. Post. I. 

2. Const. 

3. Const. 

4. Const. 

5. Two A are ~ if the three 
»des . . . {{ 57). 

6- Corr. angles of£A are 


6. ZB = ZIPS. 
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Review Exercises 

1. Divide a given angle into four equal parts. 

2. Construct an angle of 45°, 135°. 

3. Construct an angle of 22° 30', 67° 30'. 

4. Construct an angle equal to twice a given acute angle. 

6. Construct an angle equal to the sum of two given angles. 

6. Construct an angle equal to the difference of two given angles. 

7. Construct a triangle having two sides and their included 
angle equal respectively to two given lines and a given angle. 

8. Construct a triangle having two angles and their included 
aide equal respectively to two given angles and a given line. 

8. Construct an isosceles triangle, given the vertex angle and a 
leg. 

10. Construct an isosceles triangle, given a base angle and the 
base. 

11. Construct the bisectors of the angles of a given triangle. 

12. At a given point on a line, construct a perpendicular to the 
line by bisecting the straight angle. 

13. Construct a A ABC, making AB= 3 in., A A *=00°, and 
ZB=45°. 

14. Construct a A ABC, making AB= 4 in., BC—3 in., and 
22° 30'. 

IB. Construct a triangle congruent to a given triangle. 

16. Construct a triangle whose base angles equal those of a given 
triangle, but whoso base is one and one-half times as long. 

True-False Test ( 10 min.) 

Copy the numbers of the statements. If the statement is 
true, write T after its number, if false, write F. 

1. In proving the base angles of an isosceles triangle equal, we 
construct the altitude to the base. 

2. An analytic proof is one in which we begin with the state* 
mend do improved. 
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3. If two triangles are congruent, their corresponding nngla 
are equal. 

4. Supplements of equal angles are equal. 

6. A triangle is acute if it has an acute angle. 

6. A perpendicular is a line running up and down. 

7. An equilateral triangle is equiangular. 

8. Two triangles are congruent if two sides and an aDgle <3 
Dne equal two sides and an angle of the other. 

9. To bisect means to cut in two equal parts. 

10. Two triangles are congruent if two angles and a side of 
one equal two angles and a side of the other. 

Reasohiho Test (10 min.) 

Think how you would prove each of the following state- 
ments. Then copy the numbers of these statements and 
after each number write only the final reason used in the 
proof. Do not write out the proof in full. 

J- Two right triangles are congruent if the legs of one equal 
the legs of the other. 

2. If Ji*=o+J6, then x = 2a-f-&. 

3. If ZF and / L are right angles and FH=HL, then AFGI& 

AKXH. 


K 



G Ex. 3. Ex. 5. 


4. Ifr+?=16, then**=9. 

C. If Z CA3=* Z DBA and AD and CB are angle bisectors, then 

A ACB^&BDA. 
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Multiple-Choice Test (10 min.) 

From the four answers given, select the one which will 
make the statement true. 

1. If a diagonal is drawn in a quadrilateral whose opposite sides 
are equal, the triangles formed can be proved congruent by, (a) s.a.s.; 
( 6 ) a.s a.; (c) sas,; (d) corr, A. 

2. In proving that the construction for bisecting an angle is 
correct, the triangles are proved congruent by the method, (a) rt. 
A are equal; (6) s.a.s.; (c) a.s. a.; (d) s-s.s. 

3. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the two triangles formed can be proved congruent by, 
(a) s.a.s.; (6) a.s.a.; (c) vert. A are equal; (d) s.b.s. 

4. If the three angles of one triangle equal the three angles of 
another triangle, tho triangles are, (a) congruent; (b) equilateral; 
(c) not necessarily congruent; (d) isosceles. 

6. To construct the perpendicular to a line segment through a 
given point, we must first find, (a) 0; (b) 1 ; (c) 2; ( d)3 , of its points; 


Construction Test (10 min.) 

1. Construct an equilateral triangle, given a side a. 

2. Construct a median of a given triangle. 

3. Construct a perpendicular to a line at a point on the line. 

4. Divide a line segment into four equal parts. 

E. Construct an angle one and one-half times a given angle. 


67. An exterior angle of a triangle is an angle formed by 
one side of the triangle and the pro- 
longation of another side through 
their common point, as A ACD. 


One angle of the triangle is adjacent C D 

to the exterior angle. The other two 

angles are called remote interior angles. A ACD is adjacent 
to 4 MJQ. L A vuL L E ww*» -V^biss vu&a* 
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PROPosmorr 10 

68, An exterior angle of o triangle is larger than either 
remote interior angle. 


A F 



Given: A.A.BC with exterior A ACT/. 
To prove: ZACD> ZA or ZB. 


Proof: Statements 
4. Kseet AC at E. 

2. Draw BE, and extend it 
making EF ■= BE. 

3. Draw CF. 

4. In AABE and CEF, 
AE=EC. 

5. BE-=EF. 

6. Zx — Zg. 

7. AABESACEF. 

8. ZA=-Zz. 

9. ZACD>Zz. 

10. ZACD> A A. 


Reasons 

1 . 

2. Post. 1 and 2. 

3. Post. 1. 

4. Const. 

5. Const. 

6. 537. 

7. 5 50. 

8. S&4. 

9. Ax. 8. 

10. Subst. 


In like manner, it can be shown that A BCG> ZB. 

11. ZBCG“ ZACD. j 11. 537. 

12. ZACD> ZB. } 12. Subst. 
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Note to the Student: From this point on, you will often find 
n number in place of the reason for a statement. This number 
refers to the paragraph in which the reason can be found. Never 
turn back to that paragraph until you have tried to think out the 
reason for yourself. In fact, a good student will never read either 
statement or reason until he has first tried to prove the proposition 
himself. Are you good enough student for that? 


Parallel Likes 

69. A transversal is a line that cuts two or more other 
lines. 

70. If two straight lines are cut by a transversal, the angles 
are named as follows: 

A w', at, y, z, are interior A. 

A w, x, y', z', are exterior A. 

A pair of angles are alternate, 
when they are on opposite sides 
of the transversal, and one at 
each vertex, as A y and w', z and 
x\ w and y’, and x and z 1 . 

The pairs y and w\ and z and a? are alternate interim' 
angles. 

The pairs w and y’, and x and / arc alternate exterior 
angles. 

Tho pairs tn and w\ x and a/, y and y', and z and z‘ , are 
corresponding angles. 

When alternate interior angles, or any of the above pairs of 
angles are mentioned, it is understood that there are two straight 
lines cut by a transversal. 

71. Parallel lines are straight lines, in the same plane, that 
cannot meet, however far extended in either direction. 
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Pkopositioh 10 

68, An exterior angle of a triangle is larger than tithe* 
•remote interior angle. 


A F 



Given: A ABC with exterior / ACL. 
To prove: AACD> ZAor AB. 


Proof: Statements 


Reasons 


1. Bisect AC at E. 

2. Draw BE, and extend it 
making EF-*BE. 

3. Draw CF. 

4. In A A BE and CEF, 
AE~EC. 

5. BE-EF, 

6. Zi«/y. 

7. AABE^ACEF. 

8. AA = Az. 

9. AACD>Az. 

10. AACD> A A. 


1 . 

2. Post. 1 and 2. 

3. Post. 1. 

4. Con3t. 

5. Const. 

6. 1 37. 

7. 1 50. 

8. f 54. 

9. Ax. 8. 

10. Subst. 


In like manner, it ran be shown that ABCQ> A B. 

11. ABCG-ZACD. J 11. §37. 

12. ZACD>AB. j 12. Subst. 
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Note to the Student: From this point on, you will often find 
b number in place of the reason for a statement. This number 
refers to the paragraph in which the reason can be found. Never 
turn back to that paragraph until you have tried to think out the 
reason for yourself. In fact, a good student will never read either 
statement or reason until he has first tried to prove the proposition 
himself. Are you good enough student for that? 


Parallel Lines 

69. A transversal is a line that cuts two or more other 
lines. 

70. If two straight lines are cut by a transversal, the angles 
are named as follows: 

A w', s', y, z, are interior A. 

A w, x, y', z’, are exterior A. 

A pair of angles are alternate, 
when they are on opposite sides 
of the transversal, and one at 
each vertex, as Ay and w', z and 
x\ w and y', and x and z'. 

The pairs y and to', and z and af are alternate interior 
angles. 

The pairs w and y\ and x and s' arc alternate exterior 
angles. 

The pairs w and to', x and x', y and y\ and z and z\ are 
corresponding angles. 

When alternate interior angles, or any of the above pairs of 
angles are mentioned, it is understood that there are two straight 
lines cut by a transversal. 

71* Parallel lines are straight lines, in the same plane, that 
cannot meet, however far extended in either direction. 




DO PARALLEL LINES MEET? 


Notice the parallel line* in the picture. Do they loolr 
parallel? First loolr at the vertical cables that support the 
bridge- Do they loolr parallel? Now loolr at the edges of 
the center strip and the curbs of the bridge. Are they paral- 
el? Do they loolr parallel? Why do some parallel lines 
loolr parallel whereas others do not? 

In order to maltc this picture loolr natural, the artist must 
take account of this peculiar fact that some parallel lines 
appear to meet. He say, that they meet at infinity and calls 
the line along which they appear to meet the line at 
inlmity. Ancient painters did not understand this. If you 
visit an art gallery, you will find that very early paintings 
do not loolr real because they have no line at infinity. 

h«e il you can find other parallel line, both in your 
classroom and on your way to and from school. Do they 
look parallel from your position? Can you discover in 
Wh, direction parallel lines must run so that they will loolr 

par.lle ? So they will appear to meet? 

Unlike the triangle, ,he cable (, o| j •„ skjpe 

strength fo, resisting 
a strmght pul'. |„ Ae fc.y ^ (hi , p)c<u „ 

*e weight „ a direct pull downward. So the cable gives 
the greatest strength. And because this p„|| ,, directly 
downward, the small cable, are all vertical parallel line,. 

Photo by George A. Do.,!,, p hi ,; p p G „J,„e 




PLANE GEOMETRY 


Anom 11. Through a point not more than one line can be 
drawn parallel to a given line. 


Exercises 

1. Name all pairs of alternate interior angles and corresponding 
angles in the following figures - 




2. What pairs of angles are made by the letter H? NT FT 
3 In the figure, name a pair of alternate interior angles, (a) if CD 
aDd EF; < 6 > the transversal to 

LU an< * EF ; (e) if EF b the 
transversal to AB and CD. 

Investigation Problem. If, 

in the figure in 5 70, /.y 
equaled what would 

g tspect about the lines? 

66 they crossed at K 
? , th ® fieure for Ex- 3 above, what kind 

? * agh an an s ,e ° f «* trian e ,c7 

it comlXr, S/ r eference to the triangle? How docs 

Point trn^ K * ^"h y? If the lines cross at 6ome 

^ Cf/K? S 0 . must £AGII necessarily be larger than 

*hat could y °iL k T!r ‘ hat AAGH *ere equal to ZCUK, 
Cr °M, what dMt * v . , crossing? And, if they cannot 
about them? 
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Proposition 11 

72. Two lines are parallel if their alternate interior angles 
are equal. 



Given: [AC and DF cut by GH], Ax - Ay. 
To prove: AC\\DF. 


Proof: Statements 

1. Either AC||DF as in Fig. 1, or they 
will meet at some point K if extended as in 

Fig. 2. 

2. If they met at K, we would have a 
A BEK and /Lx would be > Ay. 

3. This is impossible, that is, AC and DF 
tannot meet. 

4. ACUDF. 


Reasons 
1. §71. 


3. Zz= Ay by hyp. 

4. §71. 


73. Corollary. Two lines are parallel if their interior 
angles on the some side of a tranversal are supplementary. 

Given that Axis the supplement of A DEB. 

AC and DF will be parallel if what angles are equal? What U 
the relation of Ax to ADEB1 Of Ay to A DEB? Of Ax to Ay 7 


Indirect proof. Tlio method of proof used in Proposition 
XI \a called the indirect proof* It consists in examining &U the 
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PiBiUJIL LINES. 


5t“ <,lhCr ’ b "‘ «* OM WO Wish 
positions as in P V- f , tberG nrc onl y two possible sup- 
m " fST, l r“ U - ». « °oe orTho other of 
true it ifoSv nf L ' h,! ° to P rovo th »‘ one of them is 
eontadietion When aZthra" 10 0ther . Irads .‘°.“ 

m ;L“ 
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Class Exercises 

Use tlie indirect method. Assume that the conclusion is not 
true and then show that this leads to an impossible result. 

1. If two angles of a triangle are unequal, the sides opposite 
them are unequal. 

2. If any angle of one triangle is not equal to some angle of 
another triangle, the triangles arc not congruent. 

3. A point unequally distant from the ends of a line segment it 
not on the perpendicular bisector of that segment. 

4. State and prove the converse of exercise 3. 

5. A line segment has only one middle point (assume that there 
are two middle points). 

6. Two lines parallel to the same line are parallel. 

7. If a triangle is hot isosceles, the bisector of an angle is not 
perpendicular to the opposite side. 

8. If a straight line cuts one of two parallel lines, it cuts the 
other. 

9. Two sides of one triangle equal two sides of another triangle. 
Jf their included angles are not equal, their third sides are unequal. 

10. Not more than one line can be drawn from a point perpendicu- 
lar to a given line. (If there are two, compare an exterior angle of 
the triangle formed with a remote interior angle.) 

Optional Exercises 

Geometric reasoning applied to life situations. 

The indirect proof is one of the best ways of convincing a person 
that he is wrong. 

Illustration: A customer returned the radio you sold him 
saying that the loud speaker rattles. You try a new detector tube 
and it works quietly. Convince him by the indirect method that it 
was not the fault of the loud speaker. 

Proof: "If it were the fault of the loud speaker, changing the 
detector tube would not correct it, would it? ” "No.” “But you 
see it does correct it, don’t you?” “Yes.” “Then it is not the 
fault of the loud speaker.” 
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1L When the steam was on last night, water leaked from your 
radiator on the floor. The janitor says that the radiator is all 
nght. Convince him by the indirect proof that he is wrong. 

A V 4 ery heav y Package was stolen from John’s room. From 
the time it was seen there until it was missed, it is known that only 
™ T tH ® Cnpplod Henr y *““• been in there. You are the 

th.tSlerb’Jia™ 5 '' By "" “‘ & " t P ™ f ’ ,he i “ J 

JLT?? C '°' k T f d bn, .topped. The cuetomer 

e hCT “ sid "' on " d il nifiht but it will uot 
„ d ' , A Ij 1 * 1 l >“ >P™S la entirely unbound to you wind it 

down „?u'ik The ‘ P ™? *°“ M ** u »»onnii if the elect had run 
S? «™* h * d b ~ t «. Convince the lady that her 

maid forgot to wind the dock. 

anduJ’to.r ■ h li°' U S The child h “ * '«™. msh, «m throat 
.nd h i, tongu e ;, red. II. was vaccinated last } 4r. 

throat In 1 ° coated white, do sore 

throat In m 11 ’In’ lPcr " u fcver - rash, tongue red end tore 
bi° <h T » »» d rash but the dte» is ^ 
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Proposition 12 

74. Two lines are ■parallel if their corresponding angles 
are equal. 



Given: [AB and CD cut by EF]; Ax = Ay. 
To prove: AB\\CD. 


Proof: Statements 

1. Ax~Ay. 

2. Zx = Zz. 

3. Zy= Zz. 

4. AB\\CD. 


Reasons 

1. Hyp. 

2. § 37. 

3. Subst. 

4. §72. 


75. Corollary 1. Lines perpendicular to the same line an 
parallel. 

* 76. Corollary 2. Only one perpendicular can he drawn 
from a point to a line. (Use § 75.) 

Investigation Problem. If line AB were omitted from the 
above figure, could you construct an angle x so as to obtain a line 
through 0 parallel to CD? Try to complete and prove this con- 
struction before looking at Proposition 13. 
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Proposition 13 

77. Through a given outside point a line parallel to a given 
fine can be constructed. 



Given: Line AB and point C not on AB. 
To prove: A line through C parallel to AB 
can be constructed. 


Construction; Statmexts 
}■ Through C draw CD to anj 
point D on AB. 

2. Construct CE, makinr 


Then CE is the required line. 
Proof: 

L 

2. CEUAB. 


Reason 

1. Post. 1. 

2 . § 66 . 


1. Const. 

2. § 74. 


a oair of'dternat To prot ' e tine * parallel, show that 

t f ! a “ tenor “«*» «e equal, or ihat a pair 
t.f corresponding angles are equal. 

,h “ 103 ■“ — i— * - 




RECTILINEAR FIGURES 


Class Exercises 


1. Prove AB^CD if: 

(а) Zp **65° and Zto = 65°. 

(б) Zp «65° and Zx =115°. 

(c) Zp =70° and Zy = 70°. 

(d) Zp =75° and Zz “105°. 

(e) Zr =m° and Zx =180°— n 4 . 



2. Two lines are parallel if the alternate exterior angles are 
equal. 

3. By means of alternate interior angles, construct a line 
through a point parallel to a given line. 

4. If Zto-Zzand Zx^ Zy, then AB^FD. 

5. If ABJlBF and DF ±BF, BH bisects Z FBA, and FC bisects 
ZBFD, then BH and CF are parallel. 



Exs. 4, 5. 



6. If GH and KL bisect each other, prove that GK\\LH. 

7. If the opposite sides of quadrilateral ABCD are equal, they 
are parallel. 

8. If AD and BC are equal and Zx=*Zy, then AB is parallel 
to DC. 

8. Prove EF\\GH if: 

(a) ZAPQ = SO 0 , Zto = 50°, and Zz« 30°. 

(t>) ZAPQ = 80°, Zy = 35°, Zx = 35°, Z PQD - 80°. 

(c) ZAPQ =85°, Ztc-50°, Zx - 50°, ZPQD= 85°. 
id) ZAPQ - 85°, Zy ~ 40°, ZCQP = 95°, Zx = 40°. 

(e) ZAPQ = m°, Zy^n°, and /s ■» m*- n°. 
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10. If KL ar.d MN are perpendicular to PAT, KQ bisects ZPEL 
and MR bisects ZKSIN, then KQ]|MR. 

11. If, in the same figure, Z PKL — A KMN and Aw — A*, 
then 

12. If RT bisects ZQRS and QT-QR, then QT\\RS. 

13. If ADJ.DB, BES.EC, AD -BE and DB-EC, prove that 
ADflBE and DBREC. 



Ex». to. it. Ex. vs. Ex*. 13. M. 


H. U ADJ.DB, BEJ.EC, DB-EC. and ZhBC~Zt, then 
AD^BE. 


Optional Exebcisis 

15. Two tinea are parallel, if the exterior angles on the s: 
of the transversal are supplementary. 

16. IT AR~CD, EC =BF, and EC 
and BF ore perpendicular to AD, then 

^EJDF. \ 

17. If AB\CD, ZA~ZD and 
AE-DF, then KCflBF. 

IB. If ZA-\.D,AE~DF, and ZE^^F 
then ECflBF. \ ’ *9 

19. It AB-CD, AE-DE, and EC— BF, tZ— 

then ABIIDF. V ' A 

20. If ZKLK Js twice AM, prove that / \ 

W, the bisector A KEY, is parallel to jjL \ 

SIP. \ 


21. If LAI -L.Y and AKLO- ZUiSI, prore LOB VP. 
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Applied Problems 

22. A celluloid triangle CDE is placed against a ruler -41?, and a 
line CD is drawn. Then, holding 
the ruler fixed, the triangle is slid 
to the position C'D'E' and a line 
CD' is drawn. Prove that C'D' 
is parallel to CD. 

23. The T-square is much used by draughts- 
men. Prove that lines, drawn with it as Bhown 
in the figure, are parallel. 

24. Street BE meets street AB at an angle 
of 72®. A real-estate agent wishes to cut the 
block ABEF into lots by constructing lines 

parallel to street AB. How many | 

degrees must he make angles BCD, a dh 

BOH, etc.? -ll-T-r-r 

Investigation Problem. State the 
converse of Proposition 11. Does it , 
appear to be true? Draw two parallel — i 
lines. Now draw several transversals 
in different directions. Are the alternate interior angles always 
equal? If you draw KG so that ZKQH E 

equals Zx, what is the relation of KG i 

and CD ? Why? What is the relation a Ql. B 

of AB and CD1 Why? Can KG and / 

AB then be separate intersecting lines? C 5^ sD 

Why? If not, what do you know about / 

ZAGH and ZKGH1 About ZAGH and 

Zxl Now try to give the complete proof of your conclusion 
without reading Proposition 14. 



The type of proof suggested in this Investigation Problem was 
mentioned on page 71. In it, we make the line KG do what we 
wish to prove AB does, and then show that KG and AB are the 
same line. This method is particularly convenient whenever we 
wish to prove that a line passes through a certain point, as for 
example in the proof of §60. 
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Proposition 14 

* 79. Alternate interior angles of parallel lines are equal 



Given: [AB and CD cut b yEF]; AB\\CD. 
To prove: A AG Ax. 

Reasons 


Proof: Statements 

2. KG[\CD. 

3. AB||CD. 

4. KG coincides with AB. 

5. AAGH = AKGH. 

6. AAGH = Az. 


1. 566. 

2. 5 72. 

3. Hyp. 

4. Ax. II. 

5. 521. 

6. Subst. 


.. . Dr awing Exercise 

menu to dSm»ft£ P *" ,U ' 

P»P» and tty it on your fri„u“ “ Py ““ fisUre “ 
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Proposition 16 

BO. Corresponding angles of parallel lines are equal. 



Given: [AS and CD cut by EF]; AB\\CD. 
To prove: Zz= Ay. 


Proof: Statements 

1. AB\\CD. 

2. Zy = Zz. 

3. Zx = Zz. 

4. Zx = Zy. 


Reasons 

1. Hyp. 

2. § 79. 

3. § 37. 

4. Subst. 


81. Corollary 1. A line perpendicular lo one of two parallel 
lines is perpendicular to the other. 

82. Corollary 2. Lines parallel to the same line are par- 
allel. 


83. Corollary 3. Jf two lines are parallel, interior angles on 
the same side of the transversal are supplementary. 
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84. Corollaiy 4. Angles, having their sides respectively par- 
allel, are either equal or supple- 
mentary. A' 


85. Corollaiy 5. Angles hav- 
ing their sides respectively per- 
pendicular, are either equal or 
supplementary. E~ 



attaCk ‘ ■^ n 9^ es may be proved equal by showing 
t they are alternate interior angles or corresponding angles 
of parallel lines. 


Class Exercises 

L Alternate exterior angles of parallel lines arc equal. 
2. If Ztc= Ax, prove that Ay** Ax. 



l 

Ex. 3. Exs.4.5. 


3. If PQ || PS and QR || ST, then ZQ= AS. 

4- If Gil || LM and Ax~ Ay, then II N || KM. 

C. If GH || LM and HN || KM, then Ax** Ay. 

^ If the opposite sides of a quadrilateral are parallel, they are 


°* a ( l ua drilateral are both equal and parallel, 
the other two sides are equal and parallel. 

8. If two lines are parallel, the exterior 
angles on the same side of the transversal 
are supplementary. 


9. If two lines are parallel, the biseo- C ^~ 

tors cf a pair of corresponding angles are parallel. 

otheF Tf AB=CD and ilB U CD » tlj en AD and BC bisect each 
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11. If AB |i CD and AF*=FD, then BF ~FC. (Fig. for Ex. 10.) 

12. If PQ (I RS and Am- Ap, prove that: 

(а) Ap =» Ax 

( б ) Am = Az 

(c) Ay **Ap+An 

(d) At - Az 

(e) Avia supp. to At 
if) .'m-Zr 
( 3 ) Am is supp. to Av 
(h) Am+An+Ap = Ar+At+Az 

13. If FG~HK, NR || AtK, and NH ~MK, the Q FN || GM. 

14. If FG**HK, NH || MK, and FN || GM, then FN~GM. 

15. If FG~HK, FN=GM, FN[\GM, and NHXFL, then 
MKLFL. 




Ex». 13, 14, 15. Exs. 1C, 17. fexs. 18, 19. 


16. If A ABC is isosceles and DAE is parallel to the base BC, 
prove that Ax = Ay. 

17. Prove that the sum of the angles of A ABC Equals a straight 
angle. 

18. Prove that the exterior angle FHI equals the sum of A P 
and G. 

19. Using the figure of Ex. 18, prove that the sqm of the angles 
of a triangle equals a straight angle. 

Optiohax Exercises 

20. In the quadrilateral KLMN, KN ff LAI and KL (| NM. 
If AL- 54°, find the number of degrees in each of the other 
angles. 
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2L In isosceles A QRS, QV is parallel to the base RS. Prove 
that QV bisects ZPQS. 

22. If the bisector QV of ZPQS is parallel to the base RS, then 
ZR-ZS. 



23. If AB±BE, EFA.BE, BC-DE, and AD [I CF, then 
ZA-ZF. 

24. If AD -CF, AD || CF, and BC-DE, then AB || EF. 

25. If ZA — ZF, AD -CF, and AD || CF, then BC-DE. 

26. If AB || EF, AD J CF, and BC = DE , then AB -EF. 

27. If TQ equals RQ and is parallel to RS, show that RT bisects 
ZQRS. 


28. Lines perpendicular to parallel lines 
are parallel. 

29. If AB || CD, prove that ZBED = 
ZB+ZD. 



Honos Work 

30. Lines perpendicular to non-parallel lines are not parallel. 

31. In the figure, how does Zy compare in size with Zx? Why? 
If the line AB turns around 
point C, so that Z y grows 
smaller, how does the point of 
intersection <7 move? When 
Zy becomes almost as small 
as Zx, where h (7? When 
Zy becomes equal to Zx? When Zy becomes smaller than Zxt, 
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32. As point G moves, in the above example, what change takes 
place in the si 2 e of ACGE? (Fig. for Ex. 31.) 

33. From a given point not on a given line, construct a line making 
a given angle with the given line. 

Applied Problems 

34. A plumber wishes to run two parallel pipes at right 
angles to the main pipe. He uses two 
joints, but finds that, while joint A makes 
a 90° turn, joint B turns only 85°. Prove 
that, if he uses both joints, the pipes will 
not be parallel. 

35. In building the gable end of a barn, the studs are all run 
vertically. Prove that they must 
all be cut at the same angle to 
fit against the rafter. 

36. If the angle made by the 
rafters at the ridge is 80°, at what 
angle are the upright studs cut? 

37. In tunneling under a mountain from B to E, the direction 
BA has been determined so that, if 
extended, it will pass through E. But 
in order to work from the other side 

, of the mountain also, the contractor 
r must determine the direction from E. 

He measures AB 77°, ZC 103° and 
ZB 118*. How many degrees must AE have in order that 
EF will meet BA in a straight line? 

38. A surveyor wishes to lay out 
) street CD parallel to street AB by con- 
,1 structing equal alternate interior angles 
' at E and F, but as buildings are in 

the way, he makes A AEG SG°, AEGF 
165°, and extends GF to F. What 6ize 
must he make Z GFD in order that CD 
S( will be parallel to AB? 
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Space Geometry ( Optional ) 

Parallel planes. Two planes are parallel if they can never 
meet however far extended. 

Perpendicular planes. Two planes are perpendicular if 
they make equal adjacent angles with each other. 

The angles made by planes are called dihedral angles. They are 
equal, supplementary, vertical, right, etc., in much the same way 
as the angles we have already studied. 


Exercises 

In space: 

1. Are two lines parallel if, (a) Their alternate interior angles 
are equal; (6) their corresponding angles are equal? 

2. Are lines perpendicular to the same line parallel? 

3. Can more than one line be drawn perpendicular to a pvcn 
line through a given point, (o) if the point is on the line; (&) *f 
point is not on the line? 

4. Are alternate interior angles of parallel lines equal? 

E. Is a line perpendicular to one of two parallel lines perpendicu- 
lar to the other? 

6. Are angles having their sides respectively parallel equal or 
supplementary? 

7. Are two planes parallel if they are: 

(а) Parallel to the same plane? 

(б) Perpendicular to the same plane? 

00 Parallel to the same line? 

00 Perpendicular to the same line? 

8. Are two lines parallel if they are: 

(a) Parallel to the same line? 

(b) Perpendicular to the same line? 

00 Parallel to the same plane? 

00 Perpendicular to the same plane? 

B. Are a plane and a line not in the plane parallel if they are: 
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(а) Parallel to the same line? 

(б) Parallel to the same plane? 

(c) Perpendicular to the same plane? 

(d) Perpendicular to the same line? 

10. Can two planes perpendicular to the same plane be, (a) par- 
allel; (6) perpendicular? 

11. A line is parallel to a plane. 

(a) Is a plane perpendicular to the line perpendicular to 
the plane? 

(!>) Is a line perpendicular to the line perpendicular to the 
plane? 

12. If one of two parallel lines is perpendicular to a plane, must 
the other be perpendicular to the plane? 

13. If two planes are parallel: 

(а) Is a line parallel to one parallel to the other? 

(б) Is a plane parallel to one parallel to the other? 

14. If a line is parallel to a plane: 

(а) Is it parallel to another line that is parallel to the 

plane? 

(б) Is a plane that is parallel to the line also parallel to the 

plane? 

IB. If two lines are parallel, is: 

(a) A line that is parallel to one parallel to the other? 

(b) A plane that is parallel 

to one parallel to the 
other? 

16. Are there lines that are neither 
parallel nor intersecting? Illustrate. 

17. The intersections of two parallel 
planes with a third plane are parallel. 

Can AB and CD meet? Ex- 
plain. 

Are AB and CD in the 3ame 
plane? If so, what plane? 
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A Selp-Measotiho Test 

1. Give eight methods of proving angles equal. 

2. Define parallel lines. 

3. Give two methods of proving lines parallel. 

4. In order to construct a straight line, how many points must 
be known? 

5. How many points of the line must be found in constructing: 

(а) The perpendicular bisector of a line? 

(б) A perpendicular at a point on a line? 

(c) The bisector of an angle? 

6. What is the method of finding a point equally distant from 
iwo given points? 

7. Give the three methods of proring triangles congruent. 

8. What are the two principal objects of proving triangles 
congruent? 

9. State the parallel-line axiom. Does this axiom state that 
one parallel line can be drawn? 

10. How do you know that there can be a line through a point 
parallel to a given line? 

11. What i3 the principal method of proving one line perpendicu- 
lar to another? 

12. What is meant by an indirect proof? 

13. If parallel lines were defined as two lines whose alternate 
interior angles are equal, could you prove that parallel lines would 
never meet? 

14. What are alternate interior angles! Corresponding angles! 

15. Can you give an indirect proof that lines are parallel if 
the corresponding angles are equal? Why is that method not 
generally used? 

18. Compare the size of the exterior angle of a triangle with that 
of each of the interior angles. 

17. Why is the proposition about the exterior angle of a triangle 
placed before the parallel-line propositions? 

18. Why is it that the construction of a line parallel to another 
is not placed with the other construction propositions? 
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Matching Test ( 10 min.) 

Write the numbers 1 to 10 in a column. After each write 
the letter of the phrase that is the correct definition of the 
word following the number. 


1. Analysis 

2. Alt. int. A 

3. Transversal 

4. Indirect proof 

5. Postulate 
C. Exterior Z 

7. Median 

8. Bisector 

9. Perpendicular 
lines 

10. Parallel lines 


o. A proof in which we show that other pos- 
sibilities arc wrong. 

b. A proof in which we begin with the state- 
ment to be proved. 

e. Angles between two parallel lines and on 
opposite sides of a transversal. 

d. An angle formed by extending one side 
of a triangle. 

e. Lines in the same plane that cannot meet. 

f. Lines that meet at right angles. 

g. A line cutting two or more other lines. 

h. A line from a vertex of a triangle to the 
middle point of the opposite side. 

t. A construction admitted as possible with 
out proof. 

j. A figure that cuts another figure in two 
equal parts. 


Reasoning Test (10 min.) 

If the conclusion is true, copy those statements from the 
hypothesis used in proving it, if false, write F. 




1. 1/ Zr=* 70°, A8s=CD, As=110° and EF is a st. line, then 
A B||CD. 

2. If Zp«= Zr, Z 3 = supp. of Zy and EF— CD, then AB[\CD. 
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A Seu-Measdriho test 

1. Give eight methods of proving angles equal. 

2. Define parallel line*. 

3. Give two methods of proving lines parallel, 

4. In order to construct a straight line, how many points must 
be known? 

6. How many points of the line must be found in constructing: 

(a) The perpendicular bisector of a line? 

(b) A perpendicular at a point on a line? 

(e) The bisector of on angle? 

6. What is the method of finding n point equally distant from 
«.wo given points? 

7. Give the three methods of proving triangles congruent. 

8. What arc the two principal objects of proving triangles 
congruent? 

9. State the parallel-line axiom. Does this axiom state that 
one parallel line can be drawn? 

10. IIow do you know that there can be a line through a point 
parallel to a given line? 

11. What is the principal method of proving one line perpendicu- 
lar to another? 

12. What is meant by an indirect proof? 

13. If parallel lines were defined as two lines whose alternate 
interior angles are equal, could you prove that parallel lines would 
never meet? 

11. What are alternate interior angles? Corresponding angles? 

15. Can you give an indirect proof that lines are parallel if 
the corresponding angles are equal? Why is that method not 
generally used? 

16. Compare the size of the exterior angle of a triangle with that 
of each of the interior angles. 

17. Why is the proposition about the exterior angle of a triangle 
placed before the parallel-line propositions? 

18. Why is it that the construction of a line parallel to anothtf 
is not placed with the other construction propositions? 
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Matching Test (10 min.) 

Write the numbers 3 to 10 in a column. After each write 
the letter of the phrase that is the correct definition of the 
word following the number. 

1. Analysis o. A proof in which we show that other pos- 

sibilities are wrong. 

2. Alt. int. A b. A proof in which we begin with the state- 

ment to be proved. 

3. Transversal c. Angles between two parallel lines and on 

opposite sides of a transversal. 

4. Indirect proof d. An angle formed by extending one side 

of a triangle. 

5. Postulate t. Lines in the same plane that cannot meet. 

0. Exterior £. /. lines that meet at right angles. 

7. Median g. A line cutting two or more other lines. 

8. Bisector A. A line from a vertex of a triangle to the 

middle point of the opposite side. 

0. Perpendicular t. A construction admitted a9 possible with 
lines out proof. 

10. Parallel lines j. A figure that cuts another figure in two 
equal parts. 

Reasonino Test (10 min.) 

If the conclusion is true, copy those statements from the 
hypothesis used in proving it, if false, write F. 

R 

<A 



AT U 
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3. If Zv>=82°, APWCD and /y=82 # , then Z*=0S°. 

4. If FX=GM, FG=IIK and ZA T ~ AM, then N1I\\MK. 

6. If KII±FL, FN\\GM, MI\\UK and NII~MK, then 
MKLFL. 

Completion Test (10 min.) 

Write the numbers of the questions on your nnswer paper 
and after each the one word that is omitted. 

1. If two isosceles triangles have a common base, the line deter- 
mined by their vertices is ... to the base. 

2. An exterior angle of a triangle is greater tiian a . . • interior 
angle. 

3. The bisectors of a pair of corresponding angles of parallel 
lines are ... to each other. 

4. If two lines are cut by a transversal so that a pair of corre- 
sponding angles are equal, the interior angles on the same side of the 
transversal are ... . 

5. A line parallel to the base of an isosceles triangle cuts off an . • ■ 
triangle. 

Multiple-Choice Test (10 min.) 

From the answers given, select that one that will make 
the statement true. 

L If an obtuse angle and an acute angle have their sides respec- 
tively parallel, the two angles are, (a) equal; (6) rt. A; (c) adj. A; 
(d) supp. A . 

2. In the first of the theorems in which lines are proved parallel, 
the angles given equal are, (a) corr. A', (6) int. A on same side of 
transversal; (e) rt. A\ (i) alt. int. A. 

3. lines perpendicular to the same line are, (a) equal; (6) paral- 
lel; (c) perpendicular; (rf) form a triangle. 

4 . The angles of the letter N are fa) corr. A; (&) supp- d. 

(c) alt. int. A ; (d) obtuse A. 

6. If the opposite sides of a quadrilateral are parallel, a diagonal 
(a) bisects the -a\ (6) makes 2 AS; (e) makes int. A supp-' 

(d) equals the longer side. 
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Proposition 16 

* 86. The sum of the angles of a triangle is a straight 
angle. 



Given: A ABC. 

To prove : Z/i+ZB-fZx equals a Btraight angle. 


Proof: Statements 

1. Extend BC to D. 

2. Draw CE || BA. 

3. Z x+ Z y+ Zz •=> I st. angle. 

4. Zy=>ZA- 

5. Zz = ca. 

6. Z* + ZA + ZR =■ 1 st. 
angle. 


Reasons 

1. Post. 2. 

2. §77. 

3. Ax. 7. 

4. § 79. 

5. §80. 

6. Subst. 


87. Corollary 1. An exterior angle of a triangle equals the 
sum of the two remote interior angles. 

88. Corollary 2. Each angle of an equilateral triangle equals 
60°. 

89. Corollary 3. If two triangles have two angles of one equal 
respectively to two angles of the other, their third angles are 
equal. 
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Class Exercises 


1. Construct an angle of 60*, 30*, 120*. 

2. Construct an angle of 150*, 103*, 75*. 

3. Trisect a right angle. 

I. Trisect an angle of 45*. 

6. Construct a triangle whoso base is 3 in. and whose bsse 
ingles are 120* and 30“ respectively. 

6. End the number of degrees in each angle of an isosceles right 
triangle. 

7. The acute angles of a right triangle arc complementary. 

8. Given two angles of a triangle, construct the third angle. 

9. Given tho vertex angle of an isosceles triangle, construct « 
base angle. 

10. In AA DC, find ZCU: 

(a) A -33* and H- 74*. 

(b) A-B-C. 

(c) R-4S*and A-C. 

(rf) C-Xfl?. 

(e) A ••m 0 and B-n”. 

U) C+A-123°andC+R-130*. 

II. If the vertex angle of an isosceles triangle is 40*, find the 
exterior angle made by producing the base. 

12. 11 CD is the altitude on the 
hypotenuse of right A ADC, then AACD 
-AD. 



3. If BE and CD are two altitudes 
lei; prove that A ABE- AACD. 

4. The 

(e) alt. int. _ . , , . , . . . 

_ .. . ,n l oi wo angles of a triangle equals the third angle, 
— th * opposite s^angie, 

' _1 %sects the ^a; (, 


iJ.Tfcsects 


* triangle axe 30* and 60*, what angle ' u 
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16. If two angles of a triangle are equal, the bisector of the third 
angle bisects the triangle. 

17. Find the angle formed by the bisectors of two angles of an 
equilateral triangle. 

18. A triangle cannot have more than one right angle or more 
than one obtuse angle. 

19. If a line bisects the legs of an isosceles triangle, it is paral ol 
to the base. 

20. If a line cuts off ^th of the legs of an isosceles triangle, it is 
parallel to the base. 

Optional Exercises 

21. If two lines are parallel, the bisectors of a pair of interior 
angles on the same side of the transversal 
are perpendicular to each other. 

22. If two parallel lines are cut by a 
transversal, the bisectors of the four 
interior angles form a rectangle. (A rect- 
angle is a four-sided polygon all of 
whose angles are right angles.) 

23. If a leg of an isosceles triangle is extended its own 
length through the vertex, the line joining its end to the 
nearer end of the base is perpendicular to the base. 

24. The vertex A A of an isosceles A ABC 
is 40°. If BE±AC, find A EEC. 

26. Using the same hypothesis, if CD is 
also perpendicular to AD, find ABFC, 

26. If ZA- 60°, AABC- 70 9 , AABF-m°, 
and A ACF ~ »°, find all the angles of ABFC. 

27. Given the same hypothesis, if ABFC is a right angle, find 
the relation between m and n. 

28. If, in the hypothesis of Ex. 26, EF and CF produced were 
perpendicular to AC and AB respectively, what values would. m 
and n then have? Also find the number of degrees in each of the 
angles of A BFC. 
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23. If a median of a triangle is half the side to which it is drawn, 
the triangle 13 a right triangle. 

30. If the base of a triangle is extended in both directions, the 
eorn^of the exterior angles exceeds the vertex angle by a straight 

31. How many straight angles are there in the sum of the angles 
of a quadrilateral? 


4 



“y t tr *' 8ht *" el “ *" lh ' re f» the Bum of the angles 
of a pentagon (5 eides)? 

off h E °” “ stel ,n! lh,re '» lk « s™ of tie angles 

Of a hexagon (6 sides)? 

6 it5“ w JoeS ""“h" ° r straight angina in eaeh of thesa 

figureaeompar. with the number of aides? 

-Af ”* rsspeeffref, to Be si*s 

anfbtuse angh^^” »“*• ' b <* lm 


Algebraic Exercises 

In A.4BC, End the number of degrees in each angle, if: 

Z 7 ' ***“ ZA ‘ and ^ * 20° more than ZA. 

38. ZB is three times ZA, and ZC is twice ZB. 

39. ZB exceeds ZA by 5», and exceeds ZB by S°. 

« h; f ,^*" d S- sfAe»«ds 

JA. ZB is twice ZA, and ZC equals | the sum of ZA and 


\ 
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Honor Work 

42. In A ABC, what is the sum of the A A+B+C? 

43. As A moves down toward BC to the 
posi tions A 1 , A t, . . . , what change is taking 
place in the size of ZA? 01 ZB? Of ZC? 

How does this affect the sum A+B+C? 

44. When A reaches the position Aj on 
BC, what is the value of ZA1 Of Z B? 

Of ZC? What ia their sum? 

45. If A continues down across BC, what can you say about the 
size of ZA? As A moved toward BC, ZB decreased, and when A 
reached A i, ZB became 0. If Z B continues in the same direction, 
what does it then become? When a positive quantity passes 
through 0, what does it become? What is the sum A+B+C? 

46. Prove that the angle on the outside at one vertex of a triangle 
minus the sum of the two remote interior angles equals a straight 
angle. 

47. 3/ point A moved toward BC 
extended, trace the changes in the size 
of the three angles, ( c ) as it approaches 
BC; (6) as it reaches BC produced at 
A*; (c) as it crosses BC to At- What 
is the sum A+B+C in each position? 

48. In the figure, BA is rotating around B to the positions BA\, 
BA*, . . . Describe the change taking place in the size 
of A A, B and C. How does the amount that A 
changes compare with the amount B changes? What 
cfiect has this on the sum A+B+C? 

49. As BA becomes nearly parallel with CA, what 
can you say about the size of ZA? About the sum 
B+C7 When BA becomes parallel to CA, what is 
the value of ZA 7 Of AB+C? State a theorem in 
proof of the latter. What is the sum A+B+C? 

60. If AC ia a right angle, what doet ZB approach as A moves 
up to a great distance? When BA becomes parallel to CA, what 
value has ZA? ZB? What is the relation of BA to BC? What 
is the sum A+B+C? 
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«<z-j « «.■* «. ««„ «*. 



^ roof: Statements 

1. Construct AD bisecting ZA 

V^iff^^D.AD-AD, 

4. AB~/c m 

5. A ABD Qt AACD. 

6. AB~ac. 


Reasons 

1. }C 5 . 

2. Idea. 

3. Const. 

4. Hyp. 

5. §90. 

G. §22. 


93. Corollary 2. TAe A> 

onto/ & acute angles equal! ^5\ ,r£an ^ fe ar * « 

Method of attack, r • 

showing that they are rife, Z" ° f ^ be proved k 
angles. X * Blde3 of a triangle opposite cqua 

What method have vou it 

1 “ e3 . be Proved equal by meanf rfvHHL provin 2 lines equal] 
a®oms might also be used? y roeana of Propositions 5 or 6 ? Whai 
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Class Exercises 



1. If two angles of a triangle are 70° and 40°, the triangle is 
i803celes. 

2. If the exterior angles at the base of a triangle are equal, the 
triangle is isosceles. 

3. If BD is the bisector of A ABC and 
DE j| BC, then A BDE is isosceles. 

4. If any angle of an isosceles triangle 
is 00°, the triangle is equilateral. (2 cases.) 

6. DE is parallel to the base BC ot 
isosceles A ABC, and ends in the other two 
sides. Prove that AADE is isosceles. ^ g 

6. The legs JH and JI of isosceles AJH1 are extended through 
the vertex J to O and F respectively. If FO [| HI, then A TFG is 
isosceles. 

7. If the bisector of an exterior angle of a triangle is parallel to 
a side, the triangle is isosceles. 

8. A line parallel to a leg of an isosceles triangle cuts off another 

1 isosceles triangle. 

9. The bisectors of the base angles of an isosceles triangle form, 
with the base, another isosceles triangle. 

10. If DE || BC and Ax- Ay, then AB =AC. 


jxs. A 


11. If the exterior angle at the vertex of an isosceles triangle is 
*120°, the triangle is equilateral. 

' 12. If AD =BC and AC-BD, prove that AE**EB. 

13. In AKLM, Kb -Kit, LP±KL, and PM±KM. Prove 
'W APLAf is, iaasodasL 
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OpiionxL Exercises 

14. If the bisectors of two angles of a triangle form with the 
Included side an isosceles triangle, the original triangle is also 
isosceles. 

1A„ la isosceles AABC, CO and. EB, the altitudes on the legs, 
meet at F. Prove that ABFC is isosceles. 

15. An isosceles right triangle is divided by the altitude on the 
hypotenuse into two isosceles right triangles. 

17. If. in quadrilateral QRST, QR -RS 
and ZQ-ZS, then TQ-TS. 

18. If .40 bisects ZBAC of A ABC, 
and BE || AD, thenEA -.42?. 

19. If EA —AB and AD bisects 
IB AC, then EB g .40. 

20. If, from a point in the base of an isosceles triangle, parallels 
to the legs are drawn, the perimeter of the quadrilateral formed 
equals the sum of the legs of the triangle. 

21. A perpendicular to a diagonal of a square cuts 00 an isosceles 
triangle. 

Hohor Wobx 



22. If in the square ABCD, A£ -AB and EFJ.AC, then BF - 
EF=£C. 


23. If BD and CD biseet Z D and Z C respectively, and EF [[ BC 
through D, prove that EF - BE+FC. 



Ex. 23. Exa. 24. 23. 


24. If A ABC is isosceles, and DFxbase BC, then AADE is 
isosceles. 

25. If the vertex ZA of isosceles A ABC is twice the sum of the 
base angles, and DBFj.BC, then AADE is equilateral. 
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26. If the vertex angle of an isosceles triangle is a right angle, 
what is the ratio of its base to its altitude? 

27. The bisectors of the equal angles of an isosceles triangle meet 
the opposite sides at D and B. Prove that DE is parallel to the 
base. 

28. If in a quadrilateral the diagonals 
are equal, and also one pair of opposite 
rides are equal, prove that two of the 
triangles, into which the quadrilateral is 
divided by the diagonals, are isosceles. 



Applied Problems 

29. To find his distance from a 
lighthouse L, a Bhip captain measures 
Zz, which he finds to be 33 d . After 
Bailing six miles to B, he observes 
that Ay is 66°. Prove that he is now 
just six miles from the lighthouse. 

30. To find the distance across a pond 
from B to A, John measures ZB equal to 
70®, and walks in the direction BC until he 
arrives at a point C, where AACB equals 
55°. He then finds that BC is 210 It. Find 
the distance from A to B. 




Investigation Problem. The two triangles in the figure are right 
triangles having a leg DF in common, and the hypotenuse DE of 
one equal to the hypotenuse DG of the other. Do 
they appear to be congruent? How many parts 
of one are there that we know are equal to 
parts of the other? Using any proposition 
that we have had, can we prove that triangles 
having these parts are congruent? Would it 
help us to know that A.E equaled ZG? If we knew that DEFG 
was a triangle, could we prove AE equal to ZG? Is DEFG a 
triangle? Is EFG a straight line? Why? If the two triangles 
were not together as in the above figure, what could we do? 
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* 94. Two right triangles are congruent, if the hypote- 
“ ° Ug ” p ‘° l «ni « hi of the 



Gi "° : “ d DEE 1: EC and tf right angina, 

AB*=DE, and AC= DF. 

To prove: A ABC —ADEF. 


Proof: Statements 

l. Phc AdOColhatpoinl 

?n^nV” mlf '' C ' ,n ™nIo» E 
, and B takes the position 0 on 
, apposite aide ot DP l„ m E . 
, ’ Pomt A falls on point D. 

t ** m rt ' 

, a st. angle. 

5. EFO is a st. line. 

6. DE=AB or DG. 

7. ZE=AG. 

8 . A S -=A V . 

9- ADEF^&DpQ or &£££ 


Reasons 
1. Ax. 10. 


2. AC^DF, by hyp. 

3. Hyp. 

4- Two rt angles »a st. angle. 

5. § 10. 

6. Hyp. 

7. § 55. 

8- §33. 

9 - 5 © 0 . 
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95. Corollary. If an angle of a nght triangle is 30°, the 
ride opposite is one-half the hypotenuse. 

If, in the diagram of Proposition 18, ADEF& ADGFand At =30°, 
ehow that ADEG is equilateral, and therefore that EF=~ IDE. 

96. The distance from a point to a line is the length of the 
perpendicular from the point to the line 


Exercises 

1. It Pis equally distant from A and B, and PC LAB, then PC 
bisects AB. 

2. How many and what parts of two triangles must bo 
known to be equal, in order that the triangles can bo proved 
congruent? 

3. If the perpendiculars from the middle point of a side of 
a triangle on the other two sides are equal, the triangle is 
isosceles. 

4. In right AABC, AD -AB, and DEL hypot- 
enuse AC, prove that AE bisects ABAC. 

5. If the base BC of A ABC is trisected at D 
and E, and the perpendiculars to the other sides, 

DF and EG, are equal, A/1 BC is isosceles. 

6. Equal oblique lines from a point 
on a perpendicular to a line cut off 
equal distances from the foot of the 
perpendicular. 

7. If AE is the perpendicular bisector of 
BC, and A B - CE, show that A B || CE. 

8. A point equally distant from the 
sides ot an angle is on the bisector of the 
angle. 

9. In a circle, a radius perpendicular to a 
chord bisects the chord. 

10. la circle 0, if KL and PQ are equal to each other and art 
perpendicular to diameter RS, then LO-OQ. * 
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11. In square A BCD, E is a point, on BC. U EA-ED, pro 
that E Is the middle point of BC. 

12. If AB and AC arc equally distant 
from the center of circle 0, then AO bisects 
ABAC. 

IS. A triangle is isosceles if two of its 
altitudes are equal. 

14. Two acute triangles arc congruent, if _ 
two sides and the altitude on one of them in one triangle eq 
respectively two sides and the corresponding altitude of the of cr. 

15. InAABC, ZA- 30®, ZC-00*. 
and AB- 12. Find BC. 

16. In /hABC, ZA-W, ZB -60°, 
and BC *>7. Find AB. 

17. In AD EG, ZE -30°, ZG-45®, 

DFJ.EG and ED— 12. Find the length of FC. 




Apvltcd PROM.SMS 


18. A carpenter wishes to saw a board at a 45® angle. Howcanhe 


lay off this angle? 

19. Prove that, if a carpenter wishes to cut 
two boards, whose widths are equal, so that 
they will fit together to form a right angle, as 
shown in the figure, he must cut each at 45®, for, 
if he cut them at any other angle, say 60® and 



30®, the slanting parts would not fit together as shown in the figure. 


Investigation Problem. D is a point on 
BD, the bisector of AABC. DE and 
DF are its distances from AB and BC 
respectively. What is meant by the dis- 
tance from a point to a line? How do 
these distances compare in length? Can 
you prove this? State the converse of the 



above. Does it appear to be true? What ia the method of 


oroving Z r equal to Ztt? 
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Proposition 19 

* 97 . Any point on the bisector of an angle is equally dis- 
tant from the sides of the angle. 



Given: BG bisects /.ABC, D any point on BG, 
DE and DF the distances from D to AB 


and BC respectively. 

To prove: DE=DF. 


Proof: Statements 


1. In ABDE and BDF, Ax-= 

/ w . 

1. Hyp. 

2. BD =BD. 

2. Iden. 

3. /z and Zp ore rfc. angles. 

3. §0fl. 

4. Zz=Zy. 

4. §33. 

6. ABDEgaABDF. 

5. § 90. 

6. DE-bF. 

C. §22. 


* 98. Converse. Any point equally distant from the sides 
of an angle is on the bisector of the angle. 

Does this proposition furnish us with any new method ol 
proving lines equal? Of proving angles equal? 

If D moves along BG, will it always be as far from AB as from 
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Exercises 



*• 0° > id « of * triangle fed a 

ZZSr* to * nl *” s -w 
SSS5JT a “ l0ta “ 

8. Three indefinite lines intersect O 

from all ir^Tlbre! ’ Construct four points, each equally distant 

of a quadrilateral’ From^in^* 1 eq ^, 3 ^ y distant from three sides 
• rrom all four sides? Explain. 



A Seie-Measurdio Test 

2. What e^n^tW^ P ?J lng triaD S ,es congruent. 

« it ia known that the triads £ DTe I t ™ a ** es congruent, 

3. How many method, r ^ tmn 6 ,es? 

you know? ° provio g right triangles congruent do 

•**!• of » triangfe.^ 3 7011 ^ Ieame d about the exterior 

““>* •< P~ri» C 



RECTILINEAR FIGURES 


1*3 


7. State two propositions about the isosceles triangle. 

8. Define an altitude of a triangle; a median. 

9. Define paralld lines. 

10. Why is it that the first proposition about the isosceles triangle 
is placed among the congruent triangle propositions, while its 
converse comes so much later? 

11. Why is the proposition regarding congruent triangles, given 
two angles and the side opposite one of them, not placed with the 
other three propositions about congruent triangles? 

12. What is the sum of the angles of a triangle? 

13. What method of proving angles equal depends on the sum of 
the angles of a triangle? 

14. Which two congruent-triangle propositions depend on the 
'ium of the angles of a triangle? 

16. Givo two methods of proving that an angle is a right angle 
or that two lines are perpendicular. 

16. Give two methods of proving lines parallel. 

17. If two angles of a triangle are of x degrees and y degrees 
respectively, how many degrees arc there in the third angle? 

18. Are two triangles congruent if three angles of ono equal 
respectively three angles of the other? 

19. 'What are supplementary angles? Adjacent angles? Vertical 
angles? 

20. In a triangle, how many of the angles can be right angles? 
Obtuse angles? Acute angles? 

21. If a right triangle has an angle of 30°, what relation of the 
sides is known? 

22. What fact has been proved about the diagonals of a square? 
Of a rhombus? 


NtrMERiCAt Test (10 min.) 

1. The bisectors of angles A and B of the equilateral triangle 
ABC meet at D. How many degrees are there in A ABB? 

2. The angles of a triangle are in the ratio 3:4:5. Find the 
number of degrees in the largest angle. 
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3. In right triangle ABC , the exterior angle at A contains 140*. 
Fmd the number of degrees in the acute angle B. 

4. Two angles of a triangle are in the ratio 5 : 3 and their dif- 
ference is 40°. Find the smallest angle of the triangle. 


Completion Test {10 min.) 

W rite the numbers of the questions on your answer paper 
and after each the word that is omitted. 


1. If two altitudes of a triangle arc equal, then the triangle is 

2 In the right triangle ABC, if ZB- 30° and AC- 2 in., then 
the hypotenuse AB equals . . . inches. 

3. The distance from a point to a line is the length of the . . . from 
the point to the line. 


4. If the sum of two angles of a triangle is greater than a right 
anjde the third angle is . . . than a right angle. 
th e 7 1X11111 CqUaUy dUUat from ^des of an angle is on 

6. If one angle of a right triangle is 45°, the legs are 

t j ie ‘ * x)m c< l ual Iy distant from the ends of a segment is on 

b. m" «•. “» triangle must 


Multiple-Choice Test {10 min.) 

etatatl r™ K ’" 1 *•“* ^ tte 

the “” 8l “ squab the thM angle, 

2. a” 1 ' Wright, 

parallel to one shferf th , an^th^' * “« » *»*” 

W right; (c) equiangular; ^ 

(S) the tZid,?? equal, («) the third ia equal; 

W the triangle ia isosceles; $ the 



RECTILINEAR FIGURES 


125 


5. If an angle of a right triangle is 60% (a) the adjacent leg is 
half the hypotenuse; (6) the triangle is equilateral; (c) the legs are 
equal; (d) the opposite leg is half the adjacent. 

Reasoning Test ( 10 min.) 

Give the final reason only for each of the following: 

1. In &ABC, AB=AC and OB and OC are angle bisectors. 
Then OB=OC. 

2. Lines from the middle point of a side of an equilateral triangle 
perpendicular to the other two sides cut off congruent triangles. 

3. The bisector of an acute angle of a right triangle cuts the 
opposite leg in a point equally distant from the right angle and the 
hypotenuse. 

4. A triangle is isosceles if the exterior angles at two of its ver- 
tices are equal. 

Quadrilaterals 

99. A trapezoid is a quadrilateral having two, and only 
two, sides parallel. It is isosceles if the non-parallel sides 
are equal. The parallel 6ides are called the bases. 



PhoUcraf\, V. S. h'aty 

Past or the boterstkcctube or the dibjoibix "kacon. 
fcoffee the many geometrical forma In the prefers thtmacfve* and la their 
arrangement. 
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3. In right triangle ABC, the exterior angle at A contains 140*. 
Find the number of degrees in the acute angle B. 

4. Two angles of a triangle are in the ratio 5 : 3 and their dif- 
ference is 40°. Find the smallest angle of the triangle. 

Completion Test (10 min.) 

W rite the numbers of the questions on your answer paper 
and after each the word that is omitted. 

1. If two altitudes of a triangle are equal, then the triangle is 

*** triage .ABC, if ZB- 30° and ^tC-2 in., then 
the hypotenuse AB equals . . . inches. 

3. The distance from a point to a line is the length of the . . . from 
the point to the line. 

anti ° f tw ° anp ' lcs of a triangle is greater than a right 

angle the third angle is ... than a right angle. 

the Any P0 “ t CqUlUy dislant from the sides of an angle is on 

7 A °“L? Sle °!, a *£ ht tri “6 ,e » 4 3°. the legs are ... . 
the m ^ y distant from the ends of a segment is on 

bem” m ™’ —» <°\ «» triangle must 

Multiple-Choice Test (10 min.) 

■atSmt’t™?'” E ' V '°' SCl “‘ the °°° that make ,he 

the triangle of a triangle equals the third angle, 
(e) obtuse; (d) ri|t. 

Pmllel to one SdTrf the °' * line “ ‘ l "" n ‘ 

9) right! (r) equiangular; ^ '»mted is (a) i*»eele,! 

9) th^S'll* tri “f - — 1. M the thirt is equal; 
ttiangle i, a right tujgk”° '' W ,he &k ” E,e “ “““■«■! W tl>« 
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5. If an angle of a right triangle is 60°, (a) the adjacent leg is 
half the hypotenuse; (6) the triangle is equilateral; (c) the legs are 
equal; (d) the opposite leg is half the adjacent. 

Reasoning Test (10 min .) 

Give the final reason only for each of the following: 

1. In A ABC, AB—AC and OB and OC are angle bisectors. 
Then OB =OC. 

2. Lines from the middle point of a side of an equilateral triangle 
perpendicular to the other two sides cut off congruent triangles. 

3. The bisector of an acute angle of a right triangle cuts the 
opposite leg in a point equally distant from the right angle and the 
hypotenuse. 

4. A triangle is isosceles if the exterior angles at two of its ver- 
tices are equal, 

Quadrilaterals 

99. A trapezoid is a quadrilateral having two, and only 
two, sides parallel. It is isosceles if the non-parallel sides 
are equal. The parallel sides are called the bases. 



Official PhotogrovK S. A'oty M 

Part or tub bojirstbcctuee or ntt Etaiamix **macon. 

Notice the many geotnotncai tormj lii tfi« grraVnr fiSaJr 

•mngemeat. 
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100. A parallelogram (o) is a quadrilateral having both 
pairs of opposite sides parallel. 

101. A rectangle is a parallelogram, one of whose angles is 
a right angle. 

It can be proved that: 

(a) AU the angles of a rectangle are right angles ; and 

\6) Any quadrilateral is a rectangle if all of its angles are 
right angles. 

Ex. Prove (a) and (6). 

a P ara ^ e ^°S n “n > either pair of parallel sides may be 
called bases. Generally tbe side on which the parallelogram 
appears to rest is called the base. 

103. An altitude of a trapezoid or parallelogram is a per- 
pendicular between parallel sides. 

piSkfrito' 105 " 1 ” tW0 •»>&>*«, Pie to «nob pair ot 


Drawing Exercise 
Draw the following Greek designs: 


lii; ms 




linuiuniiii.'niiil 
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Proposition 20 

. 104. A diagonal of a parallelogram divides it into two 
congruent triangles. 



Given: OABCD ; [diagonal AC). 

To prove: A ABC A ACD. 

Proof: Statements Reasons 

1. In AABC and ACD, AC~ 1. Iden. 

AC. 

2. AD || BCand AB || CD. 2. § 100. 

3. Zx-^x'and Zy = Zy'. 3. §79. 

4. A ABC £* A ACD. 4. § 52. 

105. Corollary 1. The opposite sides of a parallelogram are 
equal and the opposite angles are equal. 

106. Corollary 2. Segments of parallels intercepted between 
parallels are equal. 

107. A rhombus is a parallelogram having two adjeccnt 
sides equal. 

Then, from 105; A rhombus is an equilateral parallelogram. 

108. A square is a rectangle having two adjacent sides 
equal. 

Then, from 105; A square is an equilateral reetangU. 
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Proposition 21 

* 109. A quadrilateral is a pmUelosTam ij ill oppasiit 
sides are equal. 



Given: [Quadrilateral ABCD); AB = CD and 
ADeBC. 

To prove: ABCD is a parallelogram. 


Proof: Statements 

1. Construct AC. 

2. In A ABC and ACD, 
AC~AC. 

3. AB =CV and AD-BC. 

4. AABC ~ AaiCD. 

5. Ax- Ax' and Ay— Atf. 

6. AD || BC and A B [| DC. 

7. ABCD is a a. 


Reasons 

1. Poet. 1. 

2. Iden. 

3. Hyp. 

4. 5 57. 

5. 522. 

6. { 72. 

7. $ 100. 


Classify quadrilaterals according to the number of pairs of 
parallel sides. How many pairs of opposite sides has the quadri- 
lateral? How many of these may be parallel? How many are 
parallel in tie parallelogram? In the trapeioid? Are there 
other quadrilaterals besides these? How do they diSer from these? 

What do we call a parallelogram which, has right angles? Arr 
there other parallelograms? Name the equilateral parallelogram, 
la the square a special rhombus? 
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Proposition 22 

* 110. A quadrilateral is a parallelogram, if two sides are 
equal and parallel. 



Given: [Quadrilateral ABCD); AD-BG and 
AD\\BC. 

To prove: ABCD is a parallelogram. 

Proof: Statements Reasons 

1. Construct AC. 1. Post. 1. 

2. In AABC and ACD, 2. Hyp. 

AD-BC. 

3. AC -AC. 3. Iden. 

4. AD [i BC. 4. Hyp. 

5. Zx-Zx'. 5.5 79. 

6. AABC^AACD. 6. §50. 

7 . Ay-Zy\ 7. §22. 

8. AB || CD. 8. § 72. 

0. ABCD is a O. 9. § 100. 


Investigation Problem. In parallelogram ABCD, not a rect- 
angle, draw both diagonals, AC and BD, intersecting at E. 
Does AC equal BD? Docs AE equal EC1 Does BE equal EDI 
Try to prove your conclusion without further help. What method 
of proving lines equal can you use here? What properties of the 
parallelogram will help you? 
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Proposition 23 

111. The diagonals of a parallelogram bised each other. 



Given: OABCD; [with AC and BD inter- 
secting at £J. 

To prove: AE=EC, and BE— ED. 

Proof; Statements Reasons 

1 . In A.4 ED and BEC, \. § 105. 

AD-BC. 

2. AD |1 BC. 2, { 100. 

3. Zw=-Zx,and Zy- /r. 3. §79. 

4. AAEDSABEC. 4.552. 

5. AE-ECandBE-ED. | 5. §22. 

112. Converse. A. quadrilateral is a parallelogram if 
diagonals bisect each other. 

113. Method of attack. Lines may be proved parallel or 
fgiiat by shewing that, they are opposite sides of a parallelo- 
gram. 

CUSS ErEBCTSES 

1. The opposite angles of a parallelogram are equal. 

2. Parallel lines are everywhere the same distance apart. 
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3. The line joining the middle points of two opposite sides of a 
parallelogram is parallel to the other two sides. 

4. Two lines are parallel if two points on one of them are 
equally distant from the other. 

6. If two opposite sides, AD and CB, of OABCD are extended 
equal lengths in opposite directions to E and F respectively, the 
figure AFCE is a parallelogram. 


Ex. 5. Ex. 7. 

6. Perpendiculars to one side of a parallelogram from the oppo- 
site vertices are equal. 

7. In a parallelogram, perpendiculars to a diagonal from the 
opposite vertices are equal. 

8. The diagonals of a rectangle are equal. 

9. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

10. A line through the middle point of a diagonal of a parallelo- 
gram and ending in a pair of opposite sides, is bisected by the diag- 
onal. 

11. If the diagonal of a parallelogram bisects one angle, it also 
bisects the other angle. 

12. If E and F are the middle points of the sides AD and BC 
respectively of OABCD, then AF is parallel to EC. 

13. If a parallelogram is not equi- 
lateral, the bisectors of the opposite 
angles are parallel. 

14. ABCD and ABEF are two paral- 
lelograms. Prove that CE equals DF. 

15. If an angle of a rhombus is 50°, find the angles of the triangles 
formed by drawing the diagonals 
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Optional Exercisss 

16. II the middle points of the four halves of the diagonals of « 
parallelogram arc joined in order, another parallelogram will be 


taken on the diagonal 

BD of EJABCD, then AECP is a parallelogram. 



Ex. 17. 



Ex. IS. 


and JthT^ Ct “ ^ thn>Ugh Q 10 FG, take Q as center 

and the ' Z ST**. ° Ut FG at H '■ ™ « « «»ter 

<?K as radius interne eu* 81 K ' Thea M center ttn< ^ 

to FG ’ Uhefirstarcat ^- Prove that QM is parallel 


-ff 


f ~\k ~7h c 

Ex. 19. 



Ex. 20. 



Ex. 21. 


* u^rr 1 " , “ l to -” d 

unilateral fom ° f 8 P^e'ogram which is not 

•qS^ * reCtangIe n0t & 4”*- the bisectors of the angles form a 
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HoifOR Work 

24. The chords which join the ends of any two diameters of a 
circle form a rectangle. 

25. If the opposite sides of a hexagon (six-sided polygon) are 
parallel and two opposite sides are equal, the other opposite sides 
are equal. 

26. If the opposite sides of a hexagon are equal and parallel, 
the three diagonals between opposite vertices meet in a point. 


e A n 



Ex. 25. Ex. 27. Ex. 23, 


27. If through the vertices of any quadrilateral lines arc drawn 
parallel to its diagonals, the lines form a parallelogram which it 
twice as large as the original quadrilateral. 

28. If AC -CD, AF—-JJE, and AF |J BE, prove, without usinjj 
triangles, that FC is paraliel to ED. 

29. The medians of a triangle cannot bisect each other. 

30. Is it possible to change the site of an angle of a parallelogram 
without changing the length of any of the sides? Is it possible to 
change the lengths of a pair of opposite sides without changing tbo 
lengths of the other pair or the size of any angle? Arc the angles, 
then, dependent on the length of the Bides? Is the same thing true 
of the triangle? 


Applied Problems 


31. Draughtsmen sometimes use 
rulers hinged at A, B, C, and D, as 
shown in the figure, having A B - CD 
and AD -BC. If the ruler CD remains 
stationary, show that ft series of 
parallel lines can be drawn along .417. 
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32. The pantograph is an instrument used for making a differ* 
ent-eized copy of a map or draw- 
ing. It is made of four strips 
AC, CE, BF, and DF, hinged at 
the points B, C, D, and F. BF 
ia equal in length to CD, and 
BC to FD. Show that, although 
the distance between A and E ' 
may be changed, BF will always remain 
parallel to CE. 

33- To find the distaneo AD, ZA is 
made ilO“ and ZB 70\ and equal 
<h3tan«s AC and BD are measured 
Prove that AB is equal to CD. 

34. Explain how a movable shelf, like that 
m the figure, can be constructed so that it will 
always remain horizontal. 

10 ““,5" Yorit 0it r *hich 

‘ n crowed, there aro seat., hinged at A 

Stu'“h ',T hich Md up " c,i “ l “» 

wall when not in use. AD -CD DF-CF 

%AD.BC. Prove that, when the Mat 
AD a down the , upport A F will be 
vertical and the real will be horirontal. 

30. When two foreea are pulling ,t 
' ““ in different toe- - 

both' in e a m n ySI *' 3t 0 * orce ' the resultant, equal in effect, 
two forces U tv* Q dir ® ct,on . to the combined action of the 
: simplifies 

^ aZ ^ forces - He 
? ]“?• AB and A C, through 
the pomtA, in the direction of the 

STof Fz. he o h009es a Stable 

!.! eDgth ’ and m «as>rres as many units . 



there *“f asures many units on each line as 

he complete a 04BDChi°^ r *P re6ented by that Iine - Nc * 
draws the diagomd lS> ^ 

thereKultnni „ j ■, > ’ , “S diagonal gives the direction of 
ne recuiUnt, and its length g™ ths 



RECTILINEAR FIGURES 


135 


struct a parallelogram representing two forces, one of 2 lbs. and 
the other of 3 lb3., acting at an angle of 60°. By measuring, find 
the amount of the resultant. 

37. Two forces, each 4 lbs., act at right angles on a point. Con- 
struct the parallelogram and measure the resultant. 

38. The same parallelogram method holds true also for velocities 
(speeds). If a man is swimming 2 mi. an hour across a river 
whose current is flowing 4 mi. an hour, find his actual direction 
and speed. 

39. A man is walking 5 ft. per second directly across the deck 
of a boat which is traveling 12 ft. per second. Find his actual 
speed and direction. 

40. An airplane which can go at the rate of SO mi. an hour in 
still air, is traveling east. Determine how far it will travel in 1 hr., 
if the wind is blowing 40 mi. an hour (o) directly east; (b) directly 
west; (c) directly north; (d) 30° east of north. 

Space Geometry (Optional) 

The prism. The prism is a solid like that shown here. 
The top and bottom are 
parallel planes and the edges 
between them are all paral- 
lel lines. These two parallel 
planes are called bases. 

The other faces are called 
lateral faces. 

The parallelepiped is a prism whose bases are parallelo- 
grams. 

Exercises 

1. Name several objects that are parallelepipeds; prisms. 

2. How many faces has a parallelepiped? How many edges? 
Hew many vertices? 

3. How many edges of a parallelepiped meet at each vertex? 

4. How many edges of a parallelepiped are necessarily the same 
jength? Prove that they are equal. 


I 


- 
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5. How many edges different in length lias the parallelepiped? 

6. Three edges of a parallelepiped are 4, 6 and 0. What fa 
the sum of the lengths of all edges? 

7. Prove that the lateral faces of a prism arc parallelograms and 
that the lateral edges are equal. 

8. If a prism has triangular bases, prove that these bases are 
congruent. 


9. A cube is a parallelepiped whose faces 
are all squares. A cube has how many faces 
meeting at eeeh vertex? now many right 
angles at each vertex? How many diagonals? 

10. If an edge of a cubo is 10, find the 
sum of its edges. 

11. Prove that a diagonal of one face of a cube equals a diagonal 
of any other face. 

12. Prove that two diagonals of a cube AG and BII are equal. 

PT0 , VP diagonals of a cube bisect each other. (Show 

that the plane ABGII is a parallelogram.) 



A Selt-Measuriho Test 

allelograjrL of P rovin g that a quadrilateral is a par 

w method3 of Proving lines parallel, 
laterals? ^ °f Proving lines parallel depends on quadri 

l Give four method, ot pmviog ^ j. 

paraielog^n? W ° oi Proving lines equal depend on the 

G. Define a paranehqram. 

\ I* ^ 8 “ e two ***** Idnds of parallelograms, 
v, 8. Define a square; a rhombus. 

10 fZ d” 5 * t ”‘ P ““ d * P.^elog™? 

IL ArZ iiTl 8 rectang,e differ f rom other parallelograms? • 
„ 7' B roctengles parallelograms? 

£ ^*3 rectangles squares’ 

ve methods of proving right triangles congruent. 
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14. If a triangle has angles of 30, 60, and 90 degrees respectively, 
what relation of the sides is known? 

16. Define supplementary angles; adjacent angles; vertical angles j 
a right angle; quadrilateral. 

16. Is the converse of a proposition always true? 

17. Define the distance from a point to a line. 

18. How many different altitudes has a triangle? A parallelo- 
gram? A trapezoid? 

19. State a proposition which is proved by the indirect method. 

20. Name two purposes for either of which we might prove that « 
quadrilateral is a parallelogram. 

21. Give a method of proving one line perpendicular to another. 

22. Give two propositions on which the proof of each of the fol- 
lowing propositions depends: 

(а) The opposite sides of a parallelogram are equal. 

(б) The sum of the angles of a triangle is a straight 

angle. 

(c) Two right triangles are congruent, if the hypotenuse . . . 

(d) Two triangles are congruent, if the three sides of one . . . 

(e) The diagonals of a parallelogram bisect each other. 

(f) A quadrilateral is a parallelogram: if its opposite Bides 

are equal; if two sides are equal and parallel. 

Investigation Problem. Examine a sheet of ruled writing paper. 
Are the lines parallel? Do they cut off equal lengths on the edge of 
the page? Draw several transversals in different directions. Are 
the lengths cut off by the parallel lines the 
same on one of them as on another? Are all 
the Begments on any one transversal equal 
to each other? In the figure, if AB, CD, and 
EF are parallel, and AC equals CE, do you 
think that BD equals DFl Try drawing BG 
and DH both parallel to AE. To prove these triangles congruent, 
what sides must you prove equal? Compare BG with AC', DH 
with CE ; BG with DH. Can you now prove BD equal to DFl 
R you give up, read Proposition 24. 
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6. How many edges different in length has the parallelepiped? 
6. Three edges of a parallelepiped are 4, 0 and 9. What is 
the sum of the lengths of all edges? 

7 ‘ J >r ° ve tlia t the lateral faces of a prism arc parallelograms and 
tliat the lateral edges are equal. 

8. If a prism has triangular bases, prove that these bases are 
congruent. 

9. A cube is a parallelepiped whose faces 
are aU squares. A cube has how many faces 
meeting at each vertex? How many right 
angles at each vertex? How many diagonals? 

10. If an edge of a cube is 10, find the r a 

®um of its edges. 

of any^oth^face * diaeonal ° f one face of a eubc equals a diagonal 
12. Prove that two diagonals of a cube AG and Dll are equal. 

diagonals of a cube bisect each other. (Show 
that the plane ABGH is a parallelogram.) 

^ Sslf-Meastoiho Test 

allclogram 6 ae, k°da P ro% 'ing that a quadrilateral is a par 
2. Give four methods of proving lines parallel, 
laterals? ' P ro ' r ing lines parallel depends on quadri 

4- Give four methods of proving lines equal. 

Parallelogram?^ 0 method3 of P ro ™g ^es equal depend on the 

6. Define a paruOeloqram. 

7. &. two ,p„ W ^ of 

• Define a square; a rhombus . 

10 Ho l * top “ 0id fra » * r^Oelogmn? 

1L Are'' 11 1* te ! tanS,e differ frotn other parallelograms? 

1L Are aU rectangles parallelograms? 

13 aZU TTH. * rectangles squares? 

GlTe fire y** ° f P^g right triangles consent. 
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14. If a triangle has angles of 30, 60, and 90 degrees respectively, 
what relation of the sides is known? 

16. Define supplementary angles; adjacent angles; vertical angles; 
a right angle; quadrilateral. 

16. Is the converse of a proposition always true? 

17. Define the distance from a point to a line. 

18. How many different altitudes has a triangle? A parallelo- 
gram? A trapezoid? 

19. State a proposition which is proved by the indirect method. 

20. Name two purposes for either of which we might prove that « 
quadrilateral is a parallelogram. 

21. Give a method of proving one line perpendicular to another. 

22. Give two propositions on which the proof of ea ch of the fol- 
lowing propositions depends: 

(a) The opposite sides of a parallelogram are equal. 

(£>) The sum of the angles of a triangle is a straight 
angle. 

(c) Two right triangles are congruent, if the hypotenuse . . . 

(d) Two triangles are congruent, if the three sides of one . . . 

(e) The diagonals of a parallelogram bisect each other. 

(/) A quadrilateral is a parallelogram : if its opposite sides 
are equal; if two sides are equal and parallel. 

Investigation Problem. Examine a sheet of ruled writing paper. 
Are the lines parallel? Do they cut off equal lengths on the edge of 
the page? Draw several transversals in different directions. Are 
the lengths cut off by the parallel lines the 
same on one of them as on another? Are all 
the segments on any one transversal equal 
to each other? In the figure, if AB, CD, and 
EF are parallel, and AC equals CE, do you 
think that BD equals DF? Try drawing BO 
and DH both parallel to AE. To prove these triangles congruent, 
what sides must you prove equal? Compare BG with AC; DH 
with CE; BG with DH. Can you now prove BD equal to DF1 
P jssd JRmDosition 2-L 
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Proposition 24 

* 114. // three or more parallel tines cut off equal lengths 
on one transversal, they cut off equal lengths on every trans • 
versal. 



Proof: Statemejitb 

DRUB 1 ™* B ° 11 AE Md 

2. BG |] Dll. 

3. AB |] CD || EF. 

4. AC**BG and CE^Dll 

5. AC = CE. 

6. In ABGD and DllF 
BG-DH. 

7. Ztf> = ^ V and Az-Az. 

8. ABGD ^ AD11F. 

9. BD~DF. 

115 Corollary. 4 w ^ 

, °f a Wangle and parallel to a 
•>*, bisea, He ttirf m ‘bo second 


Rkasonb 


1. 577. 

2 . 582 . 

3. Hyp. 

4. $ 105. 

5. Hyp. 

6. Ax. 2. 

7. §80. 

8. §90. 

9. §22. 
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11G. A given line segment can be divided into any number 
of equal parts. 



To prove: AB can be divided into any 
number of equal parts. 

Given: Line segment AB. 

Construction: Statements I Reasons 

1. Draw AC to any point C \ 1. Post. 1. 

not on AB. 

2. Construct AD=DE=EF. 2. Post. 3. 

3. Construct FB. 3. Post. 1. 

4. Construct EG and DH par- 4. § 77. 
alJel to FB. 

Then AH~ HG-GB. 

Proof: 

1. AD=DE-EF. 1. Const. 

2. RZ>||G£||BF. 2. Const. 

3. Through A, draw 3. § 77. 

4. AH=HG=GB. 4. § 114. 

5. Similarly, /IB can be divided 
into any number of equal parts. 

117. Corollary. A line bisecting two sides of a triangle t* 
parallel to the third side. 
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Class Exercises 

1. Divide a line into five equal parts. 

2. Dm* nine ;„ lo four ^ ^ by ^ mtttod4 

3. rind l of a given line. 

4. Construct an equilateral triangle, gi wn the perimeter. 

of a given Iine.^ * tmr>E,e whosc are respectively J, J, and i 

Optional Exercises 

nf' 01 DC ■ ED H CA, and iT|| DA, to 

rJSuvdy. ™,>°<AC and,,* , 

J- Was the hypotheiin of Es. c , nrovo 
tough™ ta " 5h ° pmlW “> “C !L„ 

into four cot,nsuentWw^ tIie * ISl provc that tlws0 Iinw ru t Arl/Jl 

and parallel toTSmd'th* ^ ' iJ ' ot * triangle 

remain 

line cutting otr Jlh of ,;d e „f , „bere „ i 

third ride™ 1 "'’ “° <i I ” raaeI * ““and aide, outs off Jlh of lit 

thehy^tenL. ° E ' e bL,<! "' 

the other*™ lh ' hs «» - 
ihaWa th?d*^2f li ' S oI * '■nperoid and parallel to the boats 
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Honor Work 

14. In the parallelogram ABCD, E and F are the middle points 
of the Bides AB and CD respectively; 
prove that the lines AF and CE trisect 
the diagonal BD. 

IE. If three parallel lines cut off 
unequal segments on one transversal, 
the second segment being three times the first, prove that 
they will cut off unequal segments on any other transversal. 
How will the lengths of the segments on the second transversal 
compare? Prove your conclusion. 



Applied Problems 

16. By means of a ruled sheet of writing 
paper, divide a given line into three equal 
parts. How short a line can you divide by 
this method? 

17. A carpenter, wishing to cut a board into 
three strips, equal in width, placed his square, 
as shown, near one end of the board, with 
the 0 and 24-in. divisions at 
the edges, and made marks at 
the 8- and 16-in. divisions. He 
repeated this at the other end 
of the board, and drew lines between the 
two sets of marks. Explain why this 
should divide the board into equal 
strips. 

18. The operation of the balance depends 
on having the two pans equally distant from 
the center post. Prove that, if the lengths 
AB and BC are equal and the post is vertical, the pans will always 
tang at equal distances from the post. 
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HU 


Cliss Eiracrsrs 


1. 

2 . 

3 . 


Divide a line into five equal parts. 

D»nde a line into four equal parts by two different methods 
find l of a given line. 


4 . Construct an equilateral triangle, given the perimeter. 

Of a given line. Ct * 10:10810 w!,0 ' c f i,Ic? arc respectively §, }, and J 




Optional Exercises 

P.od D fj’,?' "H'V? 1 ” rr,inl BC - E D i! and EF II BA. Ihcn 
hl '» <l,es » o! Ex c, pm-c 

lta 5 h ?! E 0 parai!o ' 10 BC ^ 

<*°* «“• Iine» «t A-iBC 

and parallel lo'nswLti' ?! K ~ l1unl of one aide of a triangle, 

remain- 

Uae cutting off |th of one side of a triangle, where n is 
third side Umb<?r ’ aQ<1 PanUlel to a sec «Kl side, cuts off £th of the 

s£E ~ tuttj - 

hiaeets U»da^^°” Iesrfi atra f**>idand parallel to the bases, 
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Honor Work 

14. In the parallelogram A BCD, E and F are the middle points 
of the sides AB and CD respectively; 
prove that the lines AF and CE trisect 
the diagonal BD. 

IE. If three parallel lines cut off 
unequal segments on one transversal, 
the second segment being three times the first, prove that 
they will cut off unequal segments on any other transversal. 
How will the lengths of the segments on the second transversal 
compare? Prove your conclusion. 


Applied Problems 

1G. By means of a ruled sheet of writing 
paper, divide a given line into three equal 
parts. How short a line can you divide by 
this method? 

17. A carpenter, wishing to cut a board into 
three strips, equal in width, placed his square, 
as shown, near one end of the board, with 
the 0 and 24-in. divisions at 
the edges, and made marks at 
the 8- and 16-in. divisions. He 
repeated this at the other end 
of the board, and drew lines between the 
two sets of marks. Explain why this 
should divide the board into equal 
strips. 

18. The operation of the balance depends 
on having the two pans equally distant from 
the center post. Prove that, if the lengths 
AB and BC are equal and the post is vertical, the pans will always 
hang at equal distances from the post. 
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Class Exercises 

1. Divide a line into five equal parts. 

' ~ a ^ De 1Dto ^ our equal parts by two different methods 
•J. rind S of a given line. 

• Construct an equilateral triangle, given the perimeter, 
of a giTCnUne. Ct * trians,e whose fides nre respectively }, }, and i 

Optional Exercises 

F n l“! he >»“' «' BC , « || ( 7 .!, „d £F||B. 4 , to 
7. Lsing the hypothesis of Ex. r> 

££* ,h ™" k 0 *— * - « s „ Y 

into foStn^ent J SiSi he!i5 ' pi0ve ,hflt thesc Iines cut AvlBC 

and faxaOA ° f °° e £ .‘ de ° f * trian ^ e ' 

ing side. de ’ culs °ff one-third of the remain- 

line cutting off Ith of one side of a triangle, where n is 

third E ide Umber ’ ^ ParaUeI to a second side, cuts off £th of the 

' ■ 

■ 

Sweets the diaeoni S °“ Ieg0fatrapezoid * Dd parallel to the bases, 





RECTILINEAR FIGURES 


143 


4. The sum of the angles of a triangle is a straight angle. 

6. If two angles of a triangle are equal, the sides opposite .... 

6. A quadrilateral is a parallelogram if two sides are equal and 
parallel. 

Matching Test (10 min.) 

Write the numbers 1 to 10 in a column. After each mite 
the letter of the phrase that is a correct definition of the word 
following the number. 

1. Converse a. A quadrilateral having two and only two 

sides parallel. 

2. Rhombus b. An equilateral rectangle. 

3. Hypothesis c. A quadrilateral having both pairs of oppo- 

site sides parallel. 

4. Trapezoid d. The parallel sides of a trapezoid. 

5. Parallelogram e. A parallelogram having right angles. 

/. A theorem in which the hypothesis and 

6. Altitude conclusion of another theorem are inter- 

changed. 

7. Indirect proof g. A proof in which we show that the other 

possibilities are not true. 

8. Rectangle h. An equilateral parallelogram. 

9. Square #*. A perpendicular from a vertex of a triangle 

to the opposite Bide. 

30. Bases j. The part of a theorem that is given. 

Numerical Test (10 min.) 

1. In DABCD, LA = 73°. Find LB. 

2. AC is the diagonal of rhombus ABCD. If /f?«=120°, find 
ABAC. 

3. In DABCD, AB=10, LB= 30° and AHJ.BC. Find the 
length of AH. 

4. In DABCD, LA*=2LB. Find the number of degrees in LA. 

6. In DABCD, diagonal ACj.BC and AC~BC. Find the size 

of LD. 
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A proposition’s “family tree.” By this time you have 
learned that every proposition in geometry’ depends on some- 
thing that precedes it. A later proposition depends directly 
on those before it which are given as reasons in its proof. 
These in turn depend in the same way’ on earlier propositions 
or on axioms, etc. The whole geometry is built like a 
c in. Each link supports those which follow it, and a 
proposition once proved may be used as a reason in proving 
other propositions. 

Let us trace a proposition back by giving first those which 
are directly used as reasons in its proof, then the proposi- 
'ons used as reasons in proving those, and so on back to the 
fundamental congruent triangle propositions. 

<. Illustration; Trace the family tree of the proposition: 
equ^ ” n ^ tera ^ ** a para ^ e ^°£ ratn if opposite sides are 


Base A if an 
isos. A are = 

I 

B.a_s. 


A quadrilateral is a O if 
its opposite sides are = 

! 

2 lines are [J 
if their alt. 
int. A are «* 

An ext. Z of a 
A>remote int. Z 

I 

6 . 0 ^. 


n 

s.a.a 


Exercises 

b.ct «d,y lh. fofknviog p.opodUog, „ sb0Te; 

Z III V' “T"”* * U» u™ ride, of one ... . 

3. Alttm.f 03 ’ 5 ? 3"“ ^ tteir corres P°nding angles are cqui 
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Summary of the Principal Methods 

118. Congruent triangles. Two triangles are congruent if: 

1. Two sides and the included angle of one equal respec- 
tively ... (5 50). 

2. Two angles and the included side of one equal respec- 
tively ... (§52). 

3. Threo sides of one equal respectively . . . ( § 57). 

4 Two angles and a Bide opposite one of them equal 
respectively . . . (§90). 

5. Right triangles, if the hypotenuse and a leg of one equal 

respectively. . . (§94). 

119. Isosceles triangles. To prove a triangle isosceles 
show that: 

1. Two sides are equal (§ 40). 

2. Two angles are equal ( § 91). 

120. Equal lines. 

1. Corresponding sides of congruent triangles arc equal 

(S 22). 

2. Sides opposite equal angles in a triangle are equal (§91) 

3. Opposite sides of a parallelogram are equal (§ 105). 

4. A point on the perpendicular bisector of a line is equally 
distant from the ends (§ 59). 

5. A point on the bisector of an angle is equally distant 
from the sides (§ 97). 

6 . The diagonals of a parallelogram bisect each othei 

{§ 111 ). 

7. Lines are proved equal by the use of axioms ( § 30). 

121. Equal angles. Angles arc equal, if they are: 

1. Corresponding angles of congruent triangles (§22). 

2 . Right angles (§ 33). 

3. Vertical angles (§37). 

4. Supplements of equal angles ( § 34). 
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Completion Test (10 min.) 

Tl rite the numbers of the questions on your answer paper 
and after each the one word that is omitted. 

1. The diagonals of an equilateral parallelogram are ... to eaeh 


r f3 le statement, “A quadrilateral is a parallelogram if its 
opposite sides are equal,” is a ... . 

3. The trapezoid is a special kind of 

,.. 4 ' A ® b |f*‘>ng one ride of a triangle and parallel to the second 
SJtie ... the third ride. 


rn-'L ABCD AB-10, BC-S, DA-8 and 

t-^- 10 , then the quadrilateral must be a 


True-False Test (10 min.) 

t ™° 1 Lt he 'p nU r berS ° f the stateme nts. If the statement is 
true, write T after its number, if false, write F, 

triangles' 6 dlagonab of a Parallelogram divide it into four congruent 

3 If rim " rTf' 3 a paraH elogram cut earii other in balms. 

4. A S ° ■ tnaDEl ' third nn E le is equal 

pendicniar to eaeh'otlu?. " PSrall ' loc '™ ir ils diagonals are per 

6 A pandlelo t6ral " * para,| oh‘S r am if tno sides are equal. 

7 1 SS ' T“' 1,0 «I»da'eral, has two unequal altitudes, 
i Anv S ou .r," " * U h “ '"> equal sides. 

the ends of the angle. 6 of an BDsle ia equally distant from 

the hypotenuse" ^ " rigllt triaDeI e *-■ 30", the side opposite is half 
»0. An equiangular triangle i, equilateral. 
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appear to be true in these special cases do not hold for the general 
case. 

3. State in terms of your figure what is given and what is 
to be proved. 

4. Decide on a plan of attack. 


Do not blindly record every fact that may be true for your figure 
without considering its use in the proof. First fix clearly in your 
mind what you must prove. Then ask yourself which of the 
methods given in sections 118 to 124 seems most likely to give a 
proof of tins. 

5. Study the hypothesis and the figure to determine what is 
known and what is needed to apply th;s method. 


For example, if you must prove triangles congruent, and find one 
side and one angle in one of them equal to the corresponding parts 
in the other, pick out the side which will give you two sides and the 
included angle by § 50 and try to discover a means of proving it equal 
to its corresponding part. Or try to get another angle so that you 
can use §52 or §90. 

6. When yon have decided what additional part you need, 
ask yourself which of the methods for this kind of part seems 
most likely to give a proof. 

For example, if you need another pair of sides equal, ask yourself 
if there are other triangles of which these same lines are corresponds 
ing sides. 

7. Work backwards in this way until you arrive at some 


statement which you can prove. 

If, however, you cannot complete a proof with the method chosen, 
go back to the place where you had a choice of methods and pro- 
ceed in the same way along another line. But very o ten eac o 
methods, which might have been chosen, will result in a proor. 

The analytic method of proof amounts to this: Start with 
the last statement and work backwards. It is no a waj r 
possible to tell in advance how a proof should begin, but the 
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5. Base angles of an isosceles triangle (5 55). 

6. Alternate interior or corresponding angles of parallel 
lines (§5 79, SO). 

7. Third angles of two triangles having two angles of one 
equal to two angles of the other (| 89). 

8. Angles are proved equal by the use of axioms (§ 30). 

122. Parallel lines. Lines are parallel, if : 

1. The alternate interior angles are equal (5 72). 

2. The corresponding angles arc equal (5 74). 

3. They are parallel or perpendicular to the same lino 
(55 82,75). 

4. They are opposite sides of a parallelogram (5 100). 

123. Perpendicular lines. Lines are proved perpendicu- 
lar by showing that: 

1. Two points on one are each equally distant from two 
points on the other ( $ Gl). 

2. Two supplementary adjacent angles arc equal (§§11, 12). 

i , two “glcs of a triangle equals the third 

angle (5 86). H 


124. Parallelograms. A quadrilateral is a parallelogram, if: 

1. The opposite sides arc parallel (5 100). 

2. The opposite sides are equal (§ 109). 

a ^°i dCS a ? b ° th equal and parallel (§ 110). 
i. 1 he diagonals bisect each other ( 5112 ). 

proof* ^ uides *° analytic method of discovering * 


*]*. 8 . tatemcnt carefully, and determine what h 
given and what is to be proved. 

Draw an accurate figure representing the facts given. 
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(4) “ two angles and a side opposite one of them. ” Therefore, another 
angle should be looked for. Try Zw=Zr. Again, only one 
method of proring Zto= Zz (§ 121) seems to apply, that is: (1) 
"Corresponding angles of congruent triangles are equal.” Write 
this reason, and then, as a preceding statement, ADEB = AFEC. 

It will now be seen that these triangles can be proved congruent 
by showing that two sides and the included angle of one are 
equal to two sides and the included angle of the other. So, fill 
in above this statement the three parts necessary to prove the 
triangles congruent. Also fill in any reasons previously left blank 
and the final result is: 


Statements ( Reasons 


ZD2?B= AFEC. Vert, angles are equal. 

BE-EC. Hyp. 

DE-EF. Hyp. 

A DEB = AFEC. Two A are == if two sides and the in* 

eluded angle . . . 

Zto— Zz. Corr. A of = A are =. 

EF—DE. Hyp, 

BE-EC. Hyp. 

BF = DC. If equals are added to equals, . . . 

AA= AA. Iden. 

A ABF = AACD Two A are = if two angles and a side 

opposite one of them . . . 

AB=AC. Corr. sides of ~ A are *=. 


In another form, this proof might be stated as follows: We can 
prove AB=AC, if we can prove A ABF S AACD. But, since we 
have a side and one angle, we can prove A ABF = AACD, if we can 
prove Aw= Ax. Now we can prove Aid — Ax, if we can prove 
A DEB ~ AFEC. And we can prove A DEB = AFEC by showing 
that two sides and the included angle of one are equal to two sides 
and the included angle ol the other. Therefore we can prove 

ab=ac. 

If we had chosen Zy=* Z a, instead of Z to = Zz, we should have 
succeeded by another proof, slightly longer. And, if at the begin- 
ning of our work, we had chosen (2) sides opposite equal angles in a 
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last . statement, being the conclusion which was to be proved, 
is always known. Write this statement at the bottom ot the 
page. Then, the reason lot this statement, and consequently 
° ,ho statement, will generally be one ot the 
me hods given on pages 1 15-1 10. The nature of the problem 
lm>t the number of reasonable lines of attack 
tine et TVG ' 0nd vcry often saeh of these will give a solu- 
and tn> ♦ ° De ^ 1Gm 03 t * ie ncxt t0 statement, 

rootllS h e° ' Pr °° f back “ n “ lher statement. If the 

S ftis ^r° docs 1,01 sivo “ »ty another. 

ia evident y ’Th° U ^ at a Bla,cment the proof of which 
-hieh were ,e„ ^hrS^w^f “ y 

tetSSt J 'jIIac 0 ? d ED Z EF - lim An ~ M - ' n ’* 

£ e^n?£-, 0t 
in a L* d (2) S1 . d “ opposite equal angles 

this preE Vm “S™ 

AACD n ,* tatemcnt must be: A ABF^ 
necessary to ^ote\hMrhncIes !* f ore ***" ° ne must give the ^ 
Been that LA is identical 8 l l™ DEruent - 11 wJI immediately be 
ing together iu parts. Tteptofnof ^ 



State iinvrs 

ef-=de. 

PB*[EC. 

'BpJpc. 

^A~LA. 

AABFsz&ACD. 

AB=AC. 


Reasons 


Hyp. 

Hyp. 

A*. 3. 

Iden. 

Conr. sides of £ 


cj \ ‘ ^' nr - siaes of£A are equal. 

doable 2£y bwn found * tte f 7 

" tne triangles congruent (§ 118), i* 
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12. AD, BE, and CF are the medians of A ABC, If DK is 
equal and parallel to BE, prove that KA is equal and parallel to 
CF. (See Fig. for Ex. 12 on page 120.) 

13. Three straight lines meet in a point. Draw another straight 
line so that the parts of it intercepted between the given lines are 
equal. 

14. On the sides of an equilateral AABC as bases, congruent 
isosceles, AABP, ACQ, and BCR are constructed. Prove that 
APRQ is a rhombus. 

IB. The base angles of an isosceles trapezoid are equal. 

16. A right triangle is cut into two isosceles triangles by the 
median to the hypotenuse. 


p 



Ex. 13. Ex. 14. Ex. 17. 


17. In an isosceles triangle, the sum of the perpendiculars on the 
legs from any point in the base equals the altitude on one of the legs. 

18. In an equilateral triangle, the Bum of the perpendiculars from 
any point inside the triangle on the three sides equals the altitude 
of the triangle. 

19. The angle formed by the bisector of an angle and the altitude 
from the same vertex equals one-half the difference of the other two 
angles of the triangle. 

20. The bisectors of the angles of a triangle cannot be parallel. 

21. Two quadrilaterals are congruent, if 
three Bides and the two diagonals of one equal 
respectively the three corresponding sides 
and the two corresponding diagonals of the other. 

22. If -the diagonals of a trapezoid are equal, 
the trapezoid is isosceles. 

23. If AB^AC and BD=CF, then DE~EF. 
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tm»Eie, instead of (I), « , ho „| d disco>Tred „, 0 , lcr , 

eomeivhrit easier than the one given. Consequently, in this prob- 
fan ns in many, it was necessary only to neleet nny reasonable line 
Of attack, and a proof would hare followed. 

Review Exercises: Hokor Wort 

one 1 ™.!* 0 qnadn f"a |a be™ the four sides nnd n diagonal of 

diaeonil to thc four e' [ iee and the corresponding 

rhagonnlnf the other, their other diagonal, , re cq„nl. 

of intcr^-prt^ nC ^°r°!v 8 ^ Vertex an triangle to the point 

of intersection of the altitudes on the lee. 

bisects the vertei angle. ^ „ 

3. ff dv-/i+dr,pro™tliat.dfl|Cf). 

. *' "/ " “ 1 ‘ e™ 1 " 'ban the sum of \ 

“ d •’ fr "»■ - 1 * end CD c ^ 

must be extended to meet. 

6 u ,1“”"°" lbq “*• »' » triangle meet in a point, 
ia a parallelo^^ 1 . 1 ^ *° e1 ” ° r “ quadrilateral are equal, the figure 

^G^ddFar,dr.„XncA“ d „ r „ 

^5?' 1 !^'“ d ' 1 "iOnidd!e point. /V T 

DE D 13 a pnntbelogrnci, and / \ \ / 

a*'," 0 " «“• AdEOaiicy. / \ V 

.. ;• A * eI ' 9 *>”* sides an „™. * * * 

tjrely perpendicular are either „ i 
W- Two trianri or supplementary, 

median to that sidr^cm^ 2 ™? 1 *’ a si<le Md tbe altitude 

corresponding alUtudeand^SS’ ^ respectively a side and the 

11. Two acute triangles „ ” ‘ 

rides „d S *L 

22* < ’° “ side in on” 

the JJ!" 1 "''' 5 ' 1,0 * d <* and r/ Vy ■ , r 

the eomaponding altitude in a, 


Ex. 12. 



RECTILINEAR. FIGURES 


US 

33. The sides of A DEF are the bisectors of the exterior angles of 
6ABC. Prove that DEF is an acute triangle. 

34. If AC equals DC, show that AB cannot 
equal DB. 

35. Two trapezoids are congruent, if their 
corresponding sides are equal. 

36. If one leg of a trapezoid is perpendicular to the bases, its 
ends are equally distant from the middle Doint of the other leg. 
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21. Ia the figure, prove that ZKA'H- ZK+ZL+ZM. 

J ui.Ul! I?"' 1 " *" if a ride and the altitude. 

en theotb er tao «d» clone rcpeotively a ride and the com- 
e ponding altitudes of the other. 

BCi) resneetl^f 0, * F ‘ nnii CF “ re tflC Liwtors of A DAD and 
BCD respectively. prove that AF equals EC. 


</ 


• Ex. 27. 

pr^4 t X h^’ ts of the si ^ otaABCD, 

* id « Of aoy < S^ r i^^ t U ^ t t ^J^ n 8 (ra ron3tnictcd on the 

DC of square AZfCO.ouS^thc? tmDgI ” on the fMcs AD and 
parallelogram. the square - Prove that EDFD is a 

30. CD bisects ZACR re i • . .. 

that DE- EF. ' C Lwcts * BOO, and DP J| AO. Prove 



Ex. 30. 


the same side of a transra^i* tIie ttseclors of the interior angles on 
32. The middle othe? 
the middle points of two onnosita. .T^ 3 ° f ft quadrilateral ® nd 
allelograia. (Use § 117 J PPOS ** 8ldes the vertices of a par- 
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133. A secant is a line which cuts the circle in two points; 
as KN. 

134. A tangent is a line which touches a circle at one, and 
only one, point, however far produced; as QR, which touches 
at P . The point P is called the point of contact or the point 
of tangency, 

136.' To intercept means to cut off. An angle is said to 
intercept the arc which its sides cut off. 

136. If a circle passes through all the vertices of a polygon, 
the circle is circumscribed about the polygon, and the polygon 
is inscribed in the circle. 

137. If every side of a polygon is tangent to a circle, the 
circle is inscribed in the polygon, and the polygon is cir- 
cumscribed about the circle. 

Simple Theorems 

138. Radii of a circle, or of equal circles, are equal. 

139. Circles are equal, if their radii are equal. 

140. A point is inside, on, or outside a circle, according as 
its distance from the center is less than, equal to, or greater than 
the radius. (Ax. 8). 

Investigation Problem. In each of two equal circles, draw two 
radii bo that the angles formed at the centers will be equal. Com- 
pare the lengths of the arcs. Can you make up a proposition 
about equal central angles and their arcs? Try to prove your 
proposition by placing one circle on the other so that the angles 
coincide. Will the ends of the arcs coincide? Why? Will the 
circles coincide? Why? Is the converse also true? 

In a circle, draw two equal chords. Compare their arcs. How 
can you prove arcs equal? If you draw radii to the ends of the 
chords, can you .prove the central angles equal? 


BOOK TWO 


THE CIRCLE 


126. A circle is a closed plane curve, all points of which 
are the same distance from a fixed point 
in the plane called the center. 

A circle o reed by a capital letter placed 
•“t'bMrtjBcWeOy. It nay also 

BCD* y *° r °' ^ P0i ‘“ s ’ “ ** 


0l". CirCM1, “' O " fa ‘ h =>'-^ 

D 

128. Any part of the circle is an arc('" s ) ; as BC. 
one vreaterTh a * ler t f 1 * n * semicircle is called a minor arc? 
ally, when the woM aS used^ ^ “ C ' GeBer 

alone, a minor arc is meant. .. ^ 

130. A radius is a Une froui T 

the center to any point on the c (— 


orcle; as AD, above. 


131. A chord is a line joininu „ 


two pomts of the circle; as EF. 

■T B 

132. A diameter is a chord through the 

154 

center; as OH. 
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133. A secant is a line which cuts the circle in two points; 
as KN. 

134. A tangent is a line which touches a circle at one, and 
only one, point, however far produced; as QR, which touches 
at P . The point P is called the point of contact or the point 
of tangency. 

135. To intercept means to cut off. An angle is said to 
intercept the aro which its sides cut off. 

136. If a circle passes through all the vertices of a polygon, 
the circle is circumscribed about the polygon, and the polygon 
is inscribed in the circle. 

137. If every side of a polygon is tangent to a circle, the 
circle is inscribed in the polygon, and the polygon is cir- 
cumscribed about the circle. 

Simple Theorems 

138. Radii of a circle, or of equal circles, are equal. 

139. Circles are equal, if their radii are equal. 

140. A point is inside, on, or outside a circle, according as 
its distance from the center is less than, equal to, or greater than 
the radius. (Ax. 8). 

Investigation Problem. In each of two equal circles, draw two 
radii bo that the angles formed at the centers will be equal. Com- 
pare the lengths of the arcs. Can you make up a proposition 
about equal central angles and their arcs? Try to prove your 
proposition by placing one circle on the other bo that the angles 
coincide. Will the ends of the arcs coincide? Why? Will the 
circles coincide? Why? Is the converse also true? 

In a circle, draw two equal chords. Compare their arcs. How 
can you prove arcs equal? If you draw radii to the ends of the 
«hsvrfr. asx jvxjxx-rs ihe central angles equal? 
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PROPOSITION 1 

141. In a circle , or in equal circles, equal central angles 
have equal arcs. 



Given: Ofl-OB’, and / ii-Z/!'. 
To prove: 


Proof: Statements 

1. Place OH on OB' Urnt 
point D is on point Ii\ and DA 
takes the direction cf O' A'. 

2. Point A is on point A', 
B'C' ^ ^ a ' ie3 direction of 

4. Point C Ls on point C. 

5. AC’ coincides with A'c*. 

6. AC=A'C > . 


REASON'S 

1. At. 10. 


2. AD-A'B ' by J133. 

3. AB-A/E by hyp. 

4. DC-B'C by { I3S. 

5. { 13-3. 

0. 521. 


^ ° arc * e ’ or ,n e< l ua l circles, equal arcs 

hove equal central angles. 


To prove: AB= AB\ 
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Proof: Statements 

1. Place OB on OB' so that 
point B is on point B', and BA 
takes the direction of B'A'. 

2. Foint A is on point A'. 

3. AC is on jVC*. 

4. Point C is on point C'. 

5. BC coincides with B’C'. 

C. ZB=ZB\ 


Reasons 

1. Ax. 10. 

2. AB*=A'B' by § 13S. 

3. O B = OB' by hyp. 

4. AC—A'C by hyp. 

5. §4. 

6 . § 21 . 


143 . Corollary. A diameter bisects the circle. 
(St. A arc equal, and $ 141). 
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Proposition 2 

144. In a circle or in equal circles, equal chords have equal 



Given: OE-OF, and chord A /J- chord CD. 
To prove: AB-CD. 


Proof: Statements 

1. Draw radii AF., ED. CF 
end FD. 

2. In AAED and CFD, chord 
AB = chord CD. 

3. AE=CF&adEB‘=FD. 

4. A AEB& &CFD. 

5. AE « AF. 

6 AB = CD. 

146. Converse. 
have equal chords. 


Reasons 

1. Post. 1. 

2. Hyp. 

3. 5 13S. 

4. 8 57. 

5. 5 22. 

6. § 141. 

or in equal circles, equal arcs 


In a circle 


Given: OE-OF and AB=*c5. 
To provr: chord A 9= chord CD. 
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Proof: Statements 

Reasons 

1. Draw radii AE, EB, CF, 

I. Post. 1. 

and FD. 


2. In AAEB and CFD, AE = 

2. § 138. 

CF and EB—FD. 


3. 

3. Hyp. 

4. AE=AF. 

4. § 142. 

5. AAEB ^ A CFD. 

5. § 50. 

6. Chord AB— chord CD. 

6. §22. 


146. Method of attack. Arcs are proved equal by means of 
equal central angles or equal chords. Lines may be proved 
equal by showing that they are chords of equal arcs. 


Class Exercises 


1. An inscribed equiangular triangle divides the circle into 
three equal arcs. 

2. If chord AB= chord BC and BD bisects 
A ABC, then AD -DC. 

3. If chord AB-chord BC and AD = fic, 
then BD bisects A ABC. 

4. E, F, and 0 are the middle points of 
AB, DB, and BC respectively. If chord AB= chord BC and 



EF=FG, then AD -DC. 

5. If ALIIK is inscribed in & circle and AH— AK, then liL 
~KL. 


6. Two equilateral triangles inscribed in a circle are congruent. 

7. If CD is the perpendicular bisector of 
ihord AB, then Ic-CB. 

8. If D is the middle point of chord AB 
and C is the middle point of arc AB, then 
CD1.AB. 

9. If a circle is divided into 3G0 equal parts, each are has a cen- 
tral angle of one degree. 
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10. If 04 = GDand ZB = Z.E, then BC-EF. 

11. If four successive chords GH, III, 1J, and JK are all equal, 
prove that chord GI equals chord IK. 

12. In a circle, two inscribed triangles are congruent, if two sides 
of one equal respectively two sides of the other, and the vertex oppo- 
site the longer of these two sides in each triangle is on the major 
arc cut off by that side. 



^ 10 - Ex. 13. Ex. 19. 

13. The diagonals of an inscribed parallelogram are equal. 

14. The diagonals of an inscribed parallelogram are diameters. 


Optiohal Exercises 
15. Prove the converse of Ex. 14. 

are equal* 5 ° f “ inscribed equilateral pentagon (five sides) 

IB* Tf T P°ly8° n *3 equilateral, it is equiangular. 

1 ' C ord AB a P ar aUel to diameter CD then AC-BD. 

°ud II F passes through the center K, theo 


if a lei/of tnan 8| es , inscribed in equal circles, are congruent 

u a leg of one equals a leg of the other. 

tW ° “ 

■msecs-*- * vS/ 

J*. Ifcbor d AB. c b„ rii!(7 „ JBDisidi;i 

If two chords bisect „ch other, tb, .ppo^t. „„ J. 
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Honor Work 


26. Two chords, which bisect each other, are diameters. 

27. If radius OD is parallel to chord BA, then AD -DC. 



Ex. 27. Ex. 23. Ex. 29. 

28. If two equal chords intersect, their corresponding parts are 
equal. (Prove A KNL K AMLN.) 

29. If BC equals the radius AE, show that ZAEF is three times 
as large as ZC. 


Drawing Exercises 


30. Copy the following figures. (See the picture on page 181.) 



Investigation Problem. In ©0, the radius 
OD fa perpendicular to the chord AB. Com- 
pare AC and CB, also arcs AD and DB. 
What construction lines are needed to prove 
dC equal to CB1 What method have you 
had of proving arcs equal? Can you prove the 
central angles equaff 
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Proposition 3 

end '° diU * pe,pendim ’ 1 " lo « ch °7d bisects the chmd 



0!ven:[oO] ; radius ODXchoni AB, 
To prove: rlC-CB end Xb-Slt. 

Proof: Statement 
\ radii 0.1 and OB. 

2. In XAOC ard DOC, 0.1 


OB. 

3. OC=OC. 

5. A.40CSAC0C 
C. AC=CZfand y v 

7- V ' 


Reasons 

1. Post. I. 

2. §138. 


3. Iden. 

4. ODxAB by hyp. 

5. 1 04. 

6 . § 22 . 

7. § 141. 


^8. Corollary. A j.- . 

binds the chord and both ara^ pcrpwuKc “ far te a chord 

“ the chord necessarflv WseetTfc Pei if ,COlar to a cljonl ftnt3 enditl 8 
tne chord? Prove your answer. 
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Class Exercises 

1. A diameter bisecting o chord which is not a diameter is perper*- 
dicvlar lo the chord. 

2. A diameter bisecting an arc is the perpendicular bisector of the 
chord of that arc. 

3. The perpendicular bisector of a chord passes through the center 
of the circle. 

4. A line bisecting both arcs, into which a chord divides the circle, 
is the perpendicular bisector of the chord. 

6. A line bisecting a chord and its arc passes through the center 
of the circle. 

6. Bisect a given arc. 

7. Construct the center of a given circle. 


Optional Exercises 

3. In a triangle, no side of which is a diameter of its circum- 
scribed circle, a median through the center of that circle is an 
altitude. 

9. The altitude to the base of an isosceles triangle passes 
through the center of its circumscribed circle. 

10, The arcs intercepted between parallel chords are equal. 


Honor Work 


11. If a chord of a circle moves but remains parallel to a given 
line, what line will its middle point trace? Prove your statement. 

12. If radii OE, OF, OG and Oil arc drawn perpendicular 
respectively to the Bides AB, BC, CD and D.l of a square A BCD 
inscribed in circle 0, and the points E, F, G and II arc joined in 
order, then EFGU is a square. 


Investigation Problem. In this figure, AD an d CD 
are equal chords, and OE and OF are the perpen- 
diculars on them from the center. Are OE and 
OF equal? If you think so, what lines would 
you draw to prove it? IIow does AE compare in A 1 
length with AD? Why? CP with CD? AE with 
CFl Why? Is the converse of this true? Trow your answer. 
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Proposition 4 

drdcs ‘ equ °' ch ° Id! °" 



yyu, cnord /. 

“d OFXCD. 

To prove: OE**OF. 

Proof: Statements 

I. P'»’T nclu0.1„ doc 

oc ; I “ iaif: ««<iocF,o.i. 

t. 

6°: aIVcp*"*™- K®. 

7. AO/lRs; ^OCf 

8. OE-OP. 


Reason’s 

1. Post. 1 . 

2. 5 138. 


3. 5 12. 
4 ■ Hyp- 
5. § 147. 
G. Ax. 6. 
7. §94. 
8- 522. 


• 8 22. 

^ 60 . Converse Tn 

equally distant from the ° T in e 1 uat circles, chore 

center me equal. 

Glvcn: G O.OE^OF OP i » n 

To prove: AB-CD.' ^ ‘‘°* 0F ' LCD - 
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Proof: Statements 

1. Draw radii OA and OC. 

2. In AOAE and OCF, 0A = 
OC. 

3. Ax and A y are rt. angles. 

4. OE=OF. 

5. AOAE^AOCF. 

6. AE^CF. 

7. AE= \AB and CF=\CD. 

8. AB^CD. 


Reasons 
1. Post. 1. 

1. § 138. 

3. § 12. 

4. Hyp. 

5. §94. 

G. §22. 

7. § 147. 

8. Ax. 5. 


161. Method of attack. Chords are proved equal by show- 
ing that they have equal arcs, or that they are equally distant 
from the center. 


Class Exercises 

1. A polygon, inscribed in a circle, is equilateral, if the perpen- 
diculars from the center to its sides are equal. 

2. If a parallelogram is inscribed in a circle, the opposite sides 
are equally distant from the center. 

3. If perpendiculars from the center to two chords are equal, the 
arcs of the chords are equal. 

4. If two chords from a point on a circle make equal angles with 
the radius to the point, the chords are equal. 

6. The perpendicular bisectors of the sides of an inscribed poly- 
gon meet in a point. 

6. Two parallel chords, through the ends 
of a diameter, are equal. 

7. Two chords, perpendicular to a third 
chord at its ends, arc equal. 

8. A BCD is an inscribed square, and 
OE, OF, OG, and OH are the radii perpendicu- 
lar to AB, BC, CD, and DA respectively. Prove that polygon 
AEBFCGDIl is equilateral. 

9. In a circle, chords unequally distant from the center are 
unequal, and conversely. 
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Proposition 4 

'WyXtonltZZ^T equa! Ch0,lsa ‘ 



et AmiEiK 

oc 1 l0AE »n<l ocr, OA. 

l:SS^ &ocp - 


1. Post. I. 
2 - § 138 . 

3. 5 12. 

4 - Hyp. 

5 . 5 147 . 

6. Ax. 6. 
i 7 - § 94- 

I 8- §22. 


150. Converse. In n ft 
equally distant from the ee t ° T in e Q ual circles, chord* 
n , ,er are equal. 

GlTea! OO.OE^OFOF, , „ . 

T ° Prove: AB^co.' ° FXCD ’ 
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Proof: Statements 


Reasons 


1. Draw radii OA and OC. 

2. In A OAE and OCF, 0 A = 
OC. 

3. Ax and Ay are rt. angles. 

4. OE~OF. 

5. AOAE^AOCF. 

6. AE=CF. 

7. AE~iABaodCF=tCD. 

8. AB~CD. 


1. Post. I. 
1. § 138. 

3. § 12. 

4. Hyp. 

5. §94. 

G. §22. 

7. § 147. 

8. Ax. 5. 


151. Method of attack. Chords are proved equal by show- 
ing that they have equal arcs, or that they are equally distant 
from the center. 


Class Exercises 

1. A polygon, inscribed in a circle, is equilateral, if tbo perpen- 
diculars from the center to its sides are equal. 

2. If a parallelogram is inscribed in a circle, the opposite sides 
are equally distant from the center. 

3. If perpendiculars from the center to two chords are equal, the 
arcs of the chords are equal. 

4. If two chords from a point on a circle make equal angles with 
the radius to the point, the chords are equal. 

6. The perpendicular bisectors of the sides of an inscribed poly' 
gon meet in a point. 

G. Two parallel chords, through the ends 
of a diameter, are equal. 

7. Two chords, perpendicular to a third 
chord at its ends, are equal. 

8. ABCD is an inscribed square, and 
OE, OF, OG, and Oil are the radii perpemlieu- 
lar to AB, BC, CD, and DA respectively. Prove that polygon 
AEBFCGDH is equilateral. 

9. In a circle, chords unequally distant from the renter are 
unequal, and conversely* 
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10. If the radii perpendicular to two chorda of a circle form equal 
angles with the radii to an end of each chord, 
the chords are equal. 

11. If two intersecting chords make equal 
angles with the radius to the point of intersec- 
tion, the chords are equal. 

^1^ (State and prove the converse of 



Optional Exercises 

i* the . center °f the circle bisects a line which passes through 
it and ends ,n two parallel chords, the chords are equal. 

anv if.? 0 Ch0rds are para,le! * the rent " of the circle bisects 

any hne through it and ending in the chords. 

centers^are equa” *** equal, if their chords equally distant from the 

Parts tW0 e * rc ^ M which have the same center, its 

P«ts, intercepted between the two 
orcles, are equal. 

17. If, through two equal circles 

■ In, „ 

to the hoc joining their centers, the 

ch^mtercepted in the two circles 



given chordf' VCn C * rC ^ e ’ CQns ^ ruc t a chord equal and parallel to a 


P*ilto aTolL^^ST * Ch ° rd ^ 40 * ^ ^ 

the c'irek o? rtfchSJfc c h<! ° f 


''\\Honor Wore 




THE CIRCLE 


167 


22. If two equal chords are extended to meet outside the circle, 
the line joining their point of intersection to the center 
bisects the angle which they form. 

23. If any number of parallel chords are drawn in a circle, 
their middle points are all in the same straight line. 

24. If the secant AE moves away 
from the center of O 0, but re- 
mains always perpendicular to the 
diameter CD, how do the points A and 
B move? Compare the distances AD 
and DB. "What can you say about 
the secant AE when it reaches the 
end D of diameter CD? What has 
become of points A and B? What then is the 
relation of a diameter to the tangent at its end? 

25. Two lines, KL and MN are bisected by the 
center of a circle. Prove that the chord through 
K and M equals the chord through N and L. 

Applied Problems 

26. A wheelwright is given a part of a broken wheel, and told to 
make a new wheel of the same sire. Show how he 
could construct the center and radius. 

27. A log is sawed so as to yield eight boards and 
two slabs, each 1 in. thick, one cut passing through 
the center of the log. Show that the boards can be 
divided into five pairs, the two boards of each pair having the same 

width. 

Investigation Problem. AB is tangent to O 0 at A , and OX is a 
radius. What do you suspect about Z OA B? 

Is OAA.AB? What do you know about 
the length of a perpendicular to a line 
as compared with the length of any other 
line from the same point to that line? Is 
CA shorter than any other line from 
0 to AB? Why? Is X necessarily outside the circle? 
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Proposition 6 

152. A tangent is perpendicular to the radius drawn to the 
point of contact. 



Given: {OOj; tangent All and radius OA 
to tte point of contact *1. 

To prove: AB±OA. 

P*" 00 * : Statesiexts 

1. Draw OX to any point A* of | 

AB except A . 1 

2. X is outside OO. 

3- OA < OX. 

"*•, OA A. AB or AB ±OA, j 


Reasons 
1. Post. 1. 


2. 5 134. 

3. § 140. 

4. Ax. 12. 


Do nJ.ffifS'S; ‘•’"■“'TOO or Proposition 5. 

tangent Khat mint ^ * be above figure, to prove AB a 
the length V OX com U pro y* about an y point on it? How does 

«po“tX?\cfa^nH reWlththat0fOA7 Where then 

“tough a pjint on tho eh*"”"""'" >n»2™‘ to » tint. 

SXr , e °;k:S",' h * ?r 
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outer end is tangent to the circle. 


Given: [OO]; radius OA and AB±OA. 
To prove: AB is tangent to O 0. 


Proof: Statements 


Reasons 


1. Draw OX to any point X of 
AB except A. 

2. OX>OA. 

3. X is outside OO. 

4. AB is tangent to ©0. 


1. Post. 1. 

2. Ax. 12. 

3. § 140. 

4. § 134. 


164. Corollary 1. A perpendicular to a tangent at the point 
of contact passes through the center of the circle. (Use § 152.) 

If a line is drawn from an outside point to the center of a circle, the 
length of the segment from the point to the nearest intersection with 
the circle is called the distance of that point from the circle. 

165. Two circles are tangent to each other, if both are tan- 
gent to the same line at 
the same point. 

A common tangent to two 
circles is internal if it passes 
between the circles, ns AB; 
and external if it does rot pass 
between the circles, as CD. 

166. Corollary 2. If two circles are tangent to each other, 
the point of contact and the two centers lie in a straight line. 
(Use § 154.) 

Investigation Problem. Draw two tangents to a circle from 
an outside point. How do they compare in length, measured 
from the outside point to the point of contact? Can you draw 
two tangents to a circle from an outside point such that their 
lengths are not equal? State and prove your conclusion. 




GEOMETRY IN MODERN ROAD BUILDING 


Because of the speed at which cars travel today, the * 
problem of road building becomes more and more scien- 
tific, and consequently a better knowledge of geometry is 
required of the engineer who plans the project. In the 
picture shown here, the circular roads tangent to the straight- 
line speedways are needed to conduct traffic from cither 
roadway in either direction to the other road in cither 
direction without making it necessary for any line of traffic 
° ot ^ cr ‘ Th'* •* one of the problems of modem 

road building. 


Another problem of road construction that requires a 
knowledge of geometry i, that of banking a curve. The 
amount that the road must be raised on (he outside of the 
cunre depends on the sharpness of the curve, that is. on 
f* te* ° " diui of ‘ Ke circle. You will leans in 
3 ho , w t" "*» '* A, lk« pre!e „t lime 

... no! UM the 
dS no! k .7“" of Ik. contortion 

V , «« «*«■& training. So thee is 

Stolid d * =°° d scotolnc back- 


Pholo by P« U J j. Woo If 





GEOMETRY IN MODERN ROAD BUILDING 

Because of the speed at which cars travel today, the 
pro em o road building becomes more and more sclco- 
tihc, and consequently a better knowledge of geometry is 
required of the engineer who plans the project. In the 
picture shown here, the circular roads tangent to the straight- 
line speedways are needed to conduct traffic from either 
roa way in either direction to the other road in cither 
direct, on without making it necessary for any line of traffic 
raad'buld^ ° ( ^ Cf " '* onc ‘he problems of modem 

Another problem of road construction that require* a 

amoul, 3C °T‘ Cy h ,hat ° f a ^ 

amount that the road must be raised on the outside of the 

curve depends on the sharpness of the curve, that is, on 
feW* ° .! hc ‘he circle. You will leam in 

manv A t" ra ?° $ " de,etmined - At the present time 
^dsfroughout the country are not banked the 
3S ZT T ,e <f,C """ in c h flr 9 e of the construction 
n J ? P, ° PCr 5Cicn,ific “s- So there is 
grouLd. 62 ° f PefSon$ w ‘‘h a Sood geometric back- 


Photo by Paul J. Woolf 
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Proposition 6 

167- TangM, to „ circlt/ r ,„ „ point m 



Giv ro: AB „<1 BC ta, 5ent to GO. 
To prove: rlB= BC. 


M^° f: STATl:iIENT3 

1-. pn«w OA, OB, and OC. 

3. o B c° aad CB0 ‘ BO =BO. 

4- OA±AD and OC±BC 

5. A AWO^ACBO. 

6. AB^BC. 

\ Cliss Exzsasrs 


REASONS 

1. Poet 1. 

2. Iden. 

3. im 

4. 5 152. 

5. J&L 

6. J22. 


1. Tangent) to a circle from a i 

chord joining thei'r points of contact. l0nn ef,uaJ M S' ra with the 

2. If tiro tangUts are drawn to a cirri* r 

joining that point to' the center of »h* - m * P 0104 - the line 

by the tangents. p lrc4e bisects the angle made 

Id. 3Dge CDds ** * diameter are paral- 
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4. Draw two circles, so that the distance between their centers 
shall be: 

(а) greater than the sum of the radii. 

(б) equal to the sura of the radii. 

(c) less than the sum of the radii, but greater than their 

difference. 

(d) equal to the difference of the radii. 

(e) less than the difference of the radii, but greater than 

zero. 

(/) equal to zero. 

5. How many common tangents can be drawn to the two 
circles in each of the above cases? 

6. If ©A and B are tangent to DE 
at C, show that tangents FG and Fll, 
from any point F of DE, are equal. 

7. If two circles are externally 
tangent to each other, their common 
internal tangent bisects their common 
external tangents. 

8. The common internal tangents to two circles are equal. 

9. The common external tangents to two unequal circles are 
equal. 

10. If A B and CD are the common internal tangents to two circles, 
then chord AC is parallel to chord DB. 

11. AB, BE, BD, EG, and EF 
are all tangents, and the circles are 
tangent to each other at C. Then 
BD=EG, if AB~EF. 

12. A chord is parallel to a tan- 
gent drawn at the middle point of 
its arc. 

13. Construct a tangent parallel to a given chord. 

14. If two tangents meet at an angle of GO®, the chord joining 
their points of contact equals each tangent. 
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Proposition 6 

167. Tangents to a circle from a point are equal. 



, Given: ,1B an d BC tangent to q 0 . 
To prove: AB^ BC. 


N ° oi: Statements 

U Draw OA, OB, and OC. 

- jnAABO and CBO, BO = 

3. OA^OC. 

i' °A AAB 1111(1 OCABC. 

5- AA\BOsaCBO. 

6. ab*±bc. 


Reasons 

1. Poet. 1. 

2. Idem 

3. $ 133. 

4. § 152. 

5. §&!. 

6 . § 22 . 


\ Caass Exercises 

a. Tangent^ . . 

^ord joining tLfi-'r ,_?■*» 6 ^ rom a P 0 ^ form equal angles with the 
2. if two tan ' ° f contact - 
joining that pofatto^u* d ?* Wn to a circ!e fro ® a point, the line 
by the tangents. 0611 CF *^ e ‘drcle bisects the angle made 

w - 3 ' T “ E " ,U *° *\ d " fe *‘ «• ad, of , diameter mo pod- 
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Honor Work 

26. ABCD is a circumscribed quadrilateral. If AD |J BC, prove 
that A AOB and DOC are right angles. 

27. The radius of the circle inscribed in an equilateral triangle 
is one-third of the altitude. (Use § 05.) 



Ex. 26. Ex. 2S. Ex. 29. 


28. ©A and B are tangent at C, and DE is a common tangent. 
Prove that ADCB is a right angle. 

29. It Fit is tangent to <30 at G, KJ any diameter, KFlFH, 
and JIIlFIl, prove that FG** GII. 

30. The angle formed by two tangents is the supplement of the 
angle formed by the radii to the points of contact. 

31. The bisector of the angle formed by two tangents is the per- 
pendicular bisector of the chord joining their 
points of contact. 

32. The bisectors of the angles of a circum- 
scribed polygon are the perpendicular bisectors 
of the sides of the inscribed polygon, whoso 
vertices arc the points of contact of the sides of 
the circumscribed polygon. 

33. If AB, BD, and DE are tangents to O 0, and OB 1,0 D, then 
AB |] DE. 



Applied Problems 


34. Two streets meet at an angle of 45*. 
It is proposed to round off the point of the 
curb by constructing an arc of a circle of 
rtsdius ten feet tangent to both curbs. 
Construct a plan for the work. 
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Jfrf' bei ” B the p0 “ t ot 


Optional Exercises 


ascribed 


circles ^ equi,atera, » if its inscribed and circumsci 

circles have the same center. 

Prove thl? . , f n f e ! lts *** < ^ ra ' vn to a circle from a point outside, 
to the arc incl^ e t°nned by these tangents and any tangent 

feUwo C£* * th ™. »“* P«ime, e re, ral „ the.L.f to 
"P* taZ oftheoCt ™' dK '‘™ ai '* d ' 

eni,' A ’" ,ralM °S r "» circumscribed about a circle is equilst- 

ss ,he o ' tt ' 


A 


«-A*cu»„ iW 

at their poinjtf ^ 8itIc3 of a circumscribed polygon 

23- If tangent CD L fT throUfih a CQmraon P°int. 

© A = OR. Y* tan S ent EF and Z DCG = Z FEIT, then 


Parses through the cenfr ft* ^° nne ^ ^7 two tangents to « circle 
25_ >j^ e hijecto l 01 '* >e cimlc. 

®eet in & common point\ * 0ES ' e3 a circumscribed quadrilateral 
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Honor Work 

2G. ABCD is a circumscribed quadrilateral. If AD || BC, prov» 
that A AOB and DOC are right angles. 

27. The radius of the circle inscribed in an equilateral triangle 
is one-third of the altitude. (Use § 05.) 



Ex. 20. Ex. 28. Ex. 29. 


28. © A and B are tangent at C, and DE is a common tangent. 
Prove that ADCE is a right angle. 

29. If FI! is tangent to <30 at G, KJ any diameter, KFl.FR 
nnd JIIXFH, prove that FG= GH. 

30. The angle formed by two tangents is the supplement of the 
angle formed by the radii to the points of contact. 

31. The bisector of the angle formed by two tangents is the per- 
pendicular bisector of the chord joining their 
points of contact. 

32. The bisectors of the angles of a circum- 
scribed polygon are the perpendicular bisectors 
of the sides of the inscribed polygon, whose 
vertices are the points of contact of the sides of 
the circumscribed polygon. 

33. If AB, BD, and DE arc tangents to ©0, and OBXOD, then 
AB H DE . 



Applied Problems 

34. Two streets meet at an angle of 45°. 
It is proposed to round off the point of the 
curb by constructing an arc of a circle of 
radius ten feet tangent to both curbs. 
Construct a plan for the work. 
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h vt-i A ™ n "‘ n 8 frack tas two straight parallel paths, connected 
Circ C3 ’ tail ^ nt 40 Construct a plan of the track. 

J dinR ft " aroad - two etnught sections of track, A Band 

S' " by “ re of * **. <•■»«* to CD, «d 

tangent to Afi at D. Construct 
the center of the circle. 

37. A railroad engineer must 
construct a track passing through 
?' and joining the two parallel 
tracks AB and DE, so he plans 
to have the are of a circle tangent 
t0 . AD at B < fln d passing through 
point C, then forming a reverse 

* '’“ t ” 10 0Bte 

tangent CH to the curved rail ACE^TJ T , -A 

£AGC mad. by the „ ^ "• ■“ *~>T detenmed 

P ” ve that ZD CD equab, Z4CC. 

fe»Bh A of”St ^“pu'd £ 

measures the length ABCD ’ sv, 

■dJ;S^^ , SL'^s 0[ ^r " ,uart " 
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41. During an eclipse of the sun, the sun, moon, and earth are in 
the positions shown in the diagram. In determining facts about the 
eclipse, the astronomer make3 use of the four common tangents to 
the Bun and moon. 

There is no eclipse at 

A, a partial eclipse 
at B, and a total 
eclipse at C. Draw 
a diagram showing 
how the sun would 
appear if you were at 

B. Draw a figure illustrating an eclipse of the moon, that is, 
when the earth is between the sun and the moon. 



A Self-Measuring Test 

1. Give four methods that depend on circles for proving lines 
tqual. 

2. Give two methods that depend on circles for proving angles 
equal. 

3. Define: tangent; chord; secant; arc; circle; radius. 

4. Make a list of ten methods of proving angles equal. 

5. State two propositions about tangents. 

6. Define parallel lines. 

7. Give three methods of proving lines parallel. 

8. Define: (a) supplementary angles; (6) vertical angles; (c) 
Straight angle. 

9. Make a list of eight methods of proving lines equal. 

10. Define isosceles triangle. 

11. Give two propositions about isosceles triangles. 

12. State two propositions in which chords are proved equal. 

13. State two propositions in which arcs are proved equal. 

14. If a chord and a tangent have a point in common, where is 
that point? 

IB. Give four methods of proving triangles congruent. 
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16. Wtat are the mdu pu^ of ^ b „ 

17. Define a -parallelogram. 

18. Give Jour Jade about paxrilelugram, whioh you have pond 
another." 6 ° mettoda of P rov > n S °ne line perpendicular tfl 

; a S Che J e " y lh ?‘ "» «■"»> ™ta.d of congruent! 

re equal Clrc!es necessarily congruent? 

fines equal? 181 ^ 1116 defin,tlon of lte circle be used to prove 

23. What method of proving lines equal depends on tangents? 


Space Geometry (Optional) 

which are the sanf • Ep ^ erc j 3 a closed surface all points of 
All radii of a sphere are equal. 


Exercises 




3 


1. Prove that a action of a 

sphere made by a plane is a circle. v . .. , 

Draw OD from the center of the 
sphere ± plane AIN. Then prove DB—DC „ w n . „ 
any two points on the curve. P ° C h re B and C m 

2. If plane AIN moves ' v f* 
does the sire of OD change- 
does its radius then compare - 

3. Since there are no 

between two points must be 
email circle or * • -- . 

two points? Wh^-J'''- 
circle through ■* *' ’ . 
board. • ' 


of the sphere, how 
' the largest? How 

v ^ r 3#iine 
, t ^ * 
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4. The section of a sphere made by a plane which passes 
through the center of the sphere is called a great circle. How 
many great circles can pass through two points on a sphere, 
(a) if the points are ends of a diameter; (6) if not? 

5. An aviator, flying from Chicago to Rome, Italy, was forced 
to the land near Hudson Bay. Why did he go away 
up there instead of staying near the latitude of 
Chicago or Rome? 

6. If two circles of a sphere have their planes 
equally distant from the center of the Bphere, are 
their radii necessarily equal? Prove your answer. 

7. If a plane is perpendicular to a radius of a sphere at its 
outer end, what is its relation to the sphere? 

8. Make up propositions for the sphere resembling those of 
paragraphs 162, 163, 164 and 166. Do they appear to be true? 

9. Can more than one plane be drawn tangent to a sphere at a 
given point, (a) on the sphere; (6) not on the sphere? 

10. Can more than one line be drawn tangent to a sphere at a 
given point, (a) on the sphere; (b) not on the sphere? 

Completion Test (10 min.) 

Copy the numbers of the questions and after each write 
the one word that is omitted. 

1. H two circles touch each other externally, the greatest number 
of common tangents that can be drawn is ... . 

2. Tangents to a circle at the ends of a diameter are . . . 

3. A diameter, bisecting a chord which is not a diameter, is . . . 
to the chord. 

4. If two unequal circles have the same center, all chords of the 
larger circle that are tangent to the smaller circle are ... . 

5. A line through the center of a circle perpendicular to a chord 
... the chord. 

6. Two chords of a circle equally distant from the center are .... 

7. A point is inside a circle if its distance from the center is . . . 
than the radius. 

8. If two circles are tangent to each other, the point of contact 
and the two centers lie on a ... . 




178 msx OrOJIKTKV 

nurrmr, of ,w,,vins tristful ncsuat! 
IT. Define t p<*ro&h>fnj*i. 

IB. Gh» four f.rtr .bou, imlH^,., „ urfl pr.rrf 

another tW ° mi ' t ^ c *^ s jifiivins ore line |*Tprndidj!ar U 

""“' 7 *» "!“> «p™ 

AftMuJfii*! * P M ’ r ,rc h-utcad of ct/r.grumt? 

Art equal circle nr re-wily wngrurftt * 

linwequ J ? 1 * 1 W#i ” n **‘ r *kC«itf«n l/! the circle be uvd la prove 
*al method U proving hne« equal depends on lang-nts? 


Space Cioumr (Optional) 

which arethe * T,l< i. rpIirrr ‘ ** a rlo,6 ‘'*l nirfacc all points of 
-l£ fn>ni " ^ «■** sphere 

AH radii of & rpl,e ro „rr equal. 

EtiBcms 
1 Prow to, , 

^licre nudo by « , . . 

“»*<«> 

•There x plane t/A* ws. 

“7 two points on the curT" DB-i>C w, * rc 21 and C are 

does the tire of OD^li” t °? ran * the center of the sphere, bow 
docs its radius then enmr- W ‘. “ O D the largest? Ho* 

3- Since ° f th ‘ «*«* 

between two points must k- 8 ”* >n ” ° n a f P hen? > th * ehortest line 
fm) dl circle or of a very lare« * f 1 *'*' 1)0 *° u the arc of * 
two points? Why? 7~t | W j 1* the shorter line between 

circle through the same ^. n * win S " email circle and a large 

w to* Z^‘ m * w* » - fc «“•- 

more nearly straight? Which is shorter? 
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True-Fjllse Test (10 min.) 

Write T if the statement is true, F if it is false. 

1. A tangent is a line that touches a circle at one and only one 
point, however far produced. 

2. In a circle central angles have equal arcs. 

3. A line perpendicular to a radius is tancent to the circle. 

4. A radius perpendicular to a chord bisects the chord. 

5. In a circle equal chords have equal arcs. 

6. Equal chords are equally distant from the centers of circles. 

7. Tangents to a circle are equal. 

8. A tangent is perpendicular to the radius to the poiut of 
contact. 

9. Any part of a circle is an arc. 

10. Radii of circles are equal. 

158. An inscribed angle is an angle formed fay two chords 
meeting on the circle. 

169. A segment of a circle is the figure formed by an are 
and its chord. An angle is inscribed in a seg- 
ment, if its vertex is on the arc of the segment 
and its sides are chords drawn to the ends of 
that arc. 

Z R is inscribed in segment in ABC. 

160. Measurement of arcs. The arc of a circle inter- 
cepted by a central angle of one degree is called an arc degree. 

The arc degree has the same subdivisions as the angle degree; 
that is, 60" = 1', 60' = 1 °. An arc of 90° is a quadrant. 

161. An angle is measured by an arc, when the number 
of angle degrees in the angle equals the number of arc degrees 
in the arc. 

For example, in the above figure, if A A contains 42 angle degrees 
and $}$ contains 84 arc degrees, we say that A A is measured by half 
of £d, which means simply that the number 42 is half of the number 
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UAicmno Test (W min.) 

the phnJe thatT^Tr 1 t0 10 ‘ A ^ or write the letter of 
the number ° correct definition of the word following 


*• Minor are 
2 Secant 
3. Inscribed circle 
"*■ Circumference 

6- Arc 

6. Tangent 

7- Diameter 
8. Chord 

S. Circumscribed 

circle 

10. Intercept 


A part of a circle. 
b - 1110 length of the circle. 
c. A line touching a circle at one point 
<t A line joining two points on a circle. 

*' A Pawing through all vertices of 
a polygon. 

/- A chord through the center of a circle. 

S- To cutoff. 

A. An arc Jess than a semicircle. 

V " ,IRe intersecting a circle. 

J- A circle touching all sides of a polygon. 


■wr.t WO TRe Co “«*— 0T A Conclusion (tfl min.) 

rt the conclusion is 

used in proving j t . jf ° f the hj’P otbcsif 



3, 4 Ex. 5 


t O.T>i, attd 

*• Given: T °-™Xc D±A , 
L Gi ™ : CD -UB^,cd_la 

S - G '" m ®-s„ d u. ££ 


Then AB is tangent to O 0- 
W *C.AB, O the center cf 

Then AD^DB. 

Then ACr=CB. 

Then AD^DB. 
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cannot tell directly, what do you know about the relative sizes 
of A A and AB1 How does AAOC compare with A A and 
AB1 What then is AB measured by? In 
the second figure, neither side of the angle is 
a diameter. Can you draw a line dividing the 
angle into two parts, each of which will have 
one side a diameter? What is each part 
measured by? What then is the whole angle 
measured by? If both chords EF and FG were on the same 
side of the center of the circle, would your proof still hold? Are 
you a good enough student to complete this proof before looking 
at Proposition 7? 






580 J’Lant: geometry 

to an&thelf tte *? mean3 that one number is equal 

m reasons. ^ propositions about equals may be used 

an arc oM^reer^ 1 ^ *! “ wntral of I" intercepts 

central angle of 3® »ni • , 

ot 3 will intercept an arc 

tercept an are of *** ®? 10# wfll — 

Agrees wm intercept' an a' re ; f SUn ^ rIy * CCntral of 1 

tml aDgirln^werc ^ . ,n !° r “ pt 1111 are of for if a cen- 

would be cut into ,nl °\ Cqual P 51 " 19 ' the flrc of ** 

D f 1® . equa! Mcs - Similarly, a central angle 

wj cut ir “ * C “ tol “*>• 01 ‘‘ 

be cut into cqiS amf 3 ^’ ^ “ tcrre P tc d * re of 1° would 

We shul! “Ssume, then, as an miorn that: 

“ 2 . irtn^rterc. 

1B3. Corollary 1. a , . 

9 A circle contains 360 °. 

Io4. Corollary 2. A rfnh • » • 

nrcle. ”**• an Qle w measured by half a semi- 

1 As En *«SE3 

“gl'e? When^ Wh f l . chan g* takes place in its central 

a Tiit am ’ a " wiih '”•£«’*' t ° w d ” iu 

ita reM » t-KUo, „ m „ d 

‘•<OColLund?° b H'^ d ^’ l J 1 »t»it<»nt ra I V 

compare with 4A0C? If you 
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167. Corollary 2. Angles inscribed in the same segment 
are equal. 

168. Corollary 3. The opposite angles 
of an inscribed quadrilateral are supple- 
mentary. 

169. Method of attack. Angles may be 
proved equal by showing that they are measured by equal 
area. 



Class Exercises 

1. Is an angle degree always the same size? Is an arc degree 
always the same size? 

2. If BD is a diameter and AB*= 80°, find ZABD. 

3. If ZABD<=Ab° and CD* 40°, find ZABC. 



Exa. 2. 3. Ex. 8. 


4. If chords AB and CD intersect at E, show that &AEC and 
DEB are mutually equiangular. 

6. The sides of a triangle inscribed in a circle cut off arcs which 
have the ratio 2:3:4. Find the number of degrees in each angle 
of the triangle. 

5. An angle inscribed in a segment less than a semicircle is obtuse, 
and one inscribed in a segment greater than a semicircle is acute. 

7. In a circle or in equal circles, inscribed acute triangles are 
congruent, if two sides of one equal respectively two sides of the 
other, 

8. If four points on a circle are in the order C, A, B, D and if 
db-BD, prove that chord AB fl chord CD. 
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* 165. Jn inscribed angle is measured by half its inlet- 
cepted arc. 



Given: A A BC inscribed in 00. 

To prove: A ABC is measured by \Afc. 

Proof: 

Statements 

c^l. WhcnanerideUadyaneier. 

1. Draw OA. 

2. OA=*OB. 

3. AA=AB. 

4. AB + ZA = ZAOC. 

5. 2 AB~ZAOC. 

6. AAOC ia measured by A&. 

7. A Bis measured by §4^ 

i- iwt! ^ZZLTBT Uadiameter 

3. A ABC is measured by \AC, 


Reasons 

1. Post. 1. 

2. 5 138. 

3. 555. 

4. 587. 

5. Ax. 1. 

6. §162. 

7. Ax. 6. 

1. Post. 1. 

2. Case 1. 

3. Ax. 3 or 4. 
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Optional Exercises 

20. If, from a point A on a circle, a chord AB and a diameter 
AC are drawn, a diameter parallel to AB bisects arc BC. 

21. If two secants from a point to a circle are equal, their chord 
parts are equal. 

22. An inscribed parallelogram is a rectangle. 

23. -If a circle is cut into two segments, the angle inscribed 
in one segment is the supplement of the angle inscribed in the 
other. 

24. If AB is the diameter, and AC equals CD, prove that BD 
equals AB. 



Ex. 24. Ex. 28. Exs. 30, 31. 


26. The line, drawn from the vertex of the right angle to th» 
middle point of the hypotenuse of a right triangle, equals one-half 
the hypotenuse. (Circumscribe a circle.) 

26. A circle, described on one of the equal 6idcs of an isosceles 
triangle as a diameter, bisects the base. 

27. A circle, drawn on one side of an equilateral triangle as a 
diameter, bisects the other two sides of the triangle. 

28. The diameter of one circle is the radius of a second circle. 
Trove that all chords of the larger circle, drawn from the point of 
tangency of the two circles, are bisected by the smaller circle. 

29. If a circle is divided into four equal parts, the chords joining 
the points of division in succession form a square. 

30. If A^~100° and fib - 30 a , find the number of degrees in 
AC. 

31. The angle formed by two secants meeting outside a circle is 
measured by one-half the difference of the intercepted area. 



,Ri W*UfR GEOiFETItY 

9. Prove the converse of Exercise 8. • . 

10 ' " AF - Z A «' *ABC. prove that LABD .liAECm 

mutually equiangular. 

side ; n ?° f"? tr ’ anR * C3 inscribed j n n circle are congruent, if » 

K| “' "actively » »<i U» 

■f s~ 5 3^3-1^ *" — ■* a - 

it their ^«e”'Stea l J^,. i,, " ribCd h * cMe ,re 



^ 14 Ex. 15. 

»«t'r,"iot “ha't'^m, 0 / imCriM »” d » 

P 4n W and ft;/ -» 


angular. 
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40. To erect a perpendicular to a line AB at the end B, take any 
point E over the line as a center and EB as 
a radiu3, and draw a circle cutting the line 
at B and again at D. Draw the diameter 
DC, and join the points C and B. Prove ^ — 
that CB is the required perpendicular. 

41. If a rectangular piece of paper is placed 
on a circle as shown, prove that BC is the 
diameter. Draw a circle and find its center 
by the method suggested in the preceding 
sentence. 

42. Eratosthenes, who lived in 200 n.c., 
determined the circumference of the earth as 
follows: Ho noted that at Syene in southern Egypt, the sun wa* 
directly overhead when far- 
thest north, while at Alexan- 
dria, 500 miles farther north, 
the shadow of a vertical pole 
made an angle of 7.2° with the 
pole. Therefore he decided 
that the arc from Syene to 
Alexandria was one-fiftieth tho 
circumference of the earth. 

Prove that he was right, and find the circumference of the earth 
from his data. 

Investigation Problem. Draw a line BC tangent to a circle O 
at point B. Now draw a chord AB making an obtuse angle with 
BC. How do you think the number of angle degrees in A ABC 
compares with the number of arc degrees in the major arc AB1 
To test your conclusion, draw the diameter BD. What is A ABD‘ 
measured by? How many degrees are there in Z DBC? Why? 
How many degrees are there in DB? Why? How do they com-'- 
pare? What then is Z ABC measured by? Complete the proof. 
What change would you make in your proof, if A ABC were acute? 
Do you think that any angle whose vertex is on the circle- 
is measured by half of some arc? Try to prove some other 
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a through 




Hohor Wore 

32. If AB and AD are diameters, prove that BD 
pomt C. 

33. An octagon ABCDEFGH (eight 

«ides) is inscribed in a circle. Prove that 
»ngtj three straight 

34 ‘ two equal circles intersect in A 
j D - ' an .^ any ^ ne * 3 drawn through C ending in the circles, 
1 is equally distant from its ends. 

e * terior of an inscribed 
quadrilateral equals the opposite in- 
tenor angle. 

how does point C move’ j 

“» BD", „b„ „ h TT ' “ P«- 

by? Wlra ED arira .1 L““ Wrri 

of this arc? What ftr _ .. Potion BD”, what becomes 

be measured by? ’ “* wou!d ^ ‘hint ZABD" should 

Applied Problems 

-tah?r; ni 3 n! f' ’*>» to 



^! e ia *7?T Pos'itio^ he J Ws U tM Jhe 
^tissermcucular. Why is this ^ 
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170. An angle formed by 
oy half its intercepted arc. 


a tangent and a chard is measured 



ivea. I© 0); chord AB meeting tangent BC at 1 

J * IO l e: ZABC * measured by }XB. 

Reasons 

1. Post. 1. 

2. } 152. 


3. 5 143. 

4. § 161. 

5. §165. 

Ax. 3 or 4. 


Proof: Statements 

1' p™w diameter BD 

3 m7‘° i ' DBC 

4 Ynz> a senucir c!e. 

5 / measure d by iDEB. 

ABD is measured by 
■ A ABC j 3 measured by Iapd i 

Investigation Problem. Dm . * _ 6 ' Ax ’ 3or4 * 

and CD crossing at £ n W a Clrc ^ e with two chords AB 

***. fraction cl £!°V *** "»* 

%hich Z A EC 13 the eame C * n . you draw another figure in 
i" *hich XS , “■t»mll»Jfe a „ I „„diew£»t, 

eWrge do you find in fin? AC becomea Iar S er > what 

part 1 of both ares? What AAEC be measured by a 

m ‘ght be used here? nP > ° S il t ' 0a comparing angles with 
"" ** « and 1% cora- 

01 b « ", h y 'i b,t ~ , are these angle* 

* 4.AZC measured by? 
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Proposition 9 

171 . An angle formed by two chords intersecting inside a circle 
« measured by half the sum of the opposite intercepted arcs. 



Given: Lx formed by chords AB and CD 
intersecting at E inside the circle. 

To prove : L x is measured by § (AC+BD) ■ 


Proof: Statements 

1. Draw BC. 

2. Zx-ZB+ZC. 

3. ZB is measured by jXc? and ZC is 
measured by \BD. 

4. Zxis measured by \{ACABD). 


Reasons 

1. Post. 1. 

2. 5 87. 

3. §165. 

4. Ax. 1. 


172. Corollary. Parallel lines intercept equal arcs on a 
circle. 




190 


PLANE GEOMETRY 


PROPOSITIOH 10 

• an ^ e f orme ^ by ti co lines intersecting outside a 

circle, and which meet the circle, is measured by half the differ- 
ence of its intercepted arcs. 



AC ? n<i EC intercepting arcs a and 6. 
lo prove: AC is measured by \{d-b). 


Proof: Statements 
L Draw AO. 

2. 

3. ZC~A x _^ y< 

4. Z.x U measured by \ J. 

5- Ay «3 measured by | 

B. AC is measured by \ (J_^) 


Reasons 

1. Post. 1. 

2. §87. 

3. Ax. 4. 

4. | 165 or 5 170. 

5. § 165 or § 170. 
G. Ax. 1. 


Class Exercises 

lengths bMderS^inV^ 01 ?- divide fl . circ,e into arcs * boM 

by the chords. ’ * * n ' 1 ® ln ’’ * n ^ ^ “*•» find the angle made 
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2. The line joining the points 8 and 11 on the clock « perpendicu- 
lar to the line joining the points 4 and 9. 

3. An angle formed by a tangent and a chord equals the angle 
inscribed in the opposite segment. 

4 . A tangent through the vertex of an inscribed isosceles triangle 
is parallel to the base. 

5. Three consecutive sides of an inscribed quadrilateral cut off 
arcs of G5®, 05°, and 125®. Find the angles of the quadrilateral and 
the angle formed by its diagonals. 

6. If AD-114 0 , .O«=10G°, and AAEB=8 0°, find the other 
angles of the figure. 



Exs. o. 7. Ex. 8. 


r. it Xfi~3s°, 6c = 103®, and /A£Z>=119®, how many degrees 
are there in each angle of the quadrilateral? 

8. If, from a point on a circle, a chord and a tangent are drawn, 
the perpendiculars to them from the middle point of the arc arc 
equal. 

9. An angle formed by a tangent and a chord is the supplement 
of any angle inscribed in the segment cut off by the chord. 

10. How many degrees are there in the angle formed by the side 
of an inscribed square and a tangent through one of the adjacent 
vertices? 

11. If two chords intersect at right angles, the sum of a pair of 
opposite intercepted arcs equals a semicircle. 

12. If the diagonals AC and BG of the equilateral inscribed octa- 
gon ABCDEFGH intersect at K, how many degrees are there in 
AAKB1 

13. The tangents through the vertices of an inscribed itosceles 
triangle form another isosceles triangle. 
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aa isISd b y “S ^ equilal "* 1 

parallel toCD^* Same ^ ypot ^ es * s ' prove that the tangent at A is 



JSSttSStSZ** lwo equibleral triangIes * one 

17 4 n • ’ th lher circums cnbe<l about the same circle. 

■ectine at * Cirde; AC and BD are chorda inter * 

^ 8 ^ E> aad ZAED ~* 0*. Fmd the number of degrees in 

AC, find ZAELt'’ AA “^ • ant * & is the middle point of are 

w order to ^^'^’“S 'hords divide a circle into arcs, proportional 
20. KL and’ MP tbe aDgle formed ^ the chords. 

S&- 5S # , and H perpendicukr chorda - u 

21 If frnm ,. , ’ fod th * number of degree in AKLP. 

DD m k»w» ■'Oof O 0, two chords dC.nd 

> right angle P “ “ *” ™ke AAPB-ii', then 

in A ADC, if. degrees ,n ^DAB and 

22. DC ia twice AD P?» i. i e« 

Sc and aB iaOfl. ~ 15 morc lhan 

su 13 20 leas than CD. 

Q. AD ‘ DC ’ Md CB &re equal, and each 10* more than 
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Honor Work 

In the exercises in which two circles are tangent to each other, 
draw the common internal tangent. 

24. Circles E and F are tangent at ~ 

G. Provo that the tangents AC and 
BD are parallel. 

25. If Off and QJ are tangent at K, 
prove that LH is parallel to JM. 

26. If Of 1 and 0(7 are tangent at E, 
prove AB parallel to CD. 

27. Circles 0 and O' are tangent internally at P. Prove that OA 
is parallel to O' A'. 




28. In the first figure, two chords AB and CD intersect at E. 
What is Z AEC measured by? What is / AEF measured by? If the 



point E moves along AB toward B while A, B, and C remain fixed, 
what change takes place in Xd ? In DB? When E arrives at 
B, what angle has ZAEC become? ZAEF1 What arc has DB 
become? AD? What, then, is ZABC measured by? ZABF,1 € 



4 plane geometry 

tiiTuea to^imf^ d0€ j n0t . stop wb en l> -‘ becomes 0° but con- 
>. . atoun point C until E is outside the circle at 

E tl where now is DB? If a 
quantity decreases to torn „„d 
then continues in the same di- 
^ction, what would you expect 
10 become? What is 
*• Ah,t measured by? 

:»££££*: 

the'i, , s l, ta ' 1 ’‘“™ dlb «ve, 1 e, ot 

30. Iteturning to the point 
J'aBG ' “ ,th S . "bat is Eu ». 

as in the figure how^ If now GF turns around point B, 

Oh what hZ' » t “ C °" e? W ““ 0F «*“»»“ tb"tn»e“t 
what hassle become? ©? What is A ABO, measured by? 




Ex. 30. 



Ex. 31. 


arcs is ZAEC me^ured’ Tr IT' ?^ ntcree «ting chords, by what 
E moves to the center O h i * , mea * diameter and point 

i * *AOC measured bv? n °, thesc arcs ^come? What then 
32. Coaside RcConcile this will* 5 162. 

°f the angle, and ” e ® 3 ** vc B * lon it bends toward the verier 
cnjfe, trW tides meet Ita ends coinc, ' de * prove that: 

• Mn of intercepted arcs “ measxtrtd b 'J one-half the algebraic 



THE CIRCLE 
Class Exercises 

1. If AB || CD, CD is a diameter, and 
AB =80°, find AC. 

2. If AB || CD, CD is a diameter, and 
ZC« 20°, find AB. 

3. If CD is a diameter, AC=4B a , and 
AB=90°, is AB || CD1 Why? 

4. An inscribed trapezoid is isosceles. 

5. If two arcs of a circle, with no common point, are equal, their 
end3 are the vertices of an isosceles trapezoid or rectangle. 

6. If a tangent through the vertex of an inscribed triangle is 
parallel to the base, the triangle is isosceles. 

7. 11 AB || CD, then AD=BC. 



Era. 7, 8. Ex. 9. Era. 10. 11. 
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Era. 1, 2, 3. 


8. If AB || CD, then A CED is isosceles. 

9. If ©ARDCand QEFHGh&ve the same center, and AB^CD, 
then EF=GII. 


Optional Exercises 

10. If A'LAf is an isosceles triangle, prove that PQ If base LM. 

11. If PQ || LM, prove that A KLM is isosceles. 

12. If the side AD of inscribed quadrilateral 
ABCD is les3 than side BC, then AB is not 
parallel to CD. 

13. If DB bisecta A ABC and DE || AB, prove 
that DE**BC. 
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14. AB 13 a tangent and CE is parallel 
to AB. Show that ZB h measured by 
one-half the difference of arcs A D and AC 
by means of the relation ED=*AD—AE. 

tbU ^'“[lumeasurel 
by i(BU+QT), by showing that PU-BU+QT. 


Hokor Wort 
16. The common eatemal tangent, to 
two equal circle, am parallel and equal 

Z2Z , m* , '“ hFQ - (PmnUP 




A Selp-Measdrihc Test 
L Complete the following statements: 

<«) A central angle is measured by 

( ) An inscribed angle is measured by 

by . . D anS ^ e ^ orme d by a tangent and chord is measured 

measured by ^ fonnw * by two chords crossing inside a circle is 
is measured ty 6 f0nne<1 by two ^ants meeting outside a circle 
by aDgle ’ whose Tertex >3 inside the circle, is measured 

An angle, whose vertex is on the circle, is measured 
by W . ^ MeIe ’ Whose verteT » outside the circle, is measured 


<0 An angle inscribed in a semicircle is 

8- Malce a list of ten methods of proving angles equal. 
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3. Give three propositions about a tangent. 

4- Give three methods of proving arcs equal. 

6. "What proposition on the measurement of angles by arcs 
depends on the fact that the base angles of an isosceles triangle are 
equal? 

6. What propositions on the measurement of angles by arcs 
depend on the fact that the exterior angle of a triangle equals the 
sum of the remote interior angles? 

7. State two propositions about equal chords; about equal arcs; 
about a radius and a line perpendicular to it. 

6. Give a method, dependent on the circle of proving that an 
angle is a right angle. 

9. Is a central angle of a circle measured by half the sum of two 
arcs? 

10. Explain what is meant by the statement that an angle is 
measured by half its arc. 

11. What part of a circle is intercepted by an inscribed right 
angle? By an inscribed acute angle? 

12. Is a line perpendicular to a radius always a tangent? 

13. State a proposition about parallel lines cutting a circle. Is 
the converse of this proposition true? 

14. What is the point where a tangent touches a circle called? 

15. Where is the vertex of an inscribed angle? What arc ita 
sides? 

lt>. Define: chord; arc; diameter; tangent; secant. 

17. Can secants intercept equal arcs on a circle, if they meet 
outside the circle? If they meet inside the circle? 

Class Exercises 

Trace back each of the following propositions through two 
generations, that is, give all propositions used as reasons in 
the proof and all propositions used in proving those proposi- 
tions. 

1. A ladius perpendicular to a chord bisects the chord and its arc. 
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2. An inscribed angle is measured by half its inkrapted arc. 

JA “JT!” more P™ 11 ' 1 tut off equal lengths on one 
t^stersal, they cut off equal length, on evecy- transvered. 

of one ee° t 5* anE ' C3 are congruent if the hypotenuse and a leg 
of one equal the hypotenuse and a leg of the othen 

triangles * Putudclogram divides it into two congruent 

from tLfcenter.^ ^ C “ CfeS ' cquaI ellord3 ^ usually distant 


Hoitob Wort 

or ? f . thc f oUowin 5 propositions back to axioms 

postulate nS *7? aU proposition9 i definitions, axioms, and 
postulates on which they depend. 

unL^rcd br hUemeeting inside a tint 

7“"^ ^ th “ s ““ o' U» -pposik intercepted area. 

S- In a circle equal chords have equal « 

the sides oftS MjJfc* hlSector of 1111 an « Ie is equally distant from 
constructed! >erpen< ^ CTllar b ‘ sector of a given line segment can be 


Numerical Test (/o min.) 

angle at C h 15 If / A «= 40° and the exterior 

IBAkJsx? Sthp n Dd * chord “ a circ,e 8Uch ^ 

3. A ABr t , DUmber of d ^«* in arc AR. 

End the number^' TegreeTi^the^ S’ H ^ A=42<> and AB=68°, 
i If , p . ue srees m the minor arc AB. 

sis 70°, 'and ’if°ai an( f Qg ^ ents PA and PB drawn to circle 0, 
\4A0B. ° B m drawQ . ^d the number of degrees 

If ^^ t ^ iaiDeter DC ° f & Circle “ P er P en d<cular to chord AB. 
C ~ 7d( \ *** the nUBJ ber of degrees in BD 
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Completion Test (10 min.) 

1. In a circle an angle inscribed in an arc that is less than a 
semicircle is an . . . angle. 

2. Ah is a diameter of a circle and AC is a chord such that 
ABACS 0°. If AB is 12 in. long, then chord BC is . . . in. long. 

3. If a central angle and the angle formed by a tangent and a 
chord intercept the same arc, the ratio of the angles is ... . 

4. The sides of a triangle inscribed in a circle cut off arcs that 

have the ratio 3:4:5. The number of degrees in the largest 
angle of the triangle is ... . ^ 

5. AB is a diameter of a circle, AC is a chord and AC «>110 o . 
Then ABAC** . . . degrees. 


Test on Measurement of Angles (10 min.) 

In exercises 1 to 6, x = 90°, y = 130°, z « 40° and EF is 
1 tangent. 

1. Ar^ ... 

2. Zs = . . . 

3. At= ... 

4. ACEG~ 

5. AA~ . . 

6. ADCE= 

7. If Zr=35°, then x= .... 

8. If A A >= 15° and z=35°, then %' 



Matching Test (10 min.) 

After each number write the letter of the phrase that 

corresponds. 

1. Inscribed angle o- Measured by its arc. 

2. An angle of 25“ formed b. Measured by half the difference 
by a tangent and chord of its arcs. 

3. An angle formed by in- c. Measured by half tins sum of 

terse cling chords «« arcs. 

4. An obtuse angle d. Measured by half its arc. 
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„ ^r r!bCd ane * e roea sured by half its intercepted arc. 

transvenyd m ° rC ^ Des cut equal lengths on one 

^ersal, they cat off equal lengths on every transversal. 

of one couaUK i t P an8 ) Ca *** “nsruent if the hypotenuse and a leg 
: one equal the hypotenuse and a leg of the other. 

triangles. 18 S ° n?l ' & para ^ c *°S ram divides it into two congruent 
from the S center.° rin CqUal circIe3 ' Wlual cIlord3 "e equally distant 


nonOR Work 

or definitions ? f , tfie Rowing propositions back to axioms 
postulates o„Sh defililio,,s - “ io ' m ’ Md 

“ TTT* • by i b * lf th ” CW ” 

«. to ,.«le equal chords have 

the aides oftheangl^ b{sect ° r of m aa S le is equally distant from 
constnictedf 61 ^ 611 ^ 011 ^ ^ >lsector °f a given line segment can be 
Numerical Test (10 min .) 

angle at C is 160* ' U ^ A = 40° and the exterior 

^BAK= 55®. < rwf e !t r „ ! nd a c bord in a circle such that 

3. AABC L 1 ^ ^ 

B-d the number of demL m ^ " ZAm4S ' aad 

4. If f . m the ^ot arc AB. 

\ is 70°, ‘and if 0.4 and” nj?° tan ^ n * a PA and PB drawn to circle 0, 
*\AAOB. are drawn, find the number of degrees 

5-^4 diameter DP nf « * » . 

II A, - Clrc e 13 Perpendicular to chord AB. 
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Proposition 11 

* 174. A circle can be circumscribed about a given tri- 
angle. 



Given: A ABC. 

To prove: A circle can be circumscribed 
about A ADC. 


Construction : Statements Reasons 

L Construct DE the X bisector of AB, and FG the 1. § 63. 

X bisector of AC, meeting in 0. 

2. With 0 as center and OA as radius, construct 2. Post. 3. 
HO. 

00 is the required circle. 

Proof: 

1. OA^OB and 0A~0C. | 1. 5 59. 

2. O 0 passes through A, B, and C. I 2. § HO. 

3. 00 is circumscribed about AABC. I 3. } 130. 

If the perpendicular bisector of BC were drawn, would its 
intersection with FG pve the center of another circle through A. 
Band CT 




tlane geometry 


6 An^anrU n r ’ M^ured by half a icmieirdft 

8. An i n «_t a . s ' Intercepts an arc of 100 . 

* J- '"'""jt. 

10. A ri E ht mj| c Inscribed in a m, norut. 

}• JnscnUxI in a major arc. 

A, It aiul c r 1 ^ instruct a circle through the point/ 
i, ' l"* 1 * point O *hich j 

points . . of All 

on the , m A «nd C arc 

• °* The inter* 
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Proposition 12 

177 . A circle can be inscribed in a given triangle. 



Given: A ABC. 

To prove: A circle can be inscribed in A ABC. 


Construction: Statements 

1. Construct BF bisecting ZB, and CG 
bisecting Z C, and meeting in O. 

2. From 0, construct OEJ.BC. 

3. With 0 as center and OE as radius, 
construct O 0. 

OO is the required circle. 


Reasons 

1. 5 65. 

2. 5 M. 

3. Post. 3. 


Proof: 

1. 0 is equally distant from AB, BC, and 
AC. 

2. BC, AB, and AC arc tangents. 

3. 00 is inscribed in AABC. I 


1. 507. 

2. § 153. 

3. § 137. 


1. By extending the sides of the triangle, construct other circle* 
touching all three sides. 

2. If ZA grows larger, how does ZBOC change? When ZA 
has increased 40°, how many degrees has ZBQC changed? 




plane GEOJtETRV 

strJaht '.. CoroUaT 7 1. Through three points not on t 
gkl bne > one only one circle can be constructed. 

points, * n ^^ Jre °? Proposition 11, be the tin® 

on FG thp C rC j * 5aM< ® through A and C, must ita center be 

the ci^r^rr"^ “***** ° f w ««». » 

center lie’ 11,.^ through A and B, on what line must tie 
Is point O aha P°* nt3 fulfil both of these conditions? (§ 5). 

* ° °“ the Perpendicular bisector of BC! (f CO). 

points. CCR)Uaiy 2 * Tiro circles can intersect in orJ'j tvo 


b)^TzA*£tf!: in lhc abovc C S» re . W "ten l A is scnUl 
obtuse? (rf) Tyv„_ j”” a ng tt angle? (e) When ZA becomes 
on BC? (/) ti-w j approaehe3 w r near to BC? (e) 'When A i» 

2. nJd.iT . ro ™ the °* h " «f sci 

oares? When i r^'i,* 003 ^ *od FG change for each of tic* 

do *»*> fa then to. of ED and FG! 

3. How does th crx)sse3 to the Other side of BC? 

^hat becomes of ® “A mores nearer to line BC? 

.4- It AABcL^ hCQAmWea ° atoBCn 

rirde is inside the trian'gV™^ l ^ e eenter of it3 circumscribed 

An obtuse angfe^^ & rimilar ei< rrise when ZA is a right angle, 
f^ghthne can intersect a circle in only two points. 

- ' construct a circle touching AB, BC 

m “ a point 0 A 

All points /\ 

80(1 BC are 

*2ESir^ A”X 
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Case 2. When P is outside the circle. 

Construction: 

1. Construct OP. 

2. Bisect OP at B. 

3. With B as center and OB as radius con- 
Btruct a G cutting QO at A and C. 

4. Draw AP and CP. 

Then AP and CP are the required tangents. 

Proof: 

1. Draw 0.4 and OC. I l. p os t. 1. 

2. APXOA and CPA.OC. 2. § 166. 

3. AP and CP are tangent to ©0. J 3. § 153. 

Space Geometry (Optional) 

A pyramid is a solid figure of which one face, the base, is a 
polygon having any number of sides and the other faces are 
triangles meeting at a common vertex. The faces meeting 
at the common vertex are the lateral faces, as VAB, VBC, 
etc. The altitude VH of the pyramid is the perpendicular 
rom the vertex to the plane of the base. A pyramid is called 
triangular, square, etc., according to whether its base is a 
triangle, square, etc. 

v 


D 




1. Post. 1. 

2. §63. 

3. Post. 3. 

4. Post. 1. 


Exercises 

Can a sphere be circumscribed about any triangular pyramid? 
*rove your answer. 

2- Can a sphere be inscribed in any triangular pyramid? Prove 
your answer 
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Proposition 13 


jmJt 2^2? “ ‘"""t #“»'• »» or oatafe c o>cte, > t, 

3 m the c "‘>e cm be comlmcted. 



Given. Point p. on or outride O O. 

° Pr ”" ! A , ” 5ent *» OO through P can be constructed 
C “ s >• ™»PIe.u,h. ri „, e . 

1. <WmSSS|p!J? OO. 1. p«t. I and 2. 

Pil a ‘te required tangent. ' 1 2 ‘ 5 64 ‘ 

Proof; 

>■ p ^iOP. 

2- PA is tangent to on | *• Const. 

I 2. 5 153. 
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Proposition 14 

180. Given its three sides, a triangle can be constructed. 



Given: Line segments a, b, and c, the sides of 
a triangle. 

To prove: The triangle can be constructed. 


Construction: Statements 

L IVith D as center and c as radius, cut DE 
at F. 

2. With D as center and b as radius, construct 
an arc. 

3. With F as center and a ns radius, cut the last 
arc at G. 

4. Draw DG and FG. 

&DFG is the required triangle. 

Proof: 

I. The sides of A DFG are a, b, and c. J 1. Const, 

la it possible to choose the lengths of the segments a, b and e 
so that no triangle could be constructed having those segments as 
>ts sides? Explain your answer. 

Is it possible to construct another triangle, having a different 
shape or size from AZXFW, with the same three segments as sides? 
Prove your answer. 


Reasons 

1. Post. 3. 

2. Post. 3. 

3. Post. 3. 

4. Post. 1. 
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pohita^TnnS i!!* 6 ° um ^ er of ^eres that can be passed through 2 
pomts, 3 points; 4 points; 5 points. 

to' thS're 01 * “ d ““ “ ’ ph '"’ lo ,le ptu ” t “ s “‘ 

hi im> < ” e “ i to * iph “ 

^r" xx io ° ° f *" ^ 10 ■ 

«te 7 ^pM ti S‘°He ra T 5' fi?'” 3 °' ‘ lri ™ E ' e "* im ° tei 17 

■mtlc. The opposite side! 

denoted by the smell 
letters o, 6, and c; a beine 
»Pf«ite A A, 6 opposite 
^ ii, etc. 

The altitude from .4 b " s 0 

bSSSd. ^Aby/.‘, l ‘e e te'°' di “ f '° m A ty ”” “ d ‘ b ' 



Exekcises 

circle bisecMhesidra^ tr ' ans * c * the points of contact of the inscribed 

circle bisect fu rides!^* 6 *^ P 0 * 11 * 3 °f contact of its inscribed 

their points of contact^t™* 56 ”^ < I ua drilateral are all bisected by 
4. Jn the „ qu ® ‘trilateral is equilateral 

of degrees i?2ioC’ PrOPO&itl0a 12, ** ^^-80°, find the nuo- 

triangle. 4 MarioJrr^h^fll garden three paths meet to form a 
touch all three wall-, n _f y 0111 a c ' m d 3 r flower bed which will 

. «■ ComCtTL f" * Pl " *• 

rirclca and whose side, track whose ends arc s«ni- 

de3 Sre etnu «ht lines tangent to the curves. 
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Proposition 16 

182. Given two angles whose sum is less than a straight 
angle and the included side, a triangle can be constructed. 



To prove : A triangle can be constructed with two angles 
and the included side equal to A, B, and c, respectively. 


Construction: Statements 

1. With D as center and c as radius, cut DG 
at E. 

2. At D construct an angle equal to ZA. 

3. At E construct an angle equal to ZB. 

A DEF is the required triangle. 


Reasons 

1. Post. 3. 

2. § 66. 

3. § 66. 


Proof: 

1. Two angles and the included side equal A, B, I 1. Const, 
and c, respectively. ■ 

Is it possible to choose the given parts so that no triangle could 
be constructed? 
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tmbe constructed Sl ^ eS *** tte included an ? ,e > a tlian * U 



Given: ^ A, line segments b and c. 

A jangle can be constructed 

M^ltr, “ ?“ d ,he i ” d “*d angle 
equal to 6, c, and A respectively. 

Sw, urTO 

•l V' 10 ’ ° " “ d ‘ a, » diu ,, „ 

2. Construct 

a tr. lth D M iterance as radius, cut DB 
4 - Draw EF. 

£J>EF is the required triangle. 

Proof: 


Reasons 

1. Tost. 3. 

2. | 66. 

3. Post. 3. 

4. Post. 1. 


1. Const. 


"<* A rrSTOUvely 1 ! * h<l i ° cl “ , ' i egoal i. c, I 
a it possible to choiir.th. ■ 

U™ b ' "SpeST PS,t ' “ Pt ° P “ Wo “ 15 

Wangle differing jn g j™ Wth these same given parts, another 
answer. w 81 « or^shape from ADEF7 Pr^ve your 
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Proposition 18 1 

184. Given the hypotenuse and a leg, a right triangle can be 
constructed. 



Given: Line segments k and m, with k longer than m. 
To prove: A right triangle can he constructed with 
hypotenuse k and leg m. 


Construction: Statements 

1. Construct CD XAB at any point C. 

2. With C as center and m as redius, cut CD 
at E. 

3. With E as center and k as radius, cut AB 
at F. 

4. Draw EE. 

Then CEF is the required triangle. 

Proof: 

1. The hypotenuse and leg equal k and m re- 
spectively, and AC is a rt. angle. 


Reasons 

1. §64. 

2. Post. 3. 

3. Post. 3. 

4. Post. 1. 

1. Const. 


Is it possible to so choose the given parts that no triangle can 
be co nstructed? 

l This proposition is optional. It is not mentioned by the National 
Committee on Mathematical Requirements or by the College Entrance 
Examination Board. 
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^ PEoposrnoir 17 

end a side ovnoriu^ 9 ^^° se sum ” kss a straight angle 
opposite one of them, a triangle can be constructed. 



angle, and Sne seg^tT ^ than 8 stra,gbt 
To prove* At" 

angles and a rid* 1 ? 6 Can ^ constr ucted with two 
and a respectively ° PpoSlte one of the m equal to A, B, 
Con'truffio,; ST lmiEm 

*• ^»th D « , Reasons 

itF - and a as radius, cut DE I. Post. 3. 

i %?£££££*•***** * *<*. 

ADre »U.^u« dl * s 7 s “ ,,< ’‘ : - B +^- 3.j66. 

J roof: 

1- ZB and DF=„ 

2 • *GFE=*zb + z . | 1. Const. 

i in F f" Z,HzG - ZC °'* U 
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Step 2. Examine this figure. We observe that A ADE is a 
right triangle whose hypotenuse and leg are 
known. 

Step 3. Construct A ADE. 

Step 4. Examining the first figure again, we 
notice that C can be found by taking A as center 
and b as radius, and cutting BE at 
C. Finally, since AE is a median, 
and BE equals EC, B can be found 
and the triangle completed. (Note: 

A different triangle would have been 
constructed with the same parts, if AC cut DE on the other 
side of D.) 

From these two illustrations, we observe that the method 
of discovering the solution of a construction problem is as 
follows: 

1. Draw a figure like the one you wish to construct, using 
solid lines for the given parts and dotted lines for the 
unknown parts, as in the illustrations given. 

2. Examine this figure to see if there is any part of it 
which you can construct. You have at your command five 
methods of constructing triangles, Propositions 14 through 
18. Find a triangle in your figure which has enough parts 
known so that you can use one of these five. 

3. Construct that part, disregarding the rest of the figure. 

4. Finally, build the rest of the figure around that part. 




Exercises 

Construct an equilateral triangle, given: (a) a side; (5) the 
altitude; (e) the perimeter. 

2. Divide a line into: (a) four equal parts; (&) eight equal 
parts. 

3. Divide a circle into: (a) six equal parts; (6) three equal 
parts. 



S12 
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method ofdi^, S ° f * c ® nstruct5on problem. Analysis is th» 
This method iin* nS t,c TO * ution of a constmction problem. 
“ mc "' 0d •» “PWned b)- the following ojtpta. 

«nJ L onTdh^, ! ' C<1 "’ ln,cl “ tnvpoioij, given tlneo aide. 

MICH *a j ou wn -* tn,c *ion completed, and draw a figure 

the tra peioid should n — . 

look. Mulct nojjj 11 ~ . -C 

•ifiw for the thrre n * D 

Riven Rides AD, DC “ ~ D 

note that Ibcd ” B '"’ 0<h - «« * W 

s >*n 3. Constnict aBCft”' 1 "* “ ^ 'hree nideJ are tnoira. 

MopIetethatn.pe^S^jb' l™lW BA on it. The. 

~ COT!t ™* * «•* *- *. re... ».d *• 
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(?) One side, the two diagonals, and the angles which 
the diagonals make with the given side. 

(A) The three sides AB, BC, and CD, the diagonal BD 
and ZABD. 


13. Construct a parallelogram, given: 

(а) Two adjacent sides and a diagonal. 

(б) One side and the two diagonals. 

(c) A side, a diagonal, and their included angle. 

(d) A side, a diagonal, and the altitude on the given side. 

(e) A side, an angle, and the altitude on the given side. 


14. Construct a triangle, given: 


(a) a, b, h a . 

(b) a, b, h t . 

(c) a, b, m a . 

(d) A, b, ha. 
(«) A, b, As. 

(f) A.b.ta. 


(a) a, B, ha. 
(A) A, B, h e . 

(i) A, B, la. 

O’) a, As, ms. 
(A) a, A», A e . 
(0 a, ha, m.. 


(m) A, A„ As. 

(n) A, As, A<. 

(o) A, h a , l a . 
C P ) A, As, I,. 
(?) O, Aa, As. 
(r) A, B, < t . 


IB. Construct a triangle, given the radius of the circumscribed 
circle and: 

(a) a, A. (c) a, m a . (e) a< As- 

(A) A, A. (d) a, ha. (f) A, B. 

16. Construct a trapezoid, given the four 
eides. (Construct ADEC, then ED ED A B.) 

17. How many circles are determined by 
four points, no three cf which are in a straight 
line, if each circle passes through three of the points? Construct 
them. 

18. In a given circle, construct two parallel chords which are 
equal. 

19. In a given triangle, construct a semicircle tangent to two 
rides and having its diameter on the third side. 
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Zin't Cie ^ t P ° ints at e< Jual distances apart and each 
4 m - from a given point. 

E. Construct A ABC, given: 

H 0=3 “■> B =90°, and (7=60°. 

(E) a *3 in., 5=60°, and C~4 5 °. 

B. Construct an isosceles triangle, given: 

5®| fhe base and a base angle. 

C6) A leg and the vertex angle. 

K Th? angle and the altitude to the base. 

M VB l! eX aDg!e and the a,(itude to a leg. 

(«) The vertex angle and the base. 
WtoSJ. trU ' l “ i * >s ' de,,<sl “ tri “ , 8 , '-c iT '» ; («)*!'« WtK 

8- Construct a square, gbo, » diasonal. 

to ' rh ° mb ”' *•“ “ “ d = «” d « diosonJ. 

«. Coustnrct a ri 6 ht Manet,, p VM1: 

(a) The legs. 

S Si y° “ d *» »™t. an E Ie. 

Votem >tenU T ““ d * fee ' hy fat 'oy'nJt of! the hj" 

. ft) T[,„ i * and yonstnicting a eemicircle on it. 

r 1 “» »«*'* «■> it (Construct • 
the hypotenuse^j hypotenuse end then a pandlel « 

• £> E° u ' "des end a disgoVl 

s that angle. Cuded angle, and the diagonal from 
CO AB=.BC = n j,. * t 

\ 2m ^ ^A«=120°, ZB~Q0°, and Z<7-W» 
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18G. So far in our work we have generally studied station- 
ary figures. However, in life many of the objects with which 
we must deal are not stationary. We sec around us auto- 
mobiles, trains, and animals in motion. And even in 
machines which are themselves stationary, wheels are turn- 
ing and rods are moving to and fro. Let us therefore 
consider some point on a moving object. How does it move 
and along what path does it travel? 

Take, for example, the wheel of a car moving along a 
track. At one instant the center of the wheel is at A, a 
little later it is at B, then at 
C, and so on. Evidently it 
moves along a line passing 
through the points A, B, and C, 
and, if the track is straight, the 
path is a straight line parallel 
to the track and at a distance of the radius from it. Now, if 
instead of the wheel moving along a track, we consider the 
. circle from a purely geometric standpoint, it is evident that 
it could move equally well on the other side of the line, 
and the center would trace another line parallel to the given 
line, and also at the distance of the radius from it. Thus 
in this case the path of our moving point would consist of 
two lines. 

What is the path of a point which moves so that it is 
always three inches from a fixed point? 

Think of the fixed point as a nail in the wall, 
and of the moving point as the end of a 
piece of chalk fastened to the nail by a 
cord three inches long. Evidently the path 
la the circle whose center is the given point 
and whose radius is three inches. It is also evident that 
‘»veiy point on this circle is exactly three inches from the 
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Construct n tangent to a given circle: 

!“> JmUeltoagivenline. 

21 all ^ S * “<*> ™«> * given line. 

(Take AC=4D- Rp^ 110 !! extemal tangent to two given circles. 
«mct tangent BC ) ' 

a. Construct the common 
mtanol tangent to ^ 

23 Through too given point,, ^ ' 

j,.™ mtoer 1 ”' 1 * Eiv " <“••*”» d •!“*■ 

contain Is 7™ S°‘ mABu ' * 

if?' i« eopplement 

i tECF into angle, 

* “ d «• Construct 




Drawing Exercises 

°°py the fo,lowit!^ the ^ tOT artistic des!gU3 ‘ 
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it, always keeping them in contact. What is the locus of the center 
of the cent? 

8. Hold your ruler stationary on your desk and roll a cent along 
the edge, keeping them in contact. What is the locus of the center 
of the cent? 

9. Katherine i3 walking through a field keeping equally distant 
from two straight intersecting roads. What is her path? 

10. A cow is fastened to a stake with a rope 30 ft. long. If she 
walks, keeping the rope pulled tight, what is her locus? 

187. To prove that a line is a locus, it is necessary to prove 
two propositions: 

1. That any point on the line satisfies the given condition. 

2. Either (a), That any point which satisfies the given condi- 
tion is on the line; 

or (6), That any point not on the line does not satisfy the 
given condition. 

The first proves that a point can move along the line, and the 
Second, that it cannot move off the line. 

Ex. 1. Mark six points, each equally distant from two given 
points A and B. Do they lie on a straight line or on a circle? 
Are all points on this line equally distant from A and Bt Can you 
find a point not on this line that is equally distant from A and Bt 
^That then is the locus of a point equally distant from two given 
points? 

Ex. 2. Draw an A ABC. Select five points inside tliis angle, 
«ach the same distance from A B as from BC. What line does the 
locus appear to be? Is every point on this line equally distant from 
AB and BC? Is every point equally distant from AB and BC on 
this line? What then is the locus of a point equally distant from 
the sides of a given angle? 

188. In § S9 ( it is proved that any point on the perpen- 
dicular bisector of a line segment i3 equally distant from the 
ends of the segment, and, in § 60, that any point equally 
distant from the ends of a line segment is on the perpcndicu- 
kr bisector of the segment. Therefore: 
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fixed point, and that every point three inches from the fixed 
point is on the circle. 

a “OK’ing according to some given con- 
dition is called the locus of the point. 

rpkterU ^ f ^' c Latin word meaning “place," and is 

mrf3 "'““e" “d “location" The locus 
thp In™ tk 6 P f CC W ^ ere the P°int is- Instead of thinking of 
£! “S’ ? * “8 P“»‘. we sometimes tfaink of it as 

ami i.' r< r a r " >!nL s are that fulfil the given condition, 

Just , a ° 1 aa the locus of points eatisfving that condition. 
.0 the ™.h ‘T 01 tie ™>™S «■> the paper, traces a line, 
« o? . y 1 * P** » • fine, or, as „ “a™ ceen above, 

or Circles, h AU “"“ idmd here are either atraight lino 

Exercises 

line!'.a D eh T t ho ? ont * 1 1™- Mart six points above the 

paper throueh fh m '*'• ^* ove l ^ e P°‘ nt of your pencil along the 

et St f“;sr, k rr 8 ii *■**»■” «» «*■? 

not just 1 in ■ Is there “ ny P 0 * 511 on this path that is 

Xiveite a“d ™ ‘T’ * .»»> •>» 

2. What • tk i ” th t 13 not on this P“ th7 
top of the page? ° 0CU3 ° f a P ° int on tJ “ 3 P a S e one inch from th» 

clock? *° CUS outer end of the minute hand of « 

from the two baxiC'^TMif 1 ^ 8 down 11)6 stream equally distant 
is the locu3 of the boat? * bantS 8,6 straight and parallel, wha * 

the fron ! cover of this book while it lies on 

cover? 0CUS °* the upper right-hand corner of the 

-heel b made ^ I L Cked -P off the ground. If the 

•pokes? Pm ’ Kl "t » the locus of a point on one of the 

’■ U °' d * CW ” 1 rt * U T ■» J-our dedr and roii a rent amend 
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i ^ "? at “ the loc,u ° f ,Jlc “ iddle I** 11 ° f a chord of a given 
length that can be drawn in a given circle? 

11. Two circles have the sane center. Find the locus ot the 
center of a circle tangent to both. 

12. What is the locus of the centers of all circles which: 

(а) Touch two intersecting lines? 

(б) Pass through two given points? 

(c) Touch a given line at a given point? 

(d) Touch a given circle at a given point? 


Optional Exercises 

13. If a point bo moves that the lines which connect it with two 

*ed points, A and B, are always perpendicular to each other, 
what is its locus? 

^ >as * SC of A ABC is fixed both in length and position. 

f the altitude from A equals & given line segment, what is the 
10CU3 Of A? 

15. A circle of radius 1§ in. rolls around a square whose side is 
2 w. Construct the locus of the center of the circle. 

16. A circle whose radius is J in. rolls on the inside of a square 
w 056 “de is 2 in. Construct the locus of the center of the circle. 

17. Construct the locus of the center of a circle of radius 1 in. 
which rolls around an equilateral triangle whose altitude is 2 in. 

18. What is the locus of the center of a circle of radius 1 in. that 
rolls inside a rectangle whose length is 5 in. and whose width is 2 in.? 

19. Within a rectangle, not a square, circles are drawn tangent 
to two sides of the rectangle. Find the locus of their centers. 

Honor Work 

20. What is the locus of the middle point of a line segment 
from a given point P and ending in the circumference of a circle, if: 

(a) P is on the circle? 

(5) P is outside the circle? 

(c) P is inside the circle? 

(d) P is the renter of the circle? 
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*189. The perpendicular bisector of a line segment it the 
locus ofapomt equally distant from the ends of the segment. 

* 190. Similarly, from J 07 nod 5 OS: 


m enyle is the loot, of a point equally 
distant from the sides of the angle. 


Class Exercises 

points?^ 81 k ^ * 0CUS * P°' nt «iual]y distant from two given 

eecting^lbes?' 3 *° CUS * P °' nt distant from two inter- 

4 tv ? t -i 3 ttlC * 0CU3 of a P° lnt i >“• from a given straight line? 

4. Describe the locus of » poi nt; 

SI £*j* a ® xca ci "»* § in. from it 

(c) (fau £ a f e ' V “ 8quarc and * from it. 

W Outs.de of a given equilateral triangle and } in. from it 

ffient as ** be dra,ra on a given fixed line Mg 

6 V a 4u , th ocua of ,ta vertex? 

/ » ° CU3 ° f a P 0 * 01 inside and { in. from the boundary: 
),{ a «l ua « whose side is 2 In 

S *h la 3 In. 

X JK.crclatrhcaradhobih,. 

W Compaq th « Jod ^ obuiacd . n , 

of one ineb, and- 1 * *° CU3 ^ **’ e center ° r * circle that has a radios 
\ ^ pouches a given line? 

^through a given point? 

(d) Touches f I . tema ) ^ y ’ a P vet * circle whose radius is 2 in.? 

8. toi.., • . mally a given circle whose radius i3 3 in.? 

Parallel lines? * ° CUS ° f center of a circle that touches two 

circle? ^ Ule *° CU9 °f tte middle point of the radius of a given 
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2L Point P is outside QO. What is the locus of the middle point 
of the chord cut off by QO on a secant through point PI 
22. The base EC of A ABC i3 fixed in position and length. What is 
the locus of point A if: (a) ZA=90°; (b) ZA = 60°; (c) ZA-I20 6 ? 

B r,^ 3 *V^ le i^ aSe °* a is fixed in position and length, 

and the adjacent side has a given length. What is the locus of the 
intersection of its diagonals? 

° f attaclc * Loci are used to find a point 
tnat fulfils two given conditions. Construct the locus for 
Thl *u nd ’° n without considering the other, 

that f ifii v* ^ scct ' ons of the two loci determine the points 
that fulfil both conditions. 

rw | U 1 USt I ati °“‘ FlQ d all points equally distant from two 

K c a ’ * “• from a ^ rd 

Step 1 Disregarding point C. the locus 
of a point equally distant from A and Bh 
^ perpendicular bisector DE of segment 

second locus. C beCause on «» 
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Class Exercises 

1. Find a point equally distant from three given points. 

2. Find all points 2 in. from each of the given points A and B. 
flow many solutions are there if: 

(а) A and B are 3 in. apart? 

(б) A and B are 4 in. apart? 

(c) A and B are 5 in. apart? 

3. On a given circle, find a point equally distant from: 

(а) Two given parallel lines. 

(ft) Two given intersecting lines. 

4. Find a point equally distant from two intersecting lines and 
at a given distance from a given point. 

Find a point 2 in. from a given line and 4 in. from a point 
which is 1 in. from the line. 

6. Find a point 2 in. from a given line and 1 in. from a circle 
whose radius is 5 in. and whose center is 2 in. from the given line. 

7. Find all points equally distant from three given lines. DiV 
cuss the number of solutions, if: 

(fl) The fines intersect in 3 points. 

(б) Two of the lines are parallel and tho third is a trans- 

versal. 

(e) All three lines intersect in one point. 

(d) All three lines are parallel. 

8. Find a point equally distant from 2 given points and: 

(o) Equally distant from two parallel fines. 

(t) One-half inch from a given circle. 

S. Find all points equally distant from 2 intersecting lines and: 

(а) One inch from their intersection. 

(б) One inch from a point on one of the lines. 

(c) Equally distant from two parallel fines. 

10. Find a point equally distant from: 

(a) Two intersecting lines, and on a given circle that cute 
the fines. 
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re. 0 "* yo “ teU where my home is, il I tell you 

«.. . , , e . n0rtl1 6id “ of Tenlh Street? It I tell you ft is on 
“f Mi If I toll you it is both on the north 
. T '” tl > Street end the east side of Avenue MI For locating 
pornt erectly, how many loci are needed? 
fact ES* E™ d 1M ft. from a certain tree. Does thin 
If von I *r Cxactly7 ^ raw J°cus on which the treasure is. 

^ 1116 treasure “ directly east of the tree, 
Can trim ^ 1°*?“ ““ yoxx now P^ce it? Draw this locus. 
Can jou now definitely locate the treasure? 

Important loch 

1- The locus of a point at a given distance from: 

(O) A given point is a circle having 
the point as center and the given dis- 
tance a3 radius. 

0) A given line is the t„„ hue, 
parallel to the given line and at the 
given distance from it. 

(e) A given circle is two circles 
whose center is the center of the given 
circle, and whose radii differ from that 
oMhe gtven creole by the 

Jfrom: 10CUSO ' aPOtat ^dia- 

(o) Two given points is the per- 
pendicular bisector of the segment 
joining the two points. ^ ‘ 

? i! *F*eting lines is the 
two hnes bisecting their angles. 

tv.Si 7 W ° ^es is the line 

^ifr 1 Bae>: aadmidway 





(e) Tangent to two parallel lines, ana passing through C 
given point unequally distant from the lines. 

C f) Tangent to two lines, and touching one of them at t 
given point. 

( 3 ) Tangent to a line, and to a given circle at a given point. 

15. Find all points equally distant from two circles having the 
®ame center, and at a given distance from a third circle if; 

(а) The third circle intersects the other two, 

(б) The third circle is entirely outside the other two. 

(c) The third circle has the common center of the other 

two. What can you say about the possibility of 
this case? 

(d) The third circle moves from the position in (c) until it 

is a great distance from the other two circles. 

Honor Work 

16. Find the center of a circle whose radius is } in., if it is tangent 
a given straight line and to a given circle. Discuss the number 

of solutions if the line; 

(а) Passes through the center of the circle. 

(б) Cuts the circle. 

(c) Is tangent to the circle. 

(d) Is entirely outside the circle but less than } in. from it. 

(e) Is more than $ in. from the circle. 

17. Find the center of a circle whose radius is J in., if it is tangent 
to two given circles of radii 3 in. and 4 in. respectively. Discuss the 
solution for the different positions of the circles. 

18. Find the center of a circle which touches a given straight line 
't a given point and touches a given circle. 

19. Find the center of a circle which touches two intersecting 
uncs and passes through a point on their angle bisector, 

Applied Problems 

20. Two enemy forts are at A and B, 20 mi. apart. A column 
^advancing troops must pass between the forts, hut desires to 

iep as far as possible from each fort while doing so. Construct 
the line of march. 
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{&) Two intersecting lines, and also equally distant free 
two given points. 

(c) Two given points, and a given distance from a pwn 

line. 

(d) Two intersecting lines, and also equally distant from 

two other intersecting lines. 

^ Construct a circle having a given radius and tangent to: 

(o) A given line, and passing through a given point 
to) Two given intersecting lines. 

(c) A given circle, and to a given line outside the circle- 
(<f) A given circle, and a given line that intersects the circle- 
(«) Two given circles external to each other. 

(/) Two given intersecting circles. 

to) A given circle, and passing through a given point. 

12. Show bow to find the center of a given circle. 

Optional Exercises 

13. Find all points equally distant from two given lines and a 
gnen distance from a third line. Discuss the solutions if: 

to) The lines intersect in three poirts. 
to) The first two lines arc parallel and the third is a trass- 
vcrsaL 

(c) The first two lines intersect and the third is parsLel to 
one of them. 

(<f) All three lines intersect in one point, 
to AU three lines are parallel. 

r 1L Construct a circle: 

jeriiuvg the' 1 ? Having its center on a given line, and passing throvf^ 

« . . too points on the same cldc of the line, hut urej 

..or . L . 

oes bui Through a given point, and tangent to a given 

(e) Two pj ano, her given point. . w 

parallel to to two sides of a triangle, and having i'-*^ 

l^tweeti thrtn. cn tiie torn! tide. 

“hrough a giren point, and tangent to a P ren 
at anotlier given point. 



.vsing through c 
the lines. 

■fie of them at a 

•it a given point, 
cles having the 
rcle if; 

ther two. 
r of the other 
possibility of 

in (e) until it 
irclcs. 


it is tangent 
the number 


n. from it. 

is tangent 
iscuss the 

, aighl lino 

■ a gnui < 

of a circle wl ea two intersecting 

’> *• point on their anglo bisector. 

Phoblems 

at A and D, 20 mi. apart. A column 
' t»ccn tho forts, but desires to 
-jjort while doing *o. Construct 



PLANE GEOMETRY 


® Two “^rsectmg lines, and also equally distant from 
two given points. 

^ acd a P veD distance from a given 

W Two intersecting linen, nnd also equally distant torn 
two other intersecting lines. 

“■ C ™f" Ct * “cle having , given radiu, nnd tangent to: 

«( Tvf Ve “ ,me> and through a given point. 

(6) Two given intersecting lines. 

, as , **“ ^cfe, to a given line outside the circle. 

( \ circ f* a given line that intersects the circle. 

v g I VCn CUc]e8 ext<, nial to each other. 

U) Two given intersecting circles. 

gIvcn circle, and passing through a given point. 
a ° W h0W t0 £nd center of a given circle. 

Optional Exercises 

given distant from a 2?? ‘*‘2“ 6om lw0 c ‘ ven ]in ea and a 
M Ti v “ DL *<™ the solutions it: 

S S' a"? lo three poieta. 

14 “■» are parallel and the third is a trans- 

te) The (first two linea intersect and the third ia parallel to 
one ol them. 

(d) All three lines ir-* ■ 

(e) All tlmw. ■* 3 * 111 °ne point. 

W AU three Lnes ampule,. 

14 - t^onstruct a circle: 

pmdienfi! ™ , gi„„ ^ , though 

joining th- distiStfromV he of the Iiae ' but 

two li^t^ofcS'jiS!’ “° d t “ E "“ * * IiB ' at 

( c ) Two 0 ^t^g^^ 0 ^ des °t a triangle, and bavin gits center 
parallel to rtroueh * « J™* . 

between thm at Mothef *° * M 
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(e) Tangent to two parallel lines, and passing through c 
given point unequally distant from the lines. 

(/) Tangent to two lines, and touching one o! them at a 
given point. 

( g ) Tangent to a line, and to a given circle at a given point. 

16. Find all points equally distant from two circles having the 
*ame center, and at a given distance from a third circle if: 

(а) The third circle intersects the other two. 

(б) The third circle is entirely outside the other two. 

(c) The third circle has the common center of the other 

two. What can you say about the possibility of 
this case? 

(d) The third circle moves from the position in (c) until it 

is a great distance from the other two circles. 

Honor Work 

16. Find the center of a circle whose radius is } in., if it is tangent 
to a given straight line and to a given circle. Discuss the number 
of solutions if the line: 

(a) Passes through the center of the circle. 

(b) Cuts the circle. 

(c) Is tangent to the circle. 

(d) Is entirely outside the circle but less than j in. from it. 

(e) Is more than $ in. from the circle. 

17. Find the center of a circle whose radius is l in., if it is tangent 
to two given circles of radii 3 in. and 4 in. respectively. Discuss the 
solution for the different positions of the circles. 

18. Find the center of a circle which touches a given straight line 
't a given point and touches a given circle. 

19. Find the center of a circle which touches two intersecting 
dnes and passes through a point on their angle bisector. 

Applied Problems 

20. Two enemy forts arc at A and P, 20 mi. apart. A column 
of advancing troops must pass between the forts, but desires to 
k «P as fax S 3 possible from each fort while doing so. Construct 
the line of march. 
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21. In a \acant lot between two streets which meet at an acute 
angle some boys wish to lay out a base- 
ball diamond, so that home plate will be 
equally distant from the two streets and 
90 yds from a large buiIdi ng whJch 
extends between the streets. Show how 
to locate the plate on a pl 3n of the 
grounds. 

*1 10 - fr ° m 8 straight fencc - A man * 
from th,. tr , h ° bun<?d trpasure 20 f t. from the fence and 60 ft. 

tfeC * Il0cat « aU the points wlicre the son should dig. 
hear'sniT * ma - eUr , radi ° fans - John “d Robert, 100 mi. apart, 
a loon acri.ii e fi 8 ? D ^ S desirc to Iocate the sender. John, with 
Some ** , the station is on a line through his 

who has an vi a *^ C Wtl1 t ^ e Erection to Robert’s. Robert, 

< r . u .f “' ^ !tirt 5 “ 

tZ2£ ,0 “ u « 

B “hLh 1St “° l *5“ d and 
^e un equally distant from the 
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Space Geometry (Optional) 
t What ia the locus of a point in your classroom: 

(a) Three feet above the floor? 

(5) Four feet from the front wall? 

(c) Both 3 ft. above the floor and 4 ft. from the front wall? 

(d) Two feet from the right hand wall? 

(e) Three feet above the floor, 4 ft. from the front wall and 

2 ft. from the right hand wall? 

2. What is the locus in space of a point: 

(a) Equally distant from two given points? 

(6) Three inches from a given point? 

(c) One-half inch from a given plane? 

(d) One inch from a given straight line? 

(e) Two inches outside a given sphere? 

(/) Equally distant from two given parallel planes? 

(ff) Equally distant from two given intersecting planes? 

3. What is the locus of a straight line: 

(а) Perpendicular to a given line at a given point on the line? 

(б) Parallel to a given plane and passing through an outsid* 

point? 

(c) Intersecting two given parallel lines? 

4. What is the locus of the center of a sphere: 

(o) Passing through two given points7 
(t) Touching two intersecting planes? 

(c) Touching a plane at a given point? 

(d) Touching a given sphere at a given point? 

6. What is the locus of the center of a sphere having a given radius, 
and: 

(a) Passing through a given point? 

(b) Touching a given plane? 

(e) Touching a given line? 

(d) Touching a given sphere externally? 

(*) Touching a given plane along a given line in the plane? 
ifi Touching a oven sphere along a gyvw*. circle on tU 
sphere? 



1. A central angle is measured by its arc (§ 162). 

2. An inscribed angle is measured by one-half its arc 

(5 165 ). 

3. An angle formed by a tangent and a chord is measured 
by one-half its arc (§ 170). 

4. An angle, inside the circle, formed by two chords is 
measured by one-half the sum of the opposite intercepted 
arcs (§ 171). 

5. An angle inscribed in a semicircle is a right angle 
(§ 166). 


Review Exercises: Honor Work 

1* If . distances AC and BD are taken on chord AB, and 
perpendiciJare EC and FD are erected to meet the circle at E and 
f, then ABFE is an isosceles trapezoid. 




Ex. 4. 


“l u B , P I T- 1 * PD 1C , “ n E'“ ts to 00. and AD is a diameter, 
prove that AB is parallel to OP. 

_Jl lim 1 ! * ^’ m ' ter ' OP a tangent, and OP parallel to AB, 
prove that PD is a tangent. 

r.edtS‘L“«r.° t Vj" u ” , ' rib ' d trianele are 42, 50, aad 56. 
„ . vertieea to th, point. ot ^geney. 

(LetdD-i, OB. A then CF-AC-x, CB-CB-y.) 

iaserihed^ U *ir circilrns \ibed about a circle is double the square 
«senoea in the same circle. 

s circumscribed about ©0. Prove 


- ••ue same circl 
*' Quadrilateral riBC. 


th,. .. r™ a BCB£ 13 circumscribed about © 
tie 8Uta of **0B anAd COD is a straight angle. 
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7. The side of an equilateral triangle circumscribed about a 
circle is twice the side of an equilateral triangle inscribed in the 
eame circle. 

8. If the sura of two opposite angles of a quadrilateral is two 
right angles, the quadrilateral can be inscribed in a circle. 

9. If exterior ZDCE equals Z BAD, show that ZBAC— ZBDC. 
(Show that A BCD can be inscribed in a circle.) 

10. In quadrilateral A BCD, if ZDAC- ZDBC. prove that 
6 DAB and ZDCB are supplementary. 



Exs. 0, 10. Ex. 11. 


11. Two circles are tangent internally at A, and chord BD of the 
larger is tangent to the smaller at C. Prove that CA bisects Z BAD. 

12. The perpendicular bisector of one of two parallel chords 


bisects the other. 

13. To construct a tangent to O ACD from point P, draw O PBE 
with 0 as center and OP as radius. Then construct ABAAP, and 
line BC through 0. Prove that PC is 
the required tangent. 

14. Construct a circle tangent to 
three equal circles. 

IB. If AB and CD are drawn through 
the points of intersection, E and F, 
of © 0 and H, then AC 1! BD. 

16. If DAE is a tangent through / 
vertex A of inscribed A ABC, prove l 
that the three angles atZ equal respec- ' 
tively the three angles of the triangle. 

17. If ©A= OC and AB=BC, prove that DE=FO. 
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18. Inscribe a circle whose radius is 1 in. in a semicircle whose 
radius is 3 in. 

* c * rc l® on BC as a diameter cuts AB and AO 

“ ‘ 0 and E respectively. Prove that BE and 
CD are altitudes of A ABC. 

20. If arc AB equals 60°, find the sum of ZE 
and Z.C. 

. JJ* aUilu de of an equilateral triangle 
is three times the radius of its inscribed circle. 

.??’ A C ’ rC * 6 “ ^ded into five arcs, so that each arc, beginning 
.. ® second, fa 10° larger than that just preceding it. Find all 

diagonals 3 ^ “ lscr *^ ed P°^E° n sod the angles formed by the 

Ipi^f i f 5gIlt trian Bles inscribed in equal circles are congruent, if a 

leg of one equals a leg of the other 

** t . naD6le3 inscribed in equal circles are congruent, if an 
acute angle of one equals an acute angle of the other. 

th m ' r 1 ? ,0< ; U3 the middle point of a chord which passes 
“rough a fixed point on the circle. 

throueh'nfi tb j l0CUS of tbe middle point of a chord which passes 
“rough a fixed pomt inside the circle. 

given two side3 and the sum of tb> 
perimeter? 3trUCt 3D ^° sce ^ e3 triangle, given a base angle and tb< 

“ ch cta, ‘ 
“' 1 ‘ 01 

cnee of the °! a , ny * wo s *des of a triangle equals the differ- 

of the inSSScl ** * «* ^> int ° f 

P er P«ndici!k^ fromUp dCS H° f inscri ^ ,ed quadrilateral are equal, 
two sides, produced if koIH* 6 * * be * r included angle on the other 
in - U al. 
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196. A ratio is the quotient obtained when one quantity 
is divided by another of the same kind. 

A ratio may be expressed ns a common fraction, for example, 
the ratio of 30 to 75 is or f. 

197. A proportion is a statement that two ratios are equal. 
A proportion is written a : b=c : d, or and is read, “ a is to 

& as c is to d.” The terms of the proportion are the four quantities 
a, b, e, and d. The first and fourth terms, a and d, are called the 
extremes, and the second and third terms, 6 and c, are called the 
means. 

Although it is necessary that the terms of a ratio be expressed in 
the same unit, it is not neces a ary that the four terms of a proportion 
be of the same kind. For example, if an iron rod 6 in. long weighs 
2 lbs., and one 9 in. long weighs 3 lbs., we cannot express as a ratio 

6 in. : 2 lbs., but we can say that * n fact > thl3 is th ® 

’ 9 in. 3 lbs. 

most common use of proportion throughout science. Similarly, 
the terms of one ratio of a proportion may be expressed in inches 
and of the other in feet or miles. The ratio itself is not expressed 
in terms of any unit but is an abstract number. For example, the 

Gin. . 2 .2. 

ratio is not - in. 

9 in. 3 3 

198. A fourth proportional i? the fourth term, d, in the 
proportion. 


233 
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J”-. If !!' c , ‘"o m «"» ‘ c are cqua) to each ether, 
either 13 called a mean proportional. 

Ia the proportion i. * 6 h proportion 

Theorems or Proportion 

i f" ° ^e 1-rwJira 0/ fl* e „ rOT ea quob rte 

product of the means. ‘ 

b d Y hypothesis. Multiplying by tho common denominator, 
hd, ad™ 6c u obtained (Ax. 5). 

square rUt^nh' 1 ’ 1 pro f orlionat between two numbers is the 
square root of their product. 

Pc by hypothcsi3 - Th« b’-ac (200), and 6 - V£, 

three comsnm^^^V ° nC pro l i0rtion equal respectively the 

tZZT?‘2. 0/ SWK & 

6 x ftnd by hypothesis. Then ax -be and ay -be (} 200). 
ax -ay (Ax. I), and x-y (Ax G). 

two others one °^/ W0 V uanl,lt ’cs equals the product of 

Z2Z, ^ S* 

by l «" Dividing by „p, *3.a „ t_ » (Al 6) 

204 mp m P’ p m 

oddSm * *"»*** «• *nw arc also * ^opartfar, 6y 

by hypothesis. Adding 1 ,“ +1 „£ +1 of a-fS^c-H 
„ r Xl. . . b d * 6 ” d 


'A*. 3). AUo^fch* 
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Class Exercises 


1. Find a fourth proportional to 2, 3, and 4; to 5, 8, and 11; 
to 2.4, 6, and 8.3. 

2. Find the mean proportional between 3 and 12; between 
2 and 4; between 1.8 and 3.2. 

3. If \/ah, write a proportion in terms of x, a, and b. 

4. If x=\f Ylab, write a proportion beginning with 3a. 

6. If *=V3, write a proportion in terms of x and numbers. 

6. If rf—gh, write eight proportions in terms of these letters. 

7. If ]i i = mn, write three proportions in terms of these letters 

8. Determine whether the following proportions are true: 


9. Write the proportions in exercise 8 by addition. 
10. Find the value of * in the following proportions: 


, , 3 5 

(a) - = - 

» 5 -| 

Ort - - 

z 8 

* 7 

X 


, . x+2 5 

M — -g 

«?■ 

,,3 8 

(c) r; 



11. Find |, if 2x 

= 3j/; if 5z~y. 



12. a a -JL and 'IJi tod * „d y. 
3 y 3 6 


13. If AB=8, BC-4, AE*= 10, and 
ED =5, are the lines AC and AD di- 
vided into proportional segments at B 
and Et 



14. If AB= 6, Bt7=4, AE=- 8, and 

the lines AC and AD are divided into proportional segments at 
B and E, find ED. 


255 PLANE geometry 

1B w AB AE 

ntC BC~ED ^ addition, and substitute single lines foi 
the sums of lines. 

sides 0 / Ayf'Rr" arc P ro P OI ‘tionnI respectively to the 

TZS/av* ab ~ 6> ac ~ 8 > bc ~ 9 ’ and ficd 


Ell and HFJb/oa, M ’ *” d G " ” " l0 m “" P ro P°rtional between 


EF and ™ %d ro" 0, * r “ i EOvitl “ ! “““t Proportional between 


Geometric Re,so».»o AmiED I0 llre situations 


bnfwb I °n h h“.S' r °t » h “ ««J bia .on #27,004 

“ *-*2 -u. " renet S UnW 10 "* 

B fz my . i rutr m m - fc 

>lday,andwni^~ *« m f M B ‘ IH * ’"" W 

22, A rninin • 5 ‘ JIow should they divide the money? 

material in the rations* * 1,at an ore contains lead and waste 
of the ore? lQW mucl ‘ 'ead will he get from 3850 lbs. 


and 4 c . of'Weam^ USC 2 of fruit i uice . 2 c - of sugar, 

make 4 lbs. offse cream? f’ 00 "'* 3 of each will be needed to 


accepted unitT** mL measured by comparing it with soma 
we mean that it that , & line * 3 deht feet ,ong ' 

“ is ^gbt times as i ong as a unit of length 
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called the foot. The number, eight, is the numerical mea- 
sure of the line, when the foot is the unit. 

To find the number of times one line is contained in another, it 
is necessary to divide one by the other. If line AB is 238 in. long 
and line CD is 42 in, long, the ratio of AB to CD is obtained by 

dividing 233 by 42, and is written 

42 

We have already measured angles and arcs, using a unit called 
the degree, in each case, as the measure. 

Two quantities of the same kind may or may not have a common 
unit which is contained in each a whole number of times. The 
lengths 8 yds, 2 ft., and 6 yds. 1 ft. have a common unit, the foot, 
which is contained in them 26 and 19 times respectively. But the 
lengths 5 in. and y/3 in. have no such common unit. Any unit 
which is contained in one of them a whole number of times is not 
contained a whole number of times in the other. 

206. Two quantities of the same kind are commensurable 
if there is a common unit of measure which is contained in 
each of them a whole number of times. They are incom- 
mensurable if no such common unit of measure exists. 

In this book, we prove propositions for the commensurable case 
only, and assume that they also hold when the quantities are 
incommensurable. The latter can be proved from the former by a 
method known as the method of limits. 

207. The ratio of two geometric quantities of the same kind 
is the ratio of their numerical measures. 

Similarly, the product of two geometric quantities, as two lines, 
is the product of their numerical measures. 


Investigation Problem. In the figure, BE || CD. Measure 
AB and BC and find their ratio. Simi- 4 
larly find the ratio of AE to ED. State 

your conclusion as a proposition. If bL 

4R=2BC, does AE*=2ED1 Draw \ 

a line parallel to CD bisecting AB. & 

Compare AE and ED, if AB=3BC; if AB=2\BC. 
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Proposition 1 


203. A line parallel to one side of a triangle 
other two s,des into proportional segments. 


divides the 



Given: |A ABCl; DB || BC. 


To prove : = 

DB 


AE 

EC’ 


Statements 
AD tn 

_ DD^n 

to BC Sb the POin,s 01 di ™». <1-™ lines patol 
^ ‘” t0 “ -4 OT into . pan 


Reasons 
1. 5207. 


2. §77. 

3. § 114. 


4. d? 2 

EC~ n ' 

5. d5„d£ 

* *>B EC' 


\ 


j 4. 5 207. 
5. Ax. 2. 
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209- Two lines aro divided proportionally, when one line 
Is to one of its segments as the other line is to its correspond- 
ing segment. 

210. Corollary 1. A line parallel lo one side of a triangle 
divides the other two sides proportionally. 

— (§ 20S), 

D3 EC S ' 


AD+DB AE±EC 


(§ 204 ), 


AB^AC 

AD* AE 


211. Corollary 2. Parallel lines cut off proportional 
segments on two transversals. 

Draw DH |j AC. 

Then 



1/ \p 

JB 

j g\e 

4 

1 A 

7 

\ 


I -g®** 

AB^DE 

BC~EF 

Investigation Problem. State the converse of Proposition 1. 
Do you think that it is true? Try to draw a triangle m which 
two sides are divided proportionally by a line which is not parallel 
to the third side. What is your conclusion? 

If DH were drawn parallel to BC (in the figure for Proposition 
1), and if it cuts AC at H, what must you prove about DH and 

DEI What ratio does ^ equal? Why? What ratio does 

equal? Can you compare the length of AH with that of AEl 
How many terms of one of your proportions equal corresponding 
terms of your other proportion? Why does DII coincide with 
DE ? 
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Proposition 2 

.. * 2 * 2 \ A Vine thai divides two sides of a triangle proper* 
twnally is parallel to the third side. 



often: (AABC, D on AE, E on AC\- — ■ 

„ " AD AE 


To prove: DE (J DC. 
Proof: Statements 

1. Construct DF II DC. 

2 

“'AD AE' 

3. 

’ AD^ AF' 

4. AE=AF. 

5. Point F is on point E. 

6. DF coincides with DE 
7- DE || DC. 


Reasons 

1- |77. 

2. Hyp. 

3. §210. 

4. §202. 

5. AE<=AF. 

6. §4. 

7. DE coincides with M 
which is parallel to DC. 


\ Exercises 

In the figure'ior Proposition 1 . 

DB=7, AE~12 f and EC = 8> h DE % B C1 

2. H DE C 2)B=> g t ^ AE-=1 1, find EC. 
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3. If DE || BC, AD=* 8, DB = 4, and AC= 15, find AE. 

4. DE |1 BC, AB= 7 in., and the unit of measure is 1 in. How 
long is the unit of measure of AE and EC, if A (7= 14 in.? If 
.£<7=21 cm.? 

fi. If DE\\BC, AD=DB, and A<7=17, find AE. 

6. If AD=>AE, DB~ 9, and DE fl BC, find EC. 

7. If DE || BC, AD=a, DB*=b, and AE=c, find EC. 

8. Prove that Section 210 is still true, if DE meets BA and CA 
produced through A. 

9. Provo Section 211 by drawing DC instead of DH. 

10. If the ratio — changes, DE remaining parallel to BC, must 

DB b AE 

the ratio “ necessarily change? If increases, how does — 
change? 

11. If DE moves toward A but remains parallel to BC, what 

change takes place in the ratio Decs the portion 

continue true for all positions of DEI 

AE 

12. If — .= 5 can you tell the value of AE ? Of EC? Of — ? 

13. AC rotates around point A but changes: its length so that 
C travels along the fixed line BC. If ~ wbat is the *° CUS 


of point El 

Investigation Problem. Can y ou ^^ r '^^ a 
point F on the segment DE, so that 
Wbat method of proving lines proportional have 

you learned? What, then, must be the region 

of the lines BD and CF? Can you construct 6 bl 

H three* line segments a, b, and c are given, construct 

x so that r*"- 



•agrnent 
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Pkoposxtioii 3 

213. A fourth proportional to three given line segments 
can be constructed. 



Given: Three line segments a, b, and c. 
To prove: x can be constructed so that - 
Construction: Statements 

1. On DC, take DF=a and FK-b. 

2. On any line DJ through D, take DO equal to e. 

3. Draw FG. 

4. Draw KII || FG. 

Then GH*=x. 

Proof: 

1. KH Jj FG. 


Reasons 

1. Post, a 

2 . Post, a 

3. Post t. 

4. §77. 

1. Const 

2. §208. 

tvesfics.a Problem. Divide , giveo to .egmeot AB Mo 
pane. Find three fifth, of another segment CD 
*!““ “8”“* EF into part, in the ratio of 3 to 4. 
r»ir ; . af y , wo pven segments, can you now divide a segment 
the rati ° ° f ° t0 M Pro '-e your construction. 

, and\c are three given line segments, divide a segment 
>n ° parts in the ratio a : ^ : e. Prove that your construction 

« correct. \ 
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Proposition 4 

214. A line segment can be divided into parts propor- 
tional to two given segments. 



Given: Line segments AB, a, and b. 

To prove: AB can be divided into seg- 
ments proportional to a and b. 


Construction: Statements 

1. Draw AC to any point not on AB. 

2. On AC, take AD=a and DE^b. 

3. Draw EB. 

4. Draw DG fl EB. 

Then AG and GB are the required segments. 
Proof: 

1. DG 1| EB. 


Reasons 

1. Post. I 

2. Post. 3 

3. Post. 1. 

4. § 77. 


1. Const. 

2. §203. 


, t, and c are three pven la* separate, construct x: 


2ab 

6. If*-- — • 
3e 



m 
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7. Construct a fourth proportional to a, b, and e; then a fourth 
proportional to a e and b. How do these two fourth proportional) 
compare in length? 


8. Ilnlarpc a eivra lmn B le ,0 that „ sic | 0 o[ the 
angle is to a side of the given tnanglo as 6 : 4 . 

9. Divide a line segment into parts in the ratio 1:2:3. 


10. Construct aud », i( «+,-« „ n J i_* „ hrn , „ 

given line segments. V C 

. If C , R l , C,n tl ... arc perpendicular 
to AD, Bhow that the ratios 

AD, d£* AO, _ 

ACi AC / AC ’ ' ' ' arc K l ua i- * u.u.B.B 




Similar Polygons 


216. Similar polygons 
angles are equal and 
whose corresponding 
sides are proportional. 

ABODE*** A 'B'C'D't?, B 
if ZA- ZA\ ZB- 


■ . . , and 
BC r CD 
B’C'^C'D ’ ' ' ' 


AB 

A'B 


arc polygons whose corresponding 



- 2 haVC thc,r 8,<1 ” proportional, but are not 
rnular because their corresponding angles are not equal; 1 and 3 



!ne l£ irangIe ! equa1, ^ ut are not similar, because their correspond- 
ing sides are not proportional. 
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Investigation Problem. Draw a triaDgle having angles equal 
respectively to /A and A B. Does it appear to be the same shape 
as AABC1 Do you think they are similar? A 
Try to draw a triangle having two angles 
equal respectively to A A and AB which j n. 
does not appear to be similar to A ABC. j 

What is your conclusion? What parts of your s c 

A A'B'C' are known to be equal to the cor- 
responding parts of A ABC? How are polygons proved similar? 
Can you prove AC' equal to A Cl What must still be proved in 
order to prove A A'B'C' similar to A/1RC? What 
method of proving lines proportional have you 

learned? Could you place A A'B'C' in such a position / \ 

that B'C r would be parallel to BC ? What sides 

are then proportional? How must A A'B'C be plac o prove 

BA BC 

B'A'“* B'C ,C 

Can you prove right triangles similar if you J**at one 
acute angle of one of them equals an acute angle of the other? 
Does the ratio of the sides of a right triangle depend on one 
acute angle? .. 

Investigation Problem. Draw a AA’B’C' having A A cqua to 
iA, A'i one-third as long aa AB, and d'C' onc-lh.rd aa « 
AC. mat conclusion about AA'B'C' and ABC ' "“f* 1 lr ?£ 

Make another triangle in which A A’ equals A A but the sid 
A'B' and A'C are twice as long as AB and AC respectively. Is 
this triangle similar to AABC7 If so, state A 

your conclusion as a proposition. In or er /\ 

to prove A A'B'C' similar to A ABC, what 
method seems the most reasonable? J ow j 
many angles of one triangle arc known to b C 

be equal to angles of the other? C° u,d eoualled AB1 

prove these triangles similar if you knew 

It A A’B'C were placed on AABC, ea shown ‘" ‘TI'aBV' 
tenet be known uW B'C' and BC in order to P™" 
equalto CBt Canyon prove r „, bIcIMi 
hypothesis help you? If you still cann 
at 1‘reposilions 5 and 6. 
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7. Construct a fourth proportional to o, 6, and c; then a fourth 
propo k> to a, c, and 6. How do these two fourth proportionals 
compare in length? 

r f:. E ? Iaree .. a S™ triangle so that a side of the enlarged tri- 
“* Ie is to n side of the given triangle as 5 : 4. 

9. Divide a line segment into parts in the ratio 1:2:3. 

10. Construct s and y, if x +y- a and where a, b, and c are 
given line segments. ^ 6 

to 1 !'/ u lB \, C,Bu ' ■ • arc perpendicular 

to AB, show that the ratios 

AB, AB, AB, 

AC, ' AC,’ AC,’ • • • are equal. 


Similar Polygons 

■uiElffl'a^r^aUnd’” 5 P °' TO ’” “ h ° S ° 

whose corresponding 
sides are proportional. 

ABCDE~A 'B'C'D’E' 

•f A.A=/:a\ ZZ?=’ 

, AB 


A'B' 



AB', • • . , and - 
BC CD 
B'C' C'D' 

similar - 2 k aT ® ^eir “^es proportional, but are not 
similar b.cause their corresponding angles are not equal; 1 and 3 


cm 


0 


in? sid« e<Jua ^’ ^ m not similar, because their correspond- 

* 8,<Ies ^ not proportional. 
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Investigation Problem. Draw a triangle having angles equal 
respectively to Z A and ZB. Does it appear to be the same shape 
as A ABC! Do you think they are similar? 

Try to draw a triangle having two angles 
equal respectively to ZA and ZB which 
does not appear to be similar to A ABC. 

What is your conclusion? What parts of your 
A A'B'C are known to be equal to the cor- 
responding parts of AABC7 How are polygons proved sinubr? 
Can you prove ZC equal to ZC? What must still be proved in 
order to prove ZJl'B’C' similar to AABC! What A > 
method of proving lines proportional have you /'S. 

learned? Could you place AA’B’C' in such a position / 

that B'C' would be parallel to BC1 What sides 
are then proportional? How must A ABC be p a 
BA BC ? 

^ Can ^you prove right triangles stail" if J 00 t "? w h 1,iat , h 0 °| 

5AT-J* - " -,f 1! 

this triangle similar to AABC! > on j cr 

your conclusion as a proposi j 

to prove A A'B'C' similar to 
method seems the most j<«-W ^ 

many angles of one t ™ n J her? CoM you 
be equal to angles o tb ^ that ZB' equalled Zffl 

prove these triangles V, on ^BC, shown in the Cguro ' what 

•H AA'B'C were ^ in ordcr to prove ZAB'C 

must be known - (his relation? Will any part of the 

equal to Iff! J f still cannot do these problems, look 

hypothesis help your “ J 
at Prepositions 5 and 6. 
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PROPOSITION 6 

* 216. Two triangles are similar, if two angles of one 
equal respectively two angles of the other. 



Ginn; [tABC and A' B'CI; i A- LA' anil AB-AB'. 
To prove: AABC~&A‘B'C'. 


Proof: Statements 

1. Place A A’B’C on A ABC, so that 
4' is on A, and A'B' falls on AB. 

2. Then A’C is on AC. 

3. £B=AB'=Ax. 

4. B'C' II BC. 

5. AC-Ay-ZC. 

AB _AC AB AC 
AB' AC' ” A’B’ A'C’’ 

1 . Similarly, by placing B' on B, 


He a sons 
X. Ax. 10. 

2. CA'=£A by hyp^ 

3. Hyp. 

4. § 74. 

5. 5 so. 

6 . § 210 . 

7. Reasons 1 to 6. 



S. Ax. 2. 

I 9. §215- 

217. Corollary 1. Right triangles are similar, if an acids 
an acute angle of the other. 
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218. Corollary 2. Triangles similar to the same triangle 
are similar to each other. 

219. Corollary 3. In similar triangles, corresponding alti- 
tudes are to each other as corresponding sides. 


Proposition 6 

* 220 . Two triangles are similar , if an angle of one equals 
an angle of the other and the including sides are proportional. 



Given: [&ABC and A' B'C'V, ZA^-AA', and TTU; = 777£‘ 
To prove: AABC~AA'B'C'. 


Troof: States tEisTS 

L Place A A'B'C' on AABC, so that 
A’ 13 on A, and A'B’ falls on AB. 

2. Then A'C' is on AC. 

3 AC_ AB AC 
A'B'^A'C' OT AB~AC' 

4. B’C || BC. 

5. ZB**Zz=ZB\ I 


Reasons 
2. Ax. 10. 

2. ZA’^ZA by hyp. 

3. Hyp. 

4. § 212. 

5. 5 SO 


6. ZA^ZA'. I C. Hyp. 

7. AABC~AA'B'C. I 7. § 210. 


221. Corollary. A line bisecting two sides of a triangle is 
parallel to the third side and equal to half the third side. 





LOOKING UP INTO A BROADCASTING TOWER 

This picture is a very striking illustration of the use of 
similar triangles. As you look up into the tower, you will 
notice that the triangles nearer the pointed top have shorter 
sides than those farther down, but have the same shape. 
The triangle is used in this construction because, as you 
have already learned, it is the most rigid polygon and 
gives the greatest strength. 

This, however, is not the most important use of similar 
triangles. They are so valuable in engineering, astronomy, 
and surveying that much of that work would be difficult or 
impossible without them. Triangles can be shown to be 
similar by measuring angles only. And remember that 
angles are often more easily measured than lines. Then the 
sides of a triangle, extending all the way to a star, can be 
computed, because those sides have the same ratio as 
those of any smaller similar triangle that is entirely within 
our reach and can be measured. This makes it possible to 
determine long distances, or distances to inaccessible 
points, by measuring lines conveniently short. 

Still other illustrations of similar figures are plans of build- 
ings or machines, pictures of objects and enlargements of 
them, and maps of cities, states, or countries. 


Photograph from Philip D. Gendreau, N. V. 
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Exercises 

L Equilateral triangles are similar. 

2. Are AKLH and PQR similar if: 

(а) ZE= 41°, ZL= 73®, ZQ«73°, and ZB= 86°? 

(б) ZE= 67°, ZL=54°, ZQ=54°,and ZE=59°? 

3. Are AEFG and E'FG’ similar if Z£= Z£' and: 

(а) EE-12, EG =15, E'G' 

=7J, and E'F’= 6? 

(б) EE-9, £G= 12, E'G'=9, 

and £'E'-6? 

4- If ZC is a rt. Z and DEXBE, 
then AADE~AABC. 

6. If AB-12, AC-8, AD= 9, and 
AE=6, are AABC and ADE similar? 

Prove your answer. 

. V .f B ,“ 38 ° ZBAC - m ‘. and ^£-81", an AABC ud 

AOE similar? Prove your answer. 

7. Are all isosceles triangles 
similar? Explain. 

8. ME ia the common internal 
tangent to © 0 and P. Then 
AOMR~APXR. 

9. Make up and prove a similar exercise in which MN is a 
common external tangent and meets OP produced. 

10. Is it possible for two triangles ABC and DEF to be similar if: 

(a) ZA =87° and Z£=94°? Explain. 

( b ) ZA=71®, ZB=52°, ZD= 71°, and ZE=85*? 

■f *? 7 . eSt ^? tiol \* >roWem - D ° you think that triangles are similar 
their corresponding sides are proportional? Can you phce one 
on t e other? why not? Can you construct a new triangle on 
J?? ' arger havingttwo sides equal to sides of the smaller? Are the 
., “des then Equal? What proportions involve these third 
tides? 
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Proposition 7 

*222. Two triangles are similar, if the three sides of one 
are respectively proportional to the three sides of the other 



Given: [AA*Cnnd AA'IWl 
To prove: AABC~AA'B’C'. 


Proof: Statements 

Reasons 

1. On AB, take AD=A‘B’ and on AC, 

1. Post. 3. 

AE—A'C. 


2. Draw DE. 

2. Pest. S. 

3. In&ABC and ADE, £A=-AA. 

3, Idcn. 

AC ^ AB 

4. Hyp. 

A'C^A'B’’ 


AC AB 

5. Ax. 1. 

AE AD' 


6. A ABC~AADE. 

0. 8220. 

AB^BC 

7. §215. 

AD~DE' 


S. Hyp. 

A'B- BC 


9. In AADE and A'B'C, DE~B'C‘. 

9. §202. 

10. AD^A'B'on&AE^A'C'. 

10. Const. 

JL A ADESZAA'B'C. 

11. 857. 

32. A A BC^ A A'B'C . 1 

12. Subst. 





fe50 


PLANE GEOMETRY 


Class Exercises 

/ In AASC and AA'&C, AB = 0, AC=I2, RC=16, A'B'=fi 

A'C=S, and B'C'=\2. Are the triangles similar? Why? 

2 . AAnc~AA’B'C'. AB=1 0, BC= S, AC=9, A'B'=15; 
find B'C' and A'C. 

3. The sides of a polygon arc 4, 6, 5, 9, and 2. The side of a 
similar polygon corresponding to 4 is 12. Find its other 
sides. 


4. A tower casts a shadow 160 ft. long when a vertical 12-ft. 
pole casts a shadow 8 ft. long. How high is the tower? 

5. A man 6 ft. in height, standing 15 ft. from a lamppost, 
observes that his shadow cast by the light is 5 ft. in length. How 
high is the light? 

6. The sides of a triangle are 8. 7, and 9; if the side of s 
iimilar triangle corresponding to 7 is 10, find the other two 


J- and FD±BD, find AB, r _ n 

f ™°° ft- ' CD = 20 ft - and BF—5Q ft. ^\} r 
8. The base of a triangle is 20 ft.: the 
other sides arc 16 ft. and 10 ft. A line parallel \ 

to the base cuts off 2 ft. from the lower end S ^ 

s ^ orter «de. Find the segments of the other side, and the 
length of the lme parallel to the base. 

a line ° f a t ™ ng,e are 8 - 12 in. respectively. If 

yrltir* Paral,Cl 10 the lon ^ t 8ide - in the other two 
“ des , fuid the se S ment8 “to which it divides them. 

• £ , bases are 5 in ‘ ands in -. and the legs are 

. ana O in. Hpftv f ar must each of the legs be produced that 
'*y?TZA a point? 

Investigation P* *? „ w .° circ ^ es > whose 
K their correspond t~ j ,*“■ ^Pfcthely, ^1 A 

\he other? 1"“° 3^1 

Nfeger having £* ?' 1 ™ <* «»t™ 4 

then i ° D mtema * tangent. B 

BE=IBA, and DE~9 ft., find AC. 
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13. There will be a total eclipse of the sun, S, whenever a part of 
ihe earth, E, is within the shadow, BCD, of the moon. If 5(7 *= 
93,000,000 mi., the 
radius of the sun is 
443,000 mi., and the 
radius of the moon 
is 1,0S0 mi., what is 
the greatest possible 
distance of the moon, 

M, from the surface of the earth, at which a total eclipse is possible? 

Method of attack. To piove triangles similar, show that 
two angles of one equal two angles of the other; or, that an 
angle of one equals an angle of the other and the including 
aides are proportional. 

14. Two isosceles triangles are similar, if the vertex angle of one 
equals the vertex angle of the other. 

16. Two isosceles triangles are similar, if a base angle of one 
equals a base angle of the other. 

16. If two chords AB and CD intersect at E, AACE~ABDE. 

17. Prove that AFHl~AJIIG. 

18. In A KLM, NO±KL and M is a right angle, prove that 
AKNO~AKLM. 




Ex. 17. Ex. 18. Ex. 20. 


19. The altitude on the hypotenuse of a right triangle cuts the 
triangle into two similar triangles. 

20. If A B is a diameter, and BC a tangent, prove tliat 
&ABD~ABDC. 

21. If one cf two similar triangles is isosceles, the ether w also 
isosceles. 

22. If the diagonals of a quadrilateral divide each other into 
Droportionnl segments, the quadrilateral has two sides parallel. 
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Cuss Exercises 

1. In A ABC and A A'&C, Afi-9, AC-12, tfC-lG, AW«$ 
A C -S, and fl'C*- 12. Are the triangles similar? Why? 

- f’J}£ 0C y AAW ' 10, UC- S, AC-0, AW- 15; 
find B C and A’C. 

3. The sides of a polygon arc 4, 6, 5, 0, and 2. The side of i 

P ° ye ° n corrrs l wn ding to 4 is 12. l-Ind its other 

4. A tower cast, a shadow lfiO ft. long when a vertical 12-ft 
pole casta a shadow 8 ft. long. How high U the tower? 

< ?’ ^ *!| an ® ft. in height, standing 15 ft. from a lamppost. 

^ liEht “ s <»• I" n°" 

5. Thdac. at , tmntfe ere s. 7. end 9; it It. ride cl . 
Udei EC COtIWron(lin S to 7 is 10 . find the other two 

{f cV r i^ fl /?n <ind FD±DD ’ ««d AB, 

8 u C ?" 20 f ‘< *“d DF-50 ft 
%T e laSC of a tnan 8 ,e » 20 ft; the 
other sides are 1 0 ft. and 10 ft. A line parallel 

Ol te 2 ft- '™> <ho lo<£ «d * 

ien-th of fh. r* lde ' Find l!l ‘ of the other ride, end the 

«»Sth of the fme pmllel to the km, 

, 1»; °L “ 'ft 1 * 1 ' ° re S - l0 - »“ J 12 in - mpeetircly. H 

Sides find f h#> *’ raR1 c to tbe long^t side, ends in the other two 
fnd tte **?*** “to which it divides them. 

: t and^t I*** 1 ^ *****“* nre 5 * a - or, d S in., and the legs are 

m How far must «»ch of the legs be produced that 

aj WTtA a point? 

Investigation P* °! ,w .° ^Im, whose 
if their corresptW". ® “* "spoctirdy, 
on the other?"' V , “ ^ ar fro® the 
the larger having^ e !*** * ine ol inters 
third sides then Y° n mlercaI tnngent. 
aides? BE ~ JOA, and DE« 9 ft find AC. 
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32. For each of the following proportions, read the triangles 
which must be proved similar, without attempting to draw a figure: 


(a) m PM PR ED ^ IB{ KU 

gc~gf' VpQ—s' (e) 7r=¥D'’ 

33. In the ncutc A ABC, the altitudes BD and CE are drawn. 
Prove 

CE AC 


34. If, using the same hypothesis, BD and CF intersect at F, 

prove that 

CF DF 


35. The diagonals of a trapezoid divide each other into propor- 
tional segments. 

36. If a tangent and a secant are drawn from a point outside a 
circle, the tangent is a mean proportional between the secant and 
its external segment. 

37. The bisector of AC of A ABC meets AB at D, and the cir. 

cumscribed circle at E. Prove — = —• 

CD CB 



Ex. 37. Ex*. 30. 40. 

38. In the right AABC, CD is the altitude on the hypotenuse. 
Prove that 

CB CD 

39. If AB i3 a diameter and CD±AB extended, then 

40. If AB is a diameter and then CD A An. 

41- In similar triangles bisectors of corresponding angl« havt 
the same ratio as a pair of corresponding sides. 

42. In similar triangles corresponding medians have the same 
ratio as a parr of corresponding sides. 
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P° 1 - v E° ns » and^i'D'C'D'E', are similar, prove 

that AA£C~A.4'D'C\ 

24. If D is any point on EC, and E, F, and G bisect DB. DA, and 
DC respectively, then AEFG~AABC. 

nf’ ^i 3 8ny P 0 " 4 {nside and E, F, and G bisect DB, 

DA, and DC respectively, then A EFG is similar to A ABC. 

Ex. 21 

iv 26 ' ? i"° C . ire,es arc tan 8ent at D, and AA‘, BB', and CC pass 
through D and end in the circles, then £uiBC~&A'B’C'. 

b “f !i; s «idc o( « triangle and parallel to a mond 

ude b*eta the thud stde and equal, one-half theieeand ride. 

i'rr’ *" rw '" 

etow thaf itf 011 °* attaclL prove ffnes proportional, 
ey are corresponding sides of similar triangles. 

portioi^i^H nn°tl ngIe r h0£e . fides are ‘be numerators of the pro* 
oessful with this , Br . whcKe 6tdes aT ® 'he denominators. If unsuo- 
oTa tr^ 1 v **>*** the terms of each fraction the sides 
Then marlTtho * ^ " l “ e ane!c3 of one of the triangles x, V, t- 
anglca of «* other triangle *>, tf, s', 

the correspond** 

■w* by equal ares, e°tT fW ,<3eatlCal aDg,M - ang!eS me ** 
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32. For each of the following proportions, read the triangles 
trhich must be proved si milar , without attempting to draw a figure: 


( a \ AHAU' I'M fit At ; ED HM KH 

GC GF’ PO PM’ ^ A'R> P'D’’ ^ Hk' I.U' 


33. In the acute A ABC, the altitudes BD and CE a 

Prove m 

CE AC 


34. If, using the same hypothesis, BD and CF intersect at F, 

prove that — . 

CF DF 


35. The diagonals of a trapezoid divide each other into propor- 
tional segments. 

3S. If a tangent and a secant are drawn from a point outside a 
circle, the tangent is a mean proportional between the secant and 
its external segment. 

37. The bisector of AC of A ABC meets AB at D, and the cir- 
cumscribed circle at E. Prove 



18. In the right A ABC, CD is the altitude on the hypotenuse. 


, , „ AB AE 
and CDAAB extended, then — 


40. If AB is a diameter and -^•=— , then CD±AB. 

41. In similar triangles bisectors of corresponding angles have 
the same ratio as a pair of corresponding sides. 

42. In similar triangles corresponding medians hare the same 
ratio as a pair of corresponding sides. 
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43. If the sides AB and DC of inscribed quadrilateral A BCD 
are extended to meet at E, prove that 

DE BE 

44. If C is the middle point of AB, prove that AC is a mean pro* 
portions] between CD and CE. 

45. State and {trove the converse of Ex. 44. 

45. If two circles are tangent to each other at P, the chords 
formed by a line through P are proportional to the diameters. 

17. If two circles are tangent at P, secants through P arc cut 
proportionally by the circles. 



48. In A ABC, ZB-2ZA, and BE bisects ZB. Trove that 
BCiaa mean proportional between CE and .-1C. 

49. If FI 7 is a diameter, and FG and HI are tangents, FH is a 
mean proportional between FG and HI. 


224. Method of attack. To prove two products equal, 
ma e t cm the means and extremes respectively of a pro- 
portion, and prove the proportion. Then the product of the 
means equals the product of the extremes. When one of the 
pro ucts is a square, make it a mean proportional. Con- 
versey, two products are equal, form a proportion and 
use is proportion to help prove triangles similar. 


AB CD intersect at E a that AEXEB- 
XED, prove that ZADE= ZCBE. 

M. If two chords intersect inside a circle, the product of the 
eegments of one chord equals the product of the segments of the 
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62. If AD bisects AA and ABxAC=ADxAE, then AB—AD, 

63. If two secants are drawn from a point, the product of one 
Eecant and its external segment equals the product of the other 
secant and its external segment. 

64. In inscribed A ABC, the product of AB and AC equals the 
product of the altitude AD and the diameter AE. 

66. If, in A KLM, PQ is parallel to LM, prove that KLxKQ - 
KPxKM. 



Ex. 52. Ex. 55. 


66. State and prove the converse of Ex. 55. 

67. Jf RS is tangent to the circle, TS±RS, and IT is a diameter, 
thenRr^FTxSr. 

68. Jf AB is the diameter of a circle, AC a chord, and CD A* , 
then AC* =*AD XAB. 

69. If AB is the diameter of a circle, AC a chord, and D a pom 
on AB such that AC* =ADxAB, then CDJ.AU. 

60. The product of the hypotenuse of 
a right triangle and the altitude on 
equals the product of the legs. 

61. If CD is the altitude on the hypoten- ^ _ _ 

use of right A ABC, then gd*-A DX DB. 

62. Using the same hypothesis, BC*-ABxDB. 

63. Using the same hypothesis, ACXCD=J. X^ ^ 

64. If, in AABC, JO* “AD XAB, prove that 

66. If BD md CE ^altitude, of A ABC, then CExAB- 

B 66 X,i i?'o.o chord fa bfacctcd by n»ot»« chord, the «,»»ro of . 


e of C 

" ^ 1 \ 
ten- — ■/, 
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segment of the former equals the product of the segments of the 
latter. 


Honor Exercises 


67. AC and AD are tangents to © ABD and ABC respectively. 
Prove that AB **BCxBD. 

68. If FI U parallel to tangent DE, then ABxAG^ACxAH. 



E*- 67. Exs. 6S. 69. Ex. 70. 

69. If ABxAG^ACxAH, then FI is parallel to tangent DE. 
Dxm ^ V “ a Hght aneIe and P Q RS «s a square, then Qft’*= 


ADxAE AB “ a dJa “* ter and BDis& tangent, then ACxAF- 

72. If AB and AC are tangents to ©0 from point A, and CD 
ia perpendicular to diameter BOE, then ABxCD=BDxBO. 



Lx. 70. 

jj AD . “ d B .° lh ' Pmillel tides of trapezoid A BCD, and 

“ “ tmeCt “ “■ f*"» that 7EXSB- 

/ Perpendimta. to the diameter JO, from D, ■ 

point on ^ord^E, then^SxdD-JCx^B. 

HKxFr^ " * “ d CK >»sKi» £FKB, then Off’- 
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7S. (a) In A ABC, can A A grow larger without any correspond- 
ing change in the aides of the triangle? Can the sides grow longer 
without any corresponding change in the sire of A A? 

(6) If the three sides of AABC are given, can you construct the 
three angles, A, B and C? If the three angles of A ABC are given, 
can you construct the sides? 

(c) Do the sides of a triangle determine the angles? Do thi 
angles of a triangle determine the sides? Do the angles of a tri- 
angle give any information about the Bides? Given this informa- 
tion and, in addition, any one of the sides, could you construct ths 
triangle? 

77. Determine the relations of the sides in the following triangles, 
two of whoso angles arc: (a) 00°, GO 0 ; (6) G0°, 30°; (e) 45 , 90 . 

78. Construct each of the triangles in Ex. 77, if the shortest side 
is 2 in. 


Applied Problems 

To measure the height of a building, make a tight AABC, and 
suspend a weight from comer 
A. Hold the triangle at the 
level of the eye bo that the edge 
AC will be vertical (it will be 
vertical when the plumb line 
hangs parallel to the edge), 
and wait toward or from the 
building until the highest point 
D is in line with B and A. l£t 
t be the height of the eye from _ s — 

the ground, d the distance of ... 

the observer from the building, and h the height of the building. 

79. If AABC is isosceles, prove that h=d+e. 

80. If A ABC is isosceles, what is the height of the budding; 
when a boy, whose eye is 41 ft. above the ground, finds that h* 
liistance from the building is 18 ft.? 

81. If the triangle is not isosceles, but BC is represented by o 

bd 

and AC represented by b, prove that A-J+* 
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82. If AC~5 in., BC- 3 in., BE-5 ft., and EF ~2i ft., find DF. 

83. If the triangle has an altitude of 9 in. nnd a base of 3 in. and 
k m r W ^ 0SC e ^ e * s *• f rom the ground, stands 20 ft. from the 
budding, what is the height of the building? 

V '"!*!? 035 ts a shadow 20 in. long at the same 

budding? * bu ‘ di " g a ehadow 30 ft - long- How high is the 

85 A man 8 « feet till, standing 2S ft. from an arc light, notices 

IV'IY ™ 1 ™ h 8 iL IanR - IIow W would it become, if he 
ualked G ft. toward the light? 

J?:™* hC ! ght 0f a lree can ** ^und by placing a mirror hori- 
zontally on the ground, 
and walking back until 
the top of the tree can 
be seen in the mirror. 

If Paul, whose eye is 

i It- from the ground, — 

is 5 ,be *^ e trec * n tbe mirror, when he 

high is (K Dm ° r a0d th ° mirror » 30 “• f™ the tree, how 

from* the ^ of ft building, I place a mark at B, 6 ft 

irom the ground. Then I walk back 
a distance from the building and, 
holding my ruler vertically a t arm’, 

“ "" '*“* “ ,h ' Wstt o[ the bunding? 

'“rr " d sets » **.« 

* he Walks along CD to 
point D, whereVn !* -JT 0 a 
to CD, IfrnlTff i i* ht ^ 

° Y ft ' and ED,=22 ft, what is the distance .45? 
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89. Chester found the length of a pond FG by measuring GJ at 
right angles to FG. He found this 

distance to be 40 ft., and also found 
that J7/=15 ft., and HI =12 ft. at 
right angles to JG. What result did 
he get and how 4id he get it? _. 

90. An inaccessible distance LK 
tan be found by extending KL to M 
and taking LO and MN perpendicular to 
Of. If LM =10 ft., LO= 1C ft., and 
WAT =20 ft., find LK. 

91. In the camera, the light proceeds 

in straight lines from the object to the image, which is 
inverted. If the camera is G in. 
deep and is held 10 ft. from a 
bush 4 ft. tall, what height will 
the picture have? If Katherine 
wishes the picture of the bush to 
be just 2 in. in height, how far from it should she hold the 
camera? 

92. The pantograph consists of four strips AC, ED, BE, and CF, 
jointed to form a 
OBEDC. It has a 
point at E and a 
pencil at F. If A is 
held stationary, while 
E traces a figure, F \ 
will trace a similar 
figure. If AC is 20 
in. long, and I wish 

to make a figure ,, 

whose length is three times that of the figure at E, what lengths 
must I make AB and BCt 

S3. If, in E*. 92, CF is 12 in., Cnd the len S th of CD. 

94 When a ruler is held 2S in. from the eye, the diameter oi the 
moon seems to be about i in. If the moon is 240,000 miles away, 
what is its real diameter? 
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S5. The sun appears the same size as the moon. What is its 
diameter, if it is 93,000,000 miles away? 

The plan shown in the diagram is that of a budding 50 ft. long. 
By making measurements on the 
plan, answer the following ques- 
tions: 

SC. What ia the width of the build- 
ing? 

07. Find the dimensions of the 
living room and of the kitchen. 

98. What is the width of the 
doorway between the living room 
and porch? What width is the hall 
beside the stairway? 

99. Is there room enough against 
the wall between living room and 
kitchen for a piano, the length of a 
piano being 4j ft.? 

100. II a single width of carpet 
is to be laid the full length of the 
hall, how many yards will be re- 
quired? 

101. In cutting cloth with a 
pattern which was too small, John’s 
mother cut the cloth 2 in. out from 
the pattern all around. Trove that, 
if the length and width of the pat- 
tern were not equal, the resulting 
piece of cloth did not have the same 
shape as the pattern. 

102. If the length of the pattern is twice the width, 
much should she increase the length if £he increases 
by idn.? 
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Space Geometry (Optional) 

1. In the pyramid V ABODE, the plane A'D', parallel to the base 
AD, cuts the altitude VH at IV- Prove that: 

VA 


VB' 

VA VB' 

(b) AVA'B'~AVAB. 
VB'A'B’ 

VB~ AB' 




(c) 


(d) 

' ; VB BC 



to 


A'B' B’C' 
AB~ BC' 


. VH' VA' 


{ 3 ) Polygon A'B'C'D’E '~ polygon ABODE. 

2. The figure below is a circular cone. IU base is » circle, anO 
its lateral surface could be traced by VA if A mov aro 
circle while V stayed fixed. 0 is the center of the cmfie and KO 

the axis of the cone. , _ . D ,u n *. 

If the plane O' A'B' is paraUel to plane OAB, prove that. 


(a) E 
VA 


■ 


VO’ 

* VO' 
A' O' 
AO' 


VO' B'0‘ 



(e) Is the intersection a circle? 

A' and Bf are any two pouts 
on the intersection, show that ^ 

A ° rp , .resent the way you think the lateral 

3. Draw a figure ^ wouId i 00 k if it were cut along an 
surface of a paper pyr g j„ the same way represent the- 

edge and spread out on t p 
cone. 
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A Self-Measuring Test 

* 3 . t ^ 10 , proving the product of two line 

segments equal to the product of two other line segments? 

2. State two methods of proving lines proportional. 

3. Give three methods of proving triangles similar. 

4. Give four methods of proring triangles congruent. 

‘ /^ rc s ‘ ra ^ ar | triangles necessarily congruent? Are congruent 

triangles necessarily similar? 

6. For what purposes do we prove triangles similar? 

* f.° r wha * P ur Poscs do wo prove triangles congruent? 
tn »fc.*i. tW0 t ™ ng!c9 have tbc three sides of one equal respectively 
£u CDt7 8,d ” ° f thc othcr ' «» tb *r similar? Arc they con- 

tiveh- to tih« ♦t riJln ® ,e8 , haV ° the thrcc aDg,C3 of one wiual respcc- 
Suontf thrc ° aDS,C3 ° f * he ° thcr > are t»*cy similar? Are they 

•t directly C ” be a Coding n distance without measuring 

n - similar triangles. 

triangle .tllij i° Dot P rove that n lino parallel to one side of a 
triangles? ” hC ° tllCr Bidea Proportionally, by using similar 

th ' Pr °° ! Pr ° P ' 

For proving ri^hf f - ° U eamcd for proving right triangles similar? 

15 tat “ ( tnaasIes C0D Sroent? 
by arcs Ur PropO3iti0M ®hout thc measurement of angles 

17 In eqUa ^ c ‘^ c * es ' sro antral angles proportional to their arcs? 
ires? ^ C] rcles, are inscribed angles proportional to their 

- reff Ponding r s id«?* nS t ” ang ' e3 Slm ilar, how can you select the cor- 
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19. State a proposition in proportion in which two quantities 
are proved equal. 

20. What test can you apply to determine whether two numeri- 
cal ratios are equal? 

21. If a central angle and an angle formed by a tangent and 
a chord intercept the same arc, what is the ratio of the angles? 

22. Define a chord. State two propositions about chords. 

23. Define tangent. State two propositions about tangents. 

24. To prove that similar triangles are congruent, what extra 
fact must be known? 

26. Define mean ‘proportional; fourth proportional; extremes; 
means, 

26. State a fact about the altitudes of similar triangles which 
you have learned. 

Geometric reasoning applied to life situations (Optional) 

Assume that whenever wages are raised, prices arc raised too. 
Does it necessarily follow that: (a) If wages are not raised, prices 
are not raised? (fc) If prices arc not raised, wages are not raised? 
( c ) If wages arc raised, prices are raised? (d) If prices are raised, 
wages are raised? 


Completion Test (10 min.) 

After the number of the question, write the omitted word. 

1. If any angle of one isosceles triangle equals the corresponding 
angle of another isosceles triangle, then the two triangles arc . . • • 

2. A line parallel to one side of a triangle cuts a second side into 
segments 4 and 5. The third side is 12. The shorter segment of 
the third side is ... . 

3. The line segment joining the middle points of two sides of a 
triangle equals . . . the tliird side. 

4. Corresponding sides of two similar triangles arc in the ratio 
1 : 4. The perimeters of these triangles are in the ratio . .•< 

5. If a building casts a shadow 15 ft. long at the same time that 

* yardstick held vertically casts a shadow 1 ft. long, the building is 

* • • ft. high. 
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Humeri c« Test (10 min.) 

1. On a map, Wyoming is represented by a rectangle 7 in. long 
width ,B Wde ' W the lCDSth ° f ' V y° mIn S « 350 ml, find its 


i 1<,C3 ° f a tri,n S ,c are C, 8 and 9. A line segment whose 

pf? .«. U \ Para!lrf to thc *»SWt side, ends in the other two Hides, 
rind the shorter segment of side 8. 

rr fi e a [Utudc of a triangle are 6 and 4 respectively. 

ie '•e o a similar triangle is 0, find the corresponding altitude. 
. A monument on level ground casta a shadow 150 ft. long 
ule n pole 1. ft. high costs a shadow 10 ft. long. Ifow high is 

the monument? 

° f * trians,e ar, “ 2 ‘ 3 anJ 4 - Find the sides of » 
similar triangle whose perimeter is 45. 


Matchwo Test (10 min.) 

Match numbers and letters 
ment. 


so ns to make a correct gtate- 


L A ratio 


2. A proportion 

3. Locus 


^ equaT ™' 6 product3 

5. Similar polygons 

6. Mean proportional 

7. Commensurable 


8. 

9. 

10 . 


We prove lines pro- 
portional 

Fourth proportional 
Extremes 


а. A statement of the equality of two 
ratios. 

б. Polygons having corresponding an- 
gles equal and corresponding sides 
proportional. 

C- The last term of a proportion. 

d. Two quantities having a common 
nut of measure. 

«. The result of diriding one quantity 
by another of the same land. 

/• The second and third terms of a 
proportion when equal. 

0- The first and last terms of a propor- 
tion. 

h. By corresponding sides of similar 
triangles. 

*- By proving a proportion. 

]• The path of a moving point. 
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Judging the Correctness op a Converse {10 min.) 

Read the theorem given below and think the statement 
of its converse. If the converse is true, write T, if false, 
write F. 


1. A line bisecting two sides of a triangle is parallel to the third 
side and equal to half the third side. 

2. Two triangles similar to a third triangle are similar. 

3. Right triangles are similar if an acute angle of one equals an 
acute angle of the other. 

4. The diagonals of a trapezoid divide each other into propor- 
tional segments. 

5. Parallel lines cut off proportional segments on two trans- 
versals. 


Investigation Problem. In the figure Z.ACB is a right angle, 
and CD is perpendicular to AB. How many 
triangles are there in the figure? How 
many of them appear to be similar? If 
you wished to prove AC a mean pro- 
portional between two other lines, what 
triangles must you prove similar? Of what two triangles^ 

aside? Are they similar? If so, complete the proportion ^ 

Can you prove another proportion in which BC is the mean pro- 
portional? One in which DC is the mean proportional/ 

Investigation Problem. In your work in arithmetic ’ 

you have used the well-known relation of the si es 
triangle, “ The square of the hypotenuse equals the sum ot tne 

jSg-- 

mim 1 . . r Wl,y? C 1tB=+S<?-(L+DB). . . . AD+DB-. . . 
fcctS rfJEL. Do vo„ think it b ,™r 



PLANE GEOMETRY 


Proposition 6 

225. In a right triangle , the altitude on the hypotenuse is 
the mean proportional between the segments of the hypot- 
enuse, and each leg is a mean proportional between the 
hypotenuse and the segment adjacent to that leg. 



Given: [A/IRC]; z ACB a right angle and CD±AB. 

To prove: — =££ AD A C . DB CB 
nrx - , and— 


CD DB’ AC~AB 

PrOotl STATEilENTS 
1. In AABC and ACD, ZA 


ZA. 

2. A ACD is a rt. A. 

3. AACD~&ABC. 

In like manner ABCD-^AABC 

4. &ACD-~&BCD~AABC ' 

5 AD AC 

' CD DB’ AC^Ib" Md 
bB^CB 
CB^Afj, I 

a ™- C 4”«T- A VTpndicular „ „ 

J»'"< •» ‘he circle i, „ 

7zr:jsr i *— «• 


CB AB 
Reasons 


2. CD AAB. 

3. § 217. 

4. § 21S. 

5. Co it. sides of 
proportional. 
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Exercises 


In the right A ABC, CD is the altitude on the hypotenuse. 

1. Find CD if: 

(a) AD=2 and DB- 8 ; ( 6 ) AD=S and AB- 26; 

(c) AD=5 and DB-7; (d) AD = 6 andDB= 6 . 

2. Find AD if: 

(a) CD*=6andDB=9; ( b ) CD = 7 and DB = 11; 

(e) AB«10and AC=C; (d) CD=o and DB=b. 

3. Find DB if: 

(a) CD-vllO and AD ~ 10; (b) BC =8 and AB=12. 

4. Find DC if: 

(a) AD- 3 and DB=9; ( 6 ) AD =6 and AB=14; 

(e) AC- 9 and AD=»3; (d) AD— a and DB-b. 

6 . Find AC if: 

(a) AD*=4 and AB- 9; ( 6 ) AD=c and AB-d. 

6 . Find AB if: 

(o) AA=00° and AD— 5; ( 6 ) A A =60° and AD-b. 

7. Find DB if: 

(a) A A =60° and AD=G; ( b ) AA =30° and AB= 10. 


AC . 

ifc 2 ' 


AD 

DB’ 


(e) CDXAB-ACXBC. 


9. In AABC, CD A AS and ^= 7 ^. Then AACB isart. A. 


10. In AABC, AB remains fixed in length and position, but rt. 
AC moves toward A. What change takes place in the length of 
ADI AC ? CD? DB? CB? 


11. In right AABC, CD is the altitude on the hypotenuse. If 
CD grows longer while AD remains unchanged, what change ta es 
place in DB? If CD remains unchanged, but AD grows shorter, 
what change takes place in DB? 



PLANE GEOMETRY 


Proposition 9 

227. In a right triangle , the square of the hypotenuse 
equals the sum of the squares of the legs. 



Given: A ABC with right angle at C. 
To prove: a 2 +6 2 =c*. 


Proof: Statements Reasons 

1. DrawC'Dl/lfl. Let AD.k.miDB-m. 1 . 5 64. 

n m a , k b 

a 2. 5 225. 

3. a'-me.nd 8 5200. 

o’ = 4c. 

4. e. + 6>.(„ +i)c . 4 ^ 3. 

o’ "2.*'' 5- 7 ' 

6. o'+i.-c., 6 Ax. 1. 

«v, 2 ^',p 0r0ll ' lr7 ' The ware of a leg of a right triangle 
other leg & S f mTe ^ hypotenuse minus the square of the 

^ Cuss Exercises 

(a) fi anA c 1 ^^Potenuse of a right triangle whose legs are: 
W Bands; ft) 5 and 12; (c) 10 and 10; (d)pand ? . 

one lew Z SHIS*!** °J* right trian S le - U the hypotenuse and 

” respectively: (o) 20 and 12; (fc) 10 and 7; (c) r and t. 
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3. Find the diagonal of a square whose side is 10 ft. 

4. The base and altitude of a rectangle are respectively 6 and 8. 
Find its diagonal. 

6. If the base of a rectangle is 12 nrd its diagonal is 13, find its 
altitude. 

6. Find the altitude of an equilateral triangle whose side 
is 16. 

7. Find the altitude of an equilateral triangle whose side is s. 

8. Are the following triangles right triangles, and why, if the 
Bides are: (a) 4, 12, and 13? (6) 3, 4, and 5? (c) 17, 12, and 25? 
(d) 7, 8, and 9? 

9. Find the altitude of an isosceles triangle whose base is 10 
and whose legs are each 13. 

10. Find the legs of an isosceles right triangle whose hypotenuse 
is iO. . 

U. A tangent from a point to a circle is 24, and the radius is 10. 
Find the distance of the point from the center. 

12. A point is 10 in. from the center of a circle whose radius 

is 6 in. Find the length of the tangent from the point to 
the circle. . 

13. In a circle whose radius is 20 in., what is the length of a chord 

12 in. from the center? , 

14. If a chord 10 in. long is 15 in. from the center, what is the 


radius of the circle? . 

15. The distance from the center of a circle to a chord in. 
long is 12 in. Find the distance from the center to a chord 
long. 

16. The bottom of a ladder 17 ft. tog is 8 ft. from a wall. How 
high is the top of the ladder above the ground? 

17. A ladder 25 ft. long reaches a window 20 It high on one n e 

of a street. IVhen turned over upon its tot . read- 
window 24 It. high on the opposite side of the stree . , 

distance between the two windows. ... . 

18 A toe 04 ft. Ugh is cut through until it falls over without 
breaking ^entirely free from the stump. If the topmost psrt of the 
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tree strikes the ground 48 ft. from the base of the stump, find the 
height at which it was cut. 

19. The perimeter of a rectangle is 14 ft. and its diagonal is 5 ft. 
*ind the sides of the rectangle. 

2°. The legs of a right triangle are 5 and 12 respectively. Find 
the altitude on the hypotenuse and the segments of the hypotenuse 

made by the altitude. 

21 If the legs of a right triangle are 12 and 9. find the altitude on 
the hypotenuse. 


22. If the diagonals of a rhombus are 10 and 24, find its side. 

23. If a side of a rhombus is 10 and the longer diagonal is 16, 
hnd the other diagonal. 


24. If two adjacent sides of a parallelogram are 5 and 12, and a 
diagonal is 13, is the parallelogram a rectangle? Why? 
i 25 ‘ ! o a „ ri8ht trian S le whose hypotenuse is 30 and one of whose 
legs is 18, find the altitude on the hypotenuse. 

26. Find the side of a square whose diagonal is 10. 

. the deters of two circles, which 

!t me L Center> are 20 and 16 > the 

Sli .? 0 " 1 0f the br8er which A 

is tangent to the smaller. 



Optional Exercises 

chord I/taUtS uc.*” fa 12 ' "» Hod the 

5? » po1 ' 48 a hish »'> » p»»‘ s «. 

JL-j tn fl' Tf' HowIon g a rope will be 

,he ,,,p ° f ,he ^ _ 
from V*- a c * rc * e » an d the length of the tangent 

“ JViT C , 6 13 10 ft< Fmd the diameter of the cirrie. 
from a mint <f • en F^ a tangent to a circle, whose radius is 8 in., 
m a P° mt 9 in. from the circle. 
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33. Two circles with radii II ft. and 2 ft. respectively, have their 
centers 15 ft. apart. Find the length of the common external 
tangent. 



34. A side of an isosceles right triangle is 4 in. Find the length 
of the altitude on tho hypotenuse. 

35. Find the radius of a circle inscribed in an equilateral triangle 
whose side is 16. 

36. Two parallel chords of a circle, on the same side of the center, 
are G in. and 8 in. long, and 1 in. apart. Find the radius of the 
circle. 

37. If an altitude is drawn to the hypotenuse of a right triangle, 
the segments of the hypotenuse are proportional to the squares of 
the legs. 

38. How far away can the water be seen from an airplane one 
mile above the surface of the ocean, if the radius of the earth is 
4,000 miles? 

39. Two equal circles, whose radii are 10 in., have their centers 
16 in. apart. Find the length of their common chord. 

40. The hypotenuse of a right triangle is 12 and one angle is 30". 
Find the legs. 

41. A leg of a right triangle is 10. Find the other two sides, it 
the angle opposite 10 is (a) 30°; ( b ) 60°; (c) 45°. 

42. The hypotenuse of a right triangle is 26 and one angle is 45®. 
Find the legs. 

43. When the sun’s raj’s strike the ground at an angle of 60® 
with the horizontal, how high is a building which casts a shadow 
50 ft. long? 

44. The bases of a trapezoid are 10 and 22, and the longer base 
forms 60® angles with both legs. Find the altitude. 
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HoitOR Work 

45. If, in A/IPC, AD±BC, prove that AC'-AV* -VC'-BD’. 

V, • ^rc paralle! tangent*, and EF is tangent at 0, 
that radius 00 is a mean proportional between ft? and 


OL 



e*. 47. 


Exa. 4S, 40. SO, 51. 


OB-n * I'n’M'dimta to chord CE. If 

UB-13, and OD- 6, find CE, AC, and CD 

lD tb ' risht ™ BC *«> CD the altitude on th. hrpotennset 

P°S a To« “o"“ from AtoB ’ wl “ l ” lhe 

How d'^tholte ofi/i A ° ' q “ I * W 3 1 W «1 W >■ 

«a sue of d A change a, D novra A to HI 

dD doublef and' tow* A ° " b '“ /1D “ W 3 1 W 6; M 9. TOea 
doubles and tuples it, length d,*, doubfc Md 

(a) 3; ft) G- Tq"* 2J ,C ° E ' h ° f Wb ' n /ID '‘l® 1 * 

slant does ^ eta- „ 

dH doubles and tripX? tni ’ 1 ” *"°' di »S “ 

w‘V-! w«Vw<»“tuT 

of the length of CO L Jv.- ^ . ™ J '°“ «V 

^ doLih„;,ci:;r' h " ao ' ? Ai ” 

"• In ^ BC - AC “ ' ■ *W .ogle. Cons tor ct dd, if S-lf 
,BC 2 itS 3 
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Applied Problems 

64. To find the distance AB, I measure A C 112 ft. and CB 136 ft. 
at right angles with each other. What is 
the length of AB ? 

65. A baseball diamond is a square 90 ft. 
on a side. How far is it from home plate 
to second base? If the pitcher’s box is 
60.5 ft. from home plate, how far is it from 
second base? 



66. What is the distance from the 

pitcher’s box to first base? 3 

57. A surveyor constructs a perpen- p / 

dicular AC to AB at A, in the field, as ^ 

follows. He first measures AB 40 ft. _ / 

Then one man holds the zero end of the up 1B 

tape at A . another holds the 100 ft. 

mmk at D, and a third boldine the 30- and 50-ft. marks together, 

walks out until the tape ia P»»' d t, 6 ht a * ffc 

C. Prove that AC is the required penxn- 

dicular. (He leaves the loop at C because 

a steel tape would break if bent at the acute 

AACB .) 


68. Frank Carlton waDts to put up 

an antenna for his radio set. He 

decides to run it from a pole 55 ft. m 

height which is 72 ft. from his house Q 

to the gable of the house which is J L_ 1 

25 ft. from the ground. H«w mw ^ , rom , b , 

feet of copper wire must Fr ? , 

top of the pole to the vertev of the 

gable? The house is 20 ft. wide. / 

59. A boat travels 40 ft across ^ .. 

rm%r.t C p a ri‘- boat, and k_J 

find the distance .t has moved. 
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J-f" 7 a,h ,» l «“ "•«»( 5 m. =n hour across the dot* of. 
boat which is traveling 12 mi an hour. TVbat is hi, actual speed? 

fc Info'S <&ectlj- north and a force of SO lb. 
of the' namT! ! ' resultant force is represented by the diagonal 

forces, (Ud its SSt, °” “* P^P 0 *' 0 ” 1 to «■' £™ 

at the stahor^the^e^f^ EOtlcf3 tIlat whi,e tte train is standing 
when the t ’ • n< ^ ro P s nin vertically down the windows, but 
Til” SrSTf** 40 «■ "r second, ,h. nin raabi an 
SLIafSg? " rt ‘“ L H “* “V «*<■ second are th. 

lh f„:^‘' !C ,p “f of the train increases, in Ei. 62, the angle that 
beL™ dT m , , ‘ he «*# increase until it 

« „ “ e -' P ‘* d “e train now? 

him want ° n ? lrip wten te receive3 news that mates 

, want to reach home in the shortest 

Mr. Pearce choose? e at 20 mi, an hour. TThich route should 

Post 5 ft. ujh^a^n 11 ” j^'- 1 fast * n “ carpenter's square to ■ 

7 1 without moving the square 
I ftm along DF and not, the 

ftteL U “ U ft- what 
13 the distance AB? 

cb2j° “o' 1 ' tf® « 

*«roo,n wtndow ft , b „ hoilse 
Erectly across the street at C 
fanned Bs, perpendicSt' „ 

^ / rom another window D, and 
JrjT*?* ^ rom B to the point 

If AB^t CB a prDdured n?et DA. 1 

oun to be 2 ft. and AD 10 ft., what is the distance BCJ 
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67. To End the distance from B on the shore of a pond to an 
island D, Jack Williams walks along BA perpendicular to BD until 
he reaches a point A, where, look- 
ing along the hypotenuse of a card- 
board right triangle, he can see B, 
and looking along a leg of the triangle, 
he can see D. Jack next walks along 

BC and repeats the operation with A B v 

the other acute angle of his triangle. 

He then finds that AB is 10 ft. and BC 40 ft. What is the distance 
BD 7 



68. A rope, fastened to the top of a 
flag pole and hanging close to the pole, 
is of such length that 10 ft. of it lies on 
the ground. Dorothy takes the end of 
the rope and pulls it out to point C, 30 
ft. from the foot of the pole, where it is 
just long enough to reach the ground. 
How high is the pole? 

69. The work necessary to overturn an 



object is the product oi 


its weight by the height BC 
which its center of gravity A 
must be raised. A block of 
stone b 10 in. by 24 in. and 
weighs 600 lbs. What work in 
foot-pounds is done in over- 
turning it, if it stands with the 
24-in. edges vertical? If with 



the 24-in. edges horizontal? 


Space Geometry (Optional) 


In the rectangular box shown on the next page: 

1. How many right angles can you find at the vertex ^ 

2. How many degrees are there in A AEG! In lEF 

t w If ™ W U» lengths of EF and FG, how eonld jss. 
find the length of EG1 

(b) Find EG when EF** 6 and FG** 8 . 
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4. If you knew EG and AE, how could you find AG? 
(6) Find AG if AE = 5 and EG= 12. 

5. Find AG XAE=Z, EF=4 and 


si 

\ 




FG = 5 

6. Find the diagonal of the rect- 
angular box whose dimensions are: 

(a) Length 4, width 3 and height 12. 

G>) Length 8, width 6 and height 5 
(e) Length 10, width 5 and height 4. 

7. If the length, width, height and diagonal of a rectangular box 
*** *• w > h and d, prove that (F^F+vF+h 2 . 

8. Find the diagonal of a cube whose edge is 10. 

9. Show that the diagonal of a cube, whose edge is e, is eVl 
The base of this pyramid is a square 

and the altitude VH cuts the middle 
point of the base, 

10. If each ride of the base is 6 „„J 
lh« altitude is 4, find the e i stltl height 

Aoia; Both i'A' and UK a ni.BC 

11. Prove that the edges VA and 
» o are equal. 

12. If each side of lie baa, is 6 and the altitude is 4: 

to Find the length of VC by first finding HC. 

I ) find the length of 1*C by first finding VK and KC. 

which^R 6 ^^. Pr ° blem ‘ ^ at propositions have you learned in 

p .r;rj^‘ver“i 7 

»“asTfc?th 6|! "" ““ lb “ ' h °"> h ™ " " 

rousiueti™' \ P™***™*! hetweeu then.? Make His 
ronstmction ri.o*ng , 1 ! footing potion 10 . 
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Proposition 10 

229. A mean proportional between two given line seg- 
ments can be constructed. 



Given: Line segments a and b. 

a x 

To prove: x can be constructed so that 


Construction: Statements 

1. On AE, take AB^a and BC*=b. 

2. Bisect AC at F. 

3. With F as center and FA as radius, construct a 
semicircle on AC. 

4. At B, construct BDJ.AC, meeting the semi- 
circle at D. 

Then BD=x. 

Proof: 


Reasonb 

1. Post. 3. 

2. § 63. 

3. Post. 3. 

4. §64. 


1. 2=5 1. § 226. 

* b' I 


1* Construct the mean proportional between two line segments 

I in. and 4 in. long. Check the construction algebraically. 

2. Given two line segments a and b, construct x— \/ab - = V 6oA. 
3- Given a line segment a construct x«=«\/3 






276 


PLANE GEOMETRY 


4. If you knew EG and AE, how could you find AC? 
ft) Find AG if A£*=5 and EC*=I2. 

^5. Find AC if AE=Z, EF =4 and 

6. Find the diagonal of the rect- 
angular box 'whose dimensions are: 

(a) Length 4, width 3 and height 12. 
ft) Length S, width 6 and height 5. 

(c) length 10, width 5 and height 4. 

7. If the length, width, height and diagonal of a rectangular bor 
are l, w, h and d, prove that dr = p+ v?+/p 



8. Find the diagonal of a cube whose edge is 10. 

9. Show that the diagonal of a cube, whose edge is e, is tVl 
The base of this pyramid is a square 

*nd the altitude 17/ cuts the middle v 

point of the base. 

10. If each side of the ba^ is 6 and / \ V\ 

the altitude is 4, find the slant height / / I \ \ 

* ' / dI— l__v — -\c 

Aote: Both VK and II K arej .BC. 

1L Prove that the edges VA and * B 

• t are equal. 


12. ir each side of the base is C and the altitude is 4: 
ft) Find the length of FC by first finding HC. 
ft) Find the length of T C by first finding VK and KC. 


whioti* 5 . gati ° D Problen1 ' What propositions have you learoed in 
” r»vrf . pro . 

ft tnpft 10 tW ° ° tller CD i f 

m,v? It ^ r ” port '°“ 1 <° *I»t negront,! // '-.A 

. •* 11 two segments were riven could >■' ’ 

» 6g " re ,ilc hire A U ‘ 

construction fho^,- niea !i I,roport ' onal between them? Make this 
ClK ” ,h ™"S *» Wore looking ftt riopo«ition 10. 
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, Proposition 10 

229. A mean proportional between two given line seg- 
ments can be constructed. 



Given: Line segments a and b. 

To prove: x can be constructed so that -=f. 

x b 


Construction: Statements 

1. On AE, take AB~a and BC~b. 

2. Bisect AC at F. 

3. With F as center and FA as radius, construct a 
semicircle on AC. 

4. At B, construct BD±AC, meeting the semi- 
circle at D. 

Then BD=x. 

Proof: 

l. 5-S. I 

x b I 


I Reasons 
! 1. Post, 3. 

2. §63. 

3. Post. 3. 

4. §«. 


I. fi 226. 


1. Construct the mean proportional between two lino segments 
1 in. and 4 in. long. Check the construction algebraically. 

2. Given two line segments a and b, construct x*» xfab.r-’y/fab. 

3. Given a fine segment a construct 
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Proposition 11 

* 230. If two chords intersect, the product of the seg- 
ments of one equals the product of the segments of the 
other. 



Given: OO, chords AD and DC intersecting at E. 
To prove: AEXEB^CEXED. 


Reasons 

1. Post. I- 

2. 5 167. 

3. §216. 

4. §223. 

5. §200. 


* >roo * : Statements 

1. Draw AC and BD. 

2. In AACE and DBE, ZC=ZBand 

3. AACE~ADBE. 

4 

' ED EB' 

5. AExEB=CExED. 

1- Construct a line whose ratio to a given line shall be \/2 to 1. 

^ ons ] 1 * * * 5 ( uet two lines in the ratio y/2 to s/z. 

3. Dmde\a given line into segments in the ratio 1 to \/S. 

I’ ^! ven ‘Y 0 ,ines a and b, construct 

7 Given t*o lines a and 6, with a>b, construct x=s/tt'. 
the’hy^tem^ * n8ht tmnsle ’ ® TCn a )e S and the altitude on 
lrian^' VeQ l? er ' lne * er ’ instruct a triangle similar to a give# 
Construct a triangle, given two angles and the perimeter. 
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Proposition 12 

231. If a tangent and a secant are drawn from a point 
outside a circle, the tangent is the mean proportional between 
the secant and its external segment. 



Given: O ADC, tangent AO and secant BD. 

BD BA 
To prove:— 


Proof: Statements 

1. Draw AC and AD. 

2. In AABC and ABD, ZB= ZB. 

3. Z D is measured by l AC- 

4. Zx is measured by $AC- 

5. ZD=Zx. 

6. AABC~AABD. 

7 

‘ BA BC 


Reasons 

1. Post.l. 

2. Idea. 

3. § 165. 

4. § 170. 

5. Ax. 2. 

6. §216. 

7. §223. 


232. Corollary. IS two secants arc drawn from apouU 
outside a circle, the product of one secant end tie «tooo 
segment equals the product of the other secant and ,U external 


segment. 

Can you construct a mean proportional to 
by a method based on Proposition 12. 


two line segments 
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Class Exercises 

1. If iiE=I0, EB=* 8, and CE=G, find ED. 

2. If AEatEB, CE=* 8, andED^lS, find AB. 

3. If AE^CE, prove that Z)E= BE. 



Ex 8. 1, 2. 3, 4 


Er. 10. 



CE-i'criCD* <l ‘“’ eler I ler P cndi ™ 1 ” 10 AB, AS. 12, mi 

^ cbBrd ° C 22 arc i 3 21 nnli the middle point of the are 
■3 0 m. from the chord. Find the diameter of the drcle. 

eirct' thi”" 1 “ dra "'» tbr »“Sh a point 5 in. fram the renter of . 

Eh, eiori “ “ 3 F ” d * te °< lhe «*»>«<* "< 

center If 1 ). di3U “o, , 7’' a th ' " al * r of “ chord 12 '<• lo”S &> the 
center of its arc ..2j ft. Find the radios of the circle. 

sb. ■*££%£ “ d cc *— “ * -*« 

„*• T? teide a ehcle. The eeement. of on. 

of it. segments “ S “‘ * b ' ”‘ b " fc 10 ’ Fmd °» ’“S* 1 

dfl-sfudCB 2* ” dd1 ' P°‘ n ts of a chord and its arc. If 

7 ‘ * h '“ “ lhB <“”■*« of the circle? 

arabfctaSc “ lrb " tal “ B “ d c ‘ * nd EB - GC ‘ p™™ «■*< 

' x Optional Exercises 

>t* * drf ' » > 2 -5 “ d 

^ Fmd the le i of "the secondseLST" 1 “ ***** ^ ** 
t “ SCnt AB tUahs 8 in. and BC equals 4 in., find DC. 



proportion’; smiar figures m 

^ BC<** 3 in, and CD—0 in., find the length of tangent 

15. If tangent AB equals 15 in., and CD equals 16 in., find BC 
and BD. 

15. If tangent AB equals 12 in., and the distance from B to the 
tenter oT the circle is 13 in., find the radius. 



13, 14, 15. Ex. 22. Ex. 24. 


17. A tangent and a secant are diawn to a circle from an external 
pomt. The tangent is 14 in. long, and the whole secant is four 
^es its external segment. Find the length of the secant. 

18. From a point 21 in. from the center of a circle, whose radius 
13 15 in., a secant is drawn. Find the product of the whole secant 
and its external segment. 

19. A point A is 4 ft. from a circle, and the length of the tangent 
rom A to the circle is 10 ft. Find the diameter of the circle. 

two circles intersect, their tangents from any point on 
c C01 nmon chord produced, are equal. 

If two circles intersect, the common chord produced bisects 


« common tangents. 


, A QABCD is cut by a second circle at A and B, and by a 
third circle at C and D. The lines AB and DC, produced, meet at 
• Prove that the tangents OE and OF are equal. 

^ 71 you are standing on a cliff 500 ft. high overlooking the 
how far out on the water can 5'ou see, if the earth’s diameter 
** taken as 8,000 mi.? 


B two circles are tangent at A, and AB is their common 
^gent, prove that BCxBF^BDxBE 
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Honor Work 

25. If B and C are two points on the line BD, and A is a point 
not on the line, construct a point X 

on CD, so that BX XCX=AX‘. £ 

(Suggestion: Circumscribe a / 

circle about AABC.) / 

26. If the chord CD turns around B C x D 

point C until E 

coincides with B, 

(a) describe the 
motion of D. 
d) What is the 
value of the prod- 
net CE XED when 
E arrives at B? 

(c) What is then 
the value of AEy. 

Em (d) Docs AExEB still equal CExEDJ 

27. If CD turns still farther until AB and CD intersect outside 
the circle, is it still true that AExEB*=CExED1 Give a reason 
for your answer. 

Applied Problems 

28. A circular arch of masonry having a radius of 25 ft rests on 
two stone piers, that are 40 ft. apart. Fird the height of the center 
ol the arch above the level of the top of the piers. 

29. The piers of a bridge in the form of a circular arch are 200 ft 
apart, and the highest point of the arch is 25 ft. higher than the 
piers. Find the radius of the arch. 

30. A and B ire two points on a railway curve which is an arc of 
a circle. If the! chord AB is 200 

ft., and the shortest distance from 
the middle poini of the curve to 
the chord is 15 ft, find the radius 

of the curve. — » — 

» '■■away corv. h.vin E » mdira of «0 It. 
ecu A and B, which are two points 300 ft. apart, a surveyor 
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Gist locates the middle point D. Find the number of feet from 
the middle point C of chord AB which he must measure. 

32. Abridge, I0S0 ft. long, is built on 12 equal arches, each arch 
rising 25 ft. above its supporting pier. Find the radius of the 
arches. 

33. An engineer, wishing to 
locate other points such as 
B on a railway curve, of which 
the part AC is already laid 
out, measures AB, DB and 
BC. If AB=200 ft., DB-80 
ft., and BO =120 ft., how far from B is the point El 
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A Self-Measurihg Test 

L State two proportions which are true in. the right trianght 
when the altitude is drawn on the hypotenuse. 

2. How can you find the bj-po ten use of a right triangle when the 
legs are known? 

3. How can you find a leg of a right triangle when the hypot- 
enuse and the other leg are known? 

4. State two propositions in which a mean proportional is 
mentioned. 

6. State a proposition on which the construction of the me* 0 
proportional depends. 

6. On what proposition in Book Two does the construction of 
the mean proportional depend? 

7. Give a proposition which states that the product of two 
equals the product of two other lines. 

8. Give two methods of proving triangles similar. 

9. How many similar triangles are formed when an altitude u 
drawn to the hypotenuse of a right triangle? 

10. State two propositions in Book Three in which the mea» 
uier-ient of the inscribed angle is used. 


Completion Test (10 min.) 

of tbe «t^ e hypotenuse of an isosceles right triangle is 10, then one 

"" 2 A • j- ■ hr 

.v v 'iameter of a circle perpendicular to a chord is v* 

L * into segments of 2 inland ISin. The length oi U* 

3. The . „ » the 

angles at t£ses of an isosceles trapezoid are ' ’ de 

ia . . . . ends of the longer base are each 45 . * 

4. If a tan. . , 

circle, are 6 at n t and a secant, drawn from the s*® 8 tsn t 
18 X. IS respectively, the external segment ot t 


, „ V IS respectively, t 

5 - H two's®?, , w 

■'" m ‘ «»m » w ctods „f „ rimJn are each 24 and the 
> the radius of the circle is ... • 
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Numerical Test ( 10 min.) 

1. If the diagonals of a rhombus are 6 and S, find a side. 

2. Find the altitude of an equilateral triangle whose side is 8. 

3. The altitude on the hypotenuse of a right triangle divides the 
hypotenuse into segments 5 and 4. Find the shorter leg. 

4. In a circle whose radius is 10, find the distance from the center 
to a chord whose length is 16. 

5. In a right triangle, one leg is 8 and the hypotenuse is 10 
Find the shorter segment of the hypotenuse made by the altitude 
on it. 

True-False Test (10 min.) 

In the right triangle ABC, CD is the altitude on the hypotenuse. 
Pell which of the following proportions are true: 


j AB AC 4 AC CD 7 £B_CD 

' AC~AD' CD~DB ' CB AC' 

, AC AD „ DB CB » BO "CD 

' CB~ DB’ CB AC' ' CD DB 

, AD AC , DB_CB „ 

3 ' CD™ CB' 6 ' CB“AB' ’ CD Cl 


Multiple-Choice Test (10 min.) 

From the answers given, select that one which makes tho 
statement true. 


1. The altitude on the hypotenuse 
figure into two triangles which are, 


of a right triangle cuts the 
(a) isosceles; (6) similar; 


(c) equilateral; (d) congruent. .. . . T r 

2. A chord ABC turns around a given point Draaj a "™^ 
the segment AB is increasing, the segment BC is (a) 

») equal to AB; (c) decreasing; <d) constant in length. 

3. A diameter cuts another chord into two - “ d 

6 in. One segment of the dinmetcr is tin. The length of the d.am 

Iter is, (o) 12; (6) 7; M 8: W> 13 - 
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4. Two ciorda AB and CD intersect at E inside a circle. AS 
is 6, EB is 4 and CE is 3. If a length EX -7 is bid off on ED, 
extended if necessary, the point X is, (a) inside; (6) on; (<r) outside; 
(d) at the center of, the circle. 

5. A tangent and a secant are drawn to a circle from the same 
point. If the tangent is G and the external segment of the secant 
is 2, the secant is, (a) 18; (6) 20; (c) 12; (d) 14. 


233. Approximate measurement* It is possible to think 
of a line ns exactly equal to another line, or exactly 8 in. 

1 The material included under the headings. Approximate Measure- 
ments and Functions of Angles, page* 26G-303, may l>e omitted from the 
. 5 Seometry without interfering with the logical continuity 
couree 8Ul>,eCt teacher8 ,0 confine themselves to the traditional 

tl10 Committee on Mathematical Require- 

t r!r ll -’ Jf'EC therewith other important topics, in the required 
* * X "b 001 > car - that "it is the opinion of the 

r=i hat T h , e " ,a ! cml mduded in this chapter should be required 
U hlrehr 1 * i ** n ^ u dcs mathematical knowledge and training which 
nn °.^ T led u bj f Very cItlien " It to .Iso Pivcn the mme 
emphasis by the College Entrance Examination Board, 
sch^r r T Kh ,°° h at ^ *' v ° *hto work during the ninth 
nlwZll 1 H t tron ? !3 ; adv '»«l that it bo included in the course in 
plane geometry where it log.eally belongs. 
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long, and to think of triangles as exactly congruent, just as 
it is possible to think of a point as having no size or of a line 
as having no width. Therefore a geometry based on such 
concepts ia an exact science. The conclusions drawn are 
absolutely exact if the assumptions made are exact. For 
example, if we knew that two sides of a triangle were exactly 
equal, then it would follow that the angles opposite those 


sides would bo exactly equal. 

But because wo are unable to make instruments that are 
absolutely accurate, and to read them beyond a certain 
degree of exactness, lines arc never known to be exactly equal. 
AU physical measurements are only approximately true. 
With an ordinary ruler, we cannot measure the length o 
this page more accurately than to the hundredth of an inch. 
We read the length as 7.25 inches, if, in our judgment, it is 
more than 7.245 and less than 7.255, that is, if it is nearer to 
7.25 than to 7.24 or 7.26. But we cannot read accurately 
enough to tell if it is 7.249 or 7.252. Therefore we say that 
the length is 7.25 inches to the nearest hundredth of an 

inch. 

If we used a more accurate instrument than the m er, we 
might determine that the length was 7.252 and not 7.251 or 
7.253, but we would still be unable to tell if it differed from 
7.252 by 1 or 2 ten-thousandths of an inch AU that our 
more accurate instrument can do is to move the uncertainty 
to a different decimal place. 

Significant figure,. When we measured 
accurate instrument, if we had found in n av e written 
nearer to 7.25 than to 7,251 or to 7.240, we 
the result 7.250 in. This rero docs not 
but it shows that we have measured the ieneth m om aceu 
rately than to the ***** of J-neh. f 
which indicates the j the measurement, 
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r*s 


accurate to the hundredth of an inch, but if icros were 
written after the 5, they would not bo significant. 

' cry oftcn wrw we not significant figures, but are used 
only to determine the decimal point. When a man bWm. 
for example, that he expects to save $1,000 next year, be 
doe» not mean that he will not save $1, 143.57, but only that 
he docs not expect to differ from §1.000 by many hundred 
dollars In this case, the merely determine the 

decimal point; they eliovr that hr does not cxj>cct las far- 
“f to I* around sto.000 or $100, so the number 1,000 has 
only one significant figure. Similarly, the distance from the 
earth to the moon, 23$, 000 miles, has only three significant 
figures, for it may differ from tlie exact distance by three or 
four hundred miles. A nurnU-r, which has rcros to deter- 
mine the decimal point, is called n round number. 

All figures except tcros are usually significant. We ore 
accustomed to say that n di-tnnee is about 200 miles when 
we know ,t is 103 miles, but wo do not say that it is about 
1Jb wl, cn we know that it is 200 miles. 


234. Computation with approximate numbers. If we find, 
by measurement, that the side of a square is 5,1 in., correct 
to the nearest tenth of an inch, then the diagonal will be 
, “ . ” ow fr 1-41 121 correct to five decimal places, 

uc i Rises us 7.0357.3-1 as the length of the diagonal. 
.V.°S°?r. -H*- t0 tho ****** tenth of an inch only tells 

that the side o? tho square is 1 - tween 5.35 and 5.45 in., 
and may differ from the exact length ns much ns .01 in. 
rhe length of tho diagonal, then, computed from this number, 
S' fr ? m thc tnie length by more than .01 in. 
«nvr>Tv.' liCn i - Wou ^ n °t only useless but misleading to 
SIL r "" U 7- 030731 - *•»> ™ the thmintho hundred’. 

5 “ mrorr “ t - Since 5.4 is accurate to only too 
doDcntlcd the length of the diagonal cannot he 

on to more than two significant figures. As a 
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rule, in working with approximate measurements, we carry 
the result to only as many significant figures as the least 
accurate of the measurements used in obtaining it. 

Exercises 

Assuming tliat these numbers arc approximate measurements, 
hud the answers to such a degree of accuracy as the data justify. 

1. The dimensions of a rectangle are 18 in. and 1.402 in. Find 
the diagonal. 

2. On a map, the distance from A to B is 2.4 in., and from B to C 
4 S3 in. If the distance from A to B is 2G7.C mi., find the distance 
from B to C. 

3. A chord of a circle is 33.42 ft. and the distance from its middle 
Point to the middle point of its arc is 2 ft. Find the radius of the 
circle. 

4. Find a moan proportional between 1.8 and 2.374. 

E. Using ruler and protractor, draw a triangle whose baso is 
about 3.5 in,, and whose base angles arc 27° and 00°. Measure 
the other two sides and find their ratio. 

Numerical Trigonometry 

235. Functions of angles. Thus fur in our courao wo 
have learned many methods by which the length of a lino 
can be found without actually measuring it. In Rook One 
we found the length of a line by measuring another lino which 
was its equal in length. This was useful because It saved 
measuring through a swamp or across a river, but the actual 
length measured was the same. Then in Book Three, we 
computed the length of a longer line by measuring threo 
shorter lines and by using proportion. This is obviously a 
better method for many purposes, for not only can wo find 
results more accurately by multiplication ami division than 
we can by actually measuring a long distance, but the 
amount of work is greatly reduced. Can the work be 
reduced still further? Consider the following problem; 

‘ Paul wished to find the distance across the Otter 
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from C to B, po ho measured a distnnco of 100 ft. in the ciirec- 
tion CA at right angles to CB, and then ho found with a 
protractor that ZA was 78°. lie next, drew carefully on 
paiwr a right AA'B'C', having A A' equal to 7S°, and 
measured C'B' and A'C'. He found that, if he made A'C' 
2 in. long, C'B ' was about 9.4 
in. long. Paul concludes that, 
since C’B ' is 4.7 times as long as 
A'C, CB must lx* 4.7 times 
as long as AC or 170 ft., for 
A ABC and A'B'C ' are similar. 

Now Paul measured only one lino on the ground and two 
«hort lines on paper. And he measured the lines C'B' and 
A'C' on paper only to determino the ratio of CB to AC. 
Evidently, if ho liad known this ratio beforehand, he would 
have needed to measure only one line. Since all right 
triangles, having an Z A equal to 78°, are similar, this ratio 
could be computed once for all for a 78° angle. Therefore 
it would not be necessary to draw a triangle on paper every 
time we wished to find the ratio. Then, however large or 
email A ARC is, this ratio will remain unchanged so long as 
the size of Z A remains unchanged. Rut if Z A grows larger 
or smaller, the ratio will change with it. This ratio is, 
therefore, called a function of ZA. 

236. In A ABC, in which ZC is a right angle, the ratio of 
the side opposite an acute angle to the side adjacent to that 
angle is the. tangent of the angle, written tan A or tan B. 

Tan A -g^ °PPositc leg 
6 adjacent leg 

Tan opposite leg 

a adjacent leg 
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Exercises 

2. Using a protractor, draw a right triangle having ZA equal to 
10®. Measure a and 6 carefully and compute the value of tan 10* 
to the nearest hundredth. 

2. From the same triangle compute tan SO®. 

3. By drawing a triangle having ZA equal to 20°, compute tan 
20° and tan 70°. 

4. Using the same method, fill the blanks in the following table - 

Anglo 

10 ° 

20 ® 

30® 

40® 

6. Find tan 45® without measuring lines. 

6. Henry finds that a wire from the top of 
ft telegraph pole touches the ground 20 ft. 
from the foot of the pole and makes an 
angle of 50° with the ground. Using your 
table, find the height of the pole. 

237. If we know any side of a right triangle and an acute 
ftBgle, we can find the other two sides by using the tangent 
ratio, but sometimes this method would be very inconvenient, 
as m the following example: 

Robert is flying his kite. After 
letting out 100 ft. of string, he notices 
that the string makes an angle of 40° 
with the ground. Assuming that 
the string is straight, how high is 
the kite? Robert says that he could 
determine the height very easily if he knew the ratio o 
a to C. 
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Evidently to solve problems such as this, we need another 
ratio, that of the opposite side to the hypotenuse. 

238. In a right triangle, the ratio of the side opposite an 
acute angle to the hypotenuse is the sine of the angle, 
written sin A or »*in B. 

gmA--- opf/>? ‘ tc kg 
c hj-pttenuse 
b;, p__ & opposite leg 
c hj-potenuse 

The sme of B is called the cosine of A, written cos A. 



-i D” 17 “ "Ell! tmo-le ha, -in; AA equal to 10" and atom » 
fcmdiedlh “ ^ T ""° tWr ■“S"". find s “ 10 ” 10 ,b ' 

2. From the same triune, Had ,b SO’. 

►k- I ? drawing right triangles and measuring their sides as i r 
of exercises, fijj the blanks in the following table: 


^Sle j Sin 

!j ^ 

Sin 

io° ; 










1 - 



kite. PS ' I1S thS V “ lue from J’ our table, find the height of Robert’* 


M mm* ,l“ bfe “f™* for sines in Es. 3- B«* 

ol “““ ot a ” «"de from . table girins «“* 
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6. John has a ladder 12 ft. long on which he wishes to climb to 
the eaves of his house. If, for safety, 
the ladder must make an angle of 70° 
with the ground, how high will it / 

reach? Use your table. 

239. Use of the tables. You 
have already made a two-place 
table of the sines and tangentB of 
angles at intervals of 10°. In the 
3ame way you could have filled 
in these functions for angles differ- 
ing by one degree. On page 295 such a table is given. 
In the first column is the number of degrees in e an • 
In the second column, opposite the number o eg , ■ 
the sine of the angle, and in the fourth column the tangc 
of the angle is given. , . , 

To find sin 37", look down the column headed dtgrm, 
until you come to 37. The number .6018 found opposite 37 
in the column headed sin is the answer. 

Find tan 18°. The required answer is the number .324 , 
found in the tangent column opposite 18. 

Exercises 

Use the table on page 213 for the following eJcrcises. 

1. Verify the following: 

. . . ,q°_ ooa) (i!) sin 86 *.0976 
(n) sin 13 *. 2 .'ou m 

Si ::™ 5 

2 . Find the ralue of the following funeUona: 
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3. Verify the following angles: 

(«) rin*-.76GO 2-50° (c) tan *-28.6363 *-8S® 

(6) wn *-.9962 *-S5® (rf) tan *-.5543 *-20* 

L Had the value of * for tlic following functions: 

(a) sin *-.4540 (rf)rin*-| 

(b) tan *-.7002 (c) sin *-.8000 

(e) tan *-2.1445 

6. For wliat values of * Is sin * nearly equal to tan *7 

6. For wliat value of * do sin * and tan * differ most? 

7. for wliat value of * is tan * about twice sin *? 

8. Is the sine of a C0 e angle twice the sine of a 30® angle? fctha 
tangent of SO* twice the tangent of 40®? 

9. In a right triangle, the side opposite an angle of 04* is 

times the sido adjacent to the angle. 

10. In a right triangle, the side opposite an angle of 22* is 

times the hypotenuse. 

11. In the right A ABC, a is 3 and b is 4. 

J. nnA ‘ 3 Tan B is 

8m A i* Sin Du 

BUh c « Cos A is 

12. Without using tables, find tan A, tan B, ein A, and sin B, if: 

(n) a is 6 and b is 8 
(5) a is 5 and e is 13 
(e) 6 is 12 and c is 15 

13. If ZA is 45° and a is 1, 5 is and c is 

14. Without using tables, find: 

(a) Sin 45® and tan 45® 

(5) Sin GO® and tan 60® 

(e) Sin 30® and tan 30® 

24°. Finding distances by means of the right triangle, 
t is evident that if one side and the ratios of the sides of a 
mangle are known, the other sides can be found. Therefore, 

* Mde * choose that function of the known angle 
13 e ratio of the given side and the side to be found. 




Trigonometric Table 



'4226 2.1445 
!4067 2.2460 

.3907 2.3559 

.3746 2.4751 

.3584 2.6051 

3420 2.7475 

.3250 2 9042 

.3090 3.0777 

.2924 3.2709 
.2750 3.4874 

,25S8 3.7321 

2419 4 0108 

.'2250 4.3315 

.2079 4.7046 

.190$ 5.H46 

.1730 5.6713 
.1564 6.3138 

.1392 7.1154 

.1219 8-1443 

.1045 9.5144 

.0872 11.4301 
.069S 14-3007 
.0523 19-OSIl 
.0349 28.6363 
.0175 57.2900 
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Solve this for the side to be found, and substitute the vetoes 
which may be given or found from the tabic. 

Illustration 1. Mr. White wishes to brace an antenna 
pole m his back yard by fastening a wire from its top to s 
post 23 ft. from the foot of the pole. He finds that the 
angle at A is 41°. What length of wire will he need? 


✓ ^ “ 4I# - To find c. The ratio - is the sine of 

cu. I herctore we must first find ZB. c 

-oo°— ir 

-40“ 
sinR-=- 

Multiplying by c c tin B-b 

Dividing by sin B c - b 

o- sin B 

h is 23 and sin 40“ = .76 to two significant figures, 



ixustration 2. Chester, who is at point C, observes 
rr. 3 o-.f lr ^ ane is directly overhead at the same time that 
, °[ n ' a way at A finds the angle of elevation (/.A) 
to be 62 . How high is the airplane? 

Here 6 is 873 and ZA is 02°. 

can find a by using the ratio -=tan A 
Then multiplying by 6: LbUmA 

J kD0W L 5 to three significant figures, 
we shall use three figures for tan .4. S6 

«“S73X!.S8 
= 1641^4 

"1640 yds., to three significant 
figures. 
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In A ABC, AC is a right angle. 

1. Given c«* 30 andAA“2S*, find b. 

2. Given c— 10 and A B *» 63°, find b. > ! 

3. Given l -» 2.5 and A A- 75°, find a. s' \ 

4. Given a ** 20 and A A — 35*, find 5. \ 

6. Given l>“.42 and AB— 20*, find c.jl d b 

6. Given a-350nndAB-S4®, find e. 

7. tn LABC, AC- 31 and ZA-30®, find the altitude CD. 

8. In A ABC, altitude CD - 10 and A A- 47°, find side AC. 

9. The hypotenuse AB of right A ABC is 18 and A A is 18 . 
Find side AC nnd the altitude on the hypotenuse CD. 

10. Find the altitude AE of OABCD, if a D 

AB = 50 ft., BC-S0 ft., and AB- 52*. A V 

11. At a distance of 100 ft. from its base, / | / 

the angle of elevation, A A, of the top of a tree BE ^ 

is found to he 3S°. How high is the tree? 

12. When the angle of elevation of the B 

*un is C8°, find the height of a building which 

casts a Bhadow 24 ft. long. 

13. When the angle of elevation of the Bun y 
becomes 33°, find the length of the shadow ^ c 
cast by the building in Ex. 12. 

14. How far from the house must I place the foot of a ladder 

14 ft. long so that it will make an angle of 65 with the 
ground? . .... . 

16. A steep mountain road mates an angle of 36 with the hori- 
zontal How many feet have I risen when I have ^ 

traveled 385 ft. up the road? W 

16. Two artillery officers want to locate ^ / 

position of the enemy’s battery by t e > / 

the guns. Lieut. Homer observes thrtABCA* / 

the battery, B, from Cl 
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24. Find the altitude of an equilateral triangle whose side is 328. 

25. Find the side of an equilateral triangle whose altitude is 62. 

26. When a ball rolls down an inclined plane DA, its speed at the 
end of t seconds is 321- sin A. If /A = 15°, what is its speed at the 
end of three seconds? 

27. The angle of elevation of the top of a mountain known to be 

6000 ft. high is 19°. How far is the top of the mountain from the 
observer? A 

28. Thu captain of a ship, S. observed that a 
lighthouse, 1, was directly cast. After sailing 5 
mi. north, he noticed that the lighthouse was 
33° east of south (.1,1-33°). How for was he 
from the lighthouse at first? 

29. On a railway curve, an arc of 20 
has a chord 340 ft. long. Find the radius 
of the curve. 

30. In a circle whose radius is 20, a 
chord has an arc of 100°. How long is 
the chord? 

31. Find the number of degrees in an 
arc whose chord is 83.4, if the radius of the 

32. If the angle of elevation of the top 
of a tower 800 ft. away is 9°, what is the 
height of the tower? 

33. To find the distance from each 
ihore to an island B, an engineer 
measures AD, a distance of 100 ft., ___ 

34. The index of refraction of a piece of glass is 
sin ZABC t where AD ig perpendicular to the 

surfaced the glass, CB 

ray of light before e “ Find ’ the j D dex L 

its direction after , and Z DDE ~ 48 . 

of refraction U A ABC -66 an 
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Proposition 13 

241. The sides of any triangle are proportional to the sines 
of the opposite angles. 



Given: A ABC. 

T _ A sin B sin C 

lo prove: . 

a b c 


Proof: Statehents 

1. Construct CD±AB. 

2. psinn, and -=sinR. 

3. A = bsinA and Abasing. 

4 

5 fo^Ein B 

a = b ‘ 

Similarly, — - - sin g _ Bin C 
a 6 e 

242. Method of attack. Given 
triangle, to find the other parts. 


Reasons 

1. !«• 

2. 5238. 

3. Ax. 5 

4. Ax. 2. 

5. §203 


tiro angles and a side of a 
sin A 

Of the three ratios, > 


sin B sin C 

5 ' * choose two: (1) the ratio that contains the 

known side, and (2) the ratio that contains the side to he 
-e ermined. Solve the equation for the unknown side, and 
substitute the known values. 
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Illustration. Given A=G 2 °, 5= 84°, and o— 142 
Find b, c, and C. 

C=1S0°-(A+B) 

=* ISO®— 146° 

= 34° 


Bin A Bin B 
a b 
b Bin A=>a sin B 
^ a Bin B 
sin A 
142X.995 


C Bin A — a sin C 
a sin C 
sin A 
142 X .559 


In the following triangles, find the parts not given: 

1. A = 80°, B=43°, c= 12.6 6. A=84®, C'=52 u , r»t& 0 

2. B=3 5°, C=63°, 6=312 7. A=66®, B=77°, o= 801 

3. A =45°, 5 = 74°, 6= 66 8. A = 10®, 5^83’, c=100 

4. A = 31°, B=86°, a= 13.7 9. R=81°, C= 13 9 , c=6 

5. B=59°, C=72°, a =200 10 . A =65°, C=3S’, 6=3.84 

U. In an isosceles triangle, the base is 20 and a base angle is 50“ 
Find the legs. ' 411 fllfl 

_ 12. In an isosceles triangle, the base f 

is 12 and the vertex angle ia 70®. Find | m >i g 

the legs. _ M if 

13. To find the distance from A to c {fj PI 

B across a river, an engineer measured a <7=67* 

line AC and the A A and C. If AC-1CO ft.. A =86 , and C=67 . 
what is the distance AB ? 
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“'J' “ 1 " n ' C ’ “ »l»erved from to elation, A ,nd B wtiel 
*” tw “ *P»«. ”<1 »n directly opposite ' 

“ d " 01 I, lhe *"5le of elevation at ,1 yG 

tarn *' V™'" i* the balloon /* 

from Also, hotvhrgh i, the balloon above , / 
toe earth? r^' 

c fszsr&zs? Sri w" 1 u, " rt - * smp 

from B? S ’ an “ *- ^“CO , how far 15 the ship 

17 ; *" , Q0 ' ohord /B equals 5 in., and /fl 
eq»u S3*. Find the radio, of the an* 

18. In AftZJC, Z/l*=7o o , 

Knd^thebise^orofzl’ 



A Seu’-Meascrino Test 

rf ,te 

toown, Which function ofth T” T 1 * anElB ° f a n ’ eIlt trian sle are 
lest To find the hypotenS*" 81 * d ) '° U " Sl! *° h-d the other 

» re 

ita line app,oa£ s T”TO^ r ," d ‘ pprl> ” h “ ®>". »1“* *»!» ia 
6 Give t. .. “PPernnS to ita tangent? 

, o T " e,h ” d » ° f P-t«2 triangle ^ 

- » SC".^? * ** lri ” 8lB — “ 

“t“ia the Prodn P c"”wo°“her'^intiti« Pr °' i “' 1 ° f *” 


h lk'' 



PROPORTION"; SIMILAR FIGURES 


0. Give the principal methods of proving: 

а) Triangles congruent. (<) Angles equal. 

б) Lines parallel. (f) Arcs equal. 

s) lines equal. (g) Chords equal, 

i) Lines perpendicular. (A) A quadrilateral a parallelogram. 
0. State, in terms of intercepted arcs, what these angles are 
wured by: 

(а) Central angle. 

( б ) Inscribed angle. 

(e) An angle whoso vertex is inside the circle 
(d) An angle whose vertex is on the circle. 

(«) An angle whose vertex is outside the circle. 


MMARY OF THE PRINCIPAL METHODS OF BOOK THREE 

*43. A. Triangles are similar, if: 

L. Two angles of one triangle equal respectively two 
;les of the other (§ 21G). 

1. An angle of one triangle equals an angle of another, 

1 the including sides are proportional (§ 220). 

5. Right triangles, having an acute angle of one . . etc. 
217). 

I. They are similar to the same triangle (§218). 

3. Lines are proportional, if they are: 
l. Corresponding sides of similar triangles (§§ 223, 215). 

2 Segments of two sides of a triangle made by a line 
rnllel to the third side (§ 208). 


. To prove two products equal, use the fact that: 

In a proportion, the product of the extremes equals the 

‘"tfl 1 ”" the product of the sepneu* 
ne . . . (§ 230). 
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D. Useful properties of the right triangle. In A ABC, 
AC is the right angle and CD perpendicular to AB. 

L AB 1 —AC 1 -f-BC* (§ 227). 
n DA DC 
■ DC'DB^ 225 )- 

3 

AC* AB' 

4 BC 
BC~BA’ 


*ith fl') * h “ *" tt "“ 2 ^ 'HU », of 3 with A ,* id of 4 


Review Exercises; Honor Work 


5 in frnm^ivJ 16 prt ** uct °f the segments of a chord through a point 

probllm bv5 e ° f a circle "»*« radius is 9 in. Solve this 
problem by two different methods. 

.Ido .S" ° [ the ** l« . rhombus rime 

eiues and one of whose diagonals are 10. 

angle o^ C0“ fiSTth* ends ° f a cIlord 12 loD S meet at 110 
the line / 6 ra . d ' U3 ° f the circIe - Also find the length of 

the center^? the chSe^ ^ intersection of the tangents to 

t‘ JJ “ Ch0rd 8 m loc E has an arc of 120°, find the radius, 
on the hvootem. 12 °j a triangle is 30°, show that the altitude 
“uo offiri dmta lhe hjToteo™ into m the 


ratio of 3 to 1. 

*“ lrknE ” “ S ' 


— iijpubtnuse of i 


- “J«jwuuse. 

vJ'Jj OifdV D “ d CE m "“h- ^ 

'‘'-'PudFclfe 1 ?' “gfdpohU. * “ ' " 

to ED. r^spqptively. Prove that Oil is equal and parallel 
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8 . If DE || BC and DF II BE, prove 77 =—. 

Ah AL 

9. If DE [| BC and — then DF !| BE. 



Ex9. 8, 0. 



Ex. 10. 


10. If, in AABC and A'B'C', “ d A ° ‘° d 

AE equal respectively A'B' and A'C’, prove that DE-B'C'. 

(Cite 5 202.) 

11. Construct a circle through two riven points tangent to a 
given line. (t/se§ 231.) 



12. If °±- i- and where r is the radius of OO, 

r 0/1' r OB 
prove that AOA B'^'A.OA 'B'. 


13. If DE |[ BC and B *’ 


nAC. 


14. If 

iZJLT, and LW' = i VM', prove that 
ZKNL~ ZK’N'L'. 

16. Similar triangles inscribed in 
equal circles are congruent. 
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16. Similar triangles are congruent, if a pair of corresponding 
altitudes are equal. 

17. Simitar quadrilaterals are cut into similar triangles by cor- 
responding diagonals. 

AC* AB* 6id<! AD ° f BqUarC ADCF is P ro,!uccd to C > 80 that 
and a rectangle p „ 

ACDF is constructed. 

Show that rectangle DC DC 
is similar to rectangle 
ACDF. 

19. In tne same figure, 
prove that AACRis simi- 
lar to ACRE. 

20. In the same figure, 
prove that CCCAD 

21. Al so prove that JIB- DC, and, if IIC is drawn pcrpcndirular 
to CD, that BCGII is a square. 

22. Then prove that 1G-GD, and if 1JXDE, that 1GDJ is . 

square. ’ 

It .’ s KB0Wn as the reotanglo of whirling squares- 

L™ SjS 'f Creek. the bad, „! m «h of the, Part. It. 

proportions are rendered b, artiai, ,bo „,„t plwreiug to the eja 
He drereoo of , line AC so that i£-£« „ „aM lb « pWt „ «,u„ 
or golden mean. “ 



toro'Jumtfc SS 2 ? '? * “■ h ™ w: ' , ° * h “' d H ta 
24 P 11 i ° ° f P ro P cr proportions? 

of tie other “» 

sides we proportional. ° ^ 

25 ' If &ADC~AA'B'C' and 
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26. Three lines, passing through a common point, cut off pro- 
portional segments on two parallel lines. 

27. II two intersecting chords are perpendicular to each other, 
the sum of the squares of the four segments equals the square of 
the diameter. 

28. In an inscribed quadrilateral, the sum of the products of tho 
opposite sides equals the product of the 
diagonals. (Construct ZBAE- ACAD. Then 
prove AABE~AACD and AAED~AABC.) 

29. Coiollary to Ex. 28. If A ABC is 
equilateral and D any point on AC, then 
BD-AD+DC. 

30. If three circles intersect each other, the common chords meet 
in a point. 

31. Tangents at the ends of a leg of an inscribed isosceles tn- 
angle form with the leg a triangle similar to the original nang e. 

32. Construct a common tangent to two unequal circles by first 
finding the point where it cuts the line joining their centers, produced 
if necessary. 



33. Construct x~, where a, b, c, d, and e are given segments. 

34. On a given line segment as base, construct a triangle similar 
to a given triangle. 

35. The middle points of the sides of a square are the vertices o 

a square. , ... 

36. If circles are circumscribed about similar triangles, their 
radii are proportional to the corres- 
ponding sides. 

37. BC and BD are tangents to O 0 
at the ends of chord CD. Prove that 
OAXOB=OE 2 . 

38. OB 12. Find the I.n^h (fl JJ. 

of OB when OA eqH* drefe tomrJ ,1c 

39. As pom* A “ ” describe the motion of point B. When 

' « Whom no, to the poiots 0 .nd Of 
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(6) What change is taking place in the size of ZCDD1 When A 
reaches E what size has /CRD? What has become of the two 
tangents CD and BD7 

4°. Tiro triangles vhich hare their tides respectively parallel or 
perpendicular are similar. 

° f , wncaponding angles, the angles are either equal or 
sum of nil ‘ ?y° P a '-' s canc °t be supplementary for the 

fore, two pm™ "*“* “** '*** tW0 Btfaight 

41. If the square of one side of a triangle equals the sura of the 
squares o t e other two sides, the angle opposite the longest side 
is a right angle. 6 

Construct a right triangle having its legs equal to the shorter two 
sides, and prove the triangles congruent by §57. 



BOOK FOUR 


AREAS OF POLYGONS 

244. The unit of surface is a square whose side is a unit of 

lmsth ' . .. 

Examples of this arc the 6quare inch, the square yard, t e 
square meter and the square mile. 

246. The area of a surface is the number of units of sur- 
face it contains. It is the ratio of the surface to the unit of 
surface. 

For convenience, it is customary to use the simple word triangle, 
rectangle, or circle, when the area contained within a triangle, 
rectangle, or circle, respectively, is meant. Thus we say, itee- 
tangles are to each other as, etc.” 


1. Draw a rectangle 4 in. long and 3 in. mde. 
and altitude into segments each 1 in. long an 
to the sides through the points oi division, 
cutting the rectangle into squares in. on 
a side. How many squares ore there in one 
row the length of the rectangle! 

® thorp? Then how many 
many rows are J wh>l h iB area m sq 

squares are there in tne recta & 

“ cW r ™ on a side could you eut a 
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tangle 5 in. long by 2 in. wide? S in. long by 3 in. wide? a in. long 
uy 6 in. wide, if a and 6 arc whole numbers? State a rule for finding 
the area of a rectangle which is true for these cases. 

3. Draw a rectangle 2* in. long and li in. wide and cut it into 
squares } in. on a side. How many squares arc there in a row? 
How many rows are there? What is the total number or squares, 
and how many of them does it take to make a square 1 in. on a 
si e. Then how many square inches arc there in the area of 
the rectangle? Does the product of 2J and li give the correct 
area? 



4. The middle points E, F, G, and II of the sides of square A BCD 
are joined in succession. Prove that EFGII 
a a square. If AD is 6 units long, prove 
that EF~2y/2. 

lhe hypothesis, prove 

that EFGII is one half of A BCD. 

G. If AB = 6, find the area of A BCD, 
and from this the area of EFGII. If you v 

multiply the dimensions EF by Eli, that is, 3^2X3\/2, do 
you obtain the same value? 

u, 1 1*, C ■ JiaS l ^ e follow ‘ D E length and width, find a length 
Thl '?J, be c C0r ‘ talQ « 1 “ both dimensions a whole number of times, 
son'll... • 6 EUre k divided, as in exercise 1, find the number of 
mV*, a TOW and the numbcr o{ rows, and from this the total 
(b\ 9 17 h Tr, and the ar?a *n square inches, (a) 22 by 1.3; 
does the J it ’ C 21 ~^ f -323. In each of these cases, how 
of the rectangle? 001 ^ 6 ^ the Pr0duCt ° f the length and width 

a/2 i^lrmff^'Tk a ^ eCtan8 ' c “ V'S in. long and the altitude is 
lencthi n i ere . 13 D ° Unit w bich is contained in both of these 
SI 1 ° UD,b " of " «“1 tale .1 i-., then 

it is contained f Snd find tbe nearest whole number of times 
“L ,h ' b “ " d This will give an appro*- 

unit chosen’ Th. e “ t l y remainder will be smaller than the 
the table /v, wor!t: 18 shown in the following table. Complete 
v5 r P ™ «” ■»“ °t the areaa „f the sproro, with the 

el VS, the product el the baa, and altitude. 
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Xumlrfr 

NumUf 

Approtl- 

| NumlxT lAppreii- 



of Times 



. of Unit i mate 

\ slus 

Unit ! 

Contains! 

Contained 

Numlcr i 

Squares ’ Arm 

of 


in 

in 

or 

! In the 1 in 

V6 


v'2-mh 

V , 3- 1.732 

ftquarrs | 

[ Sq. In. j ftp In. 


.1 

it 

17 

210 j 

too ' 2 4 


.01 

m 

173 

21,(00 ' 

to.nno 1 2 41 


.001 

itii 

1732 

i 

2,410,000 ! 

l.OOO.OOO j 



Hoes the mult obtained from the small squares j««tify us in 
•-"euming tliat the arm of a rectangle equals the prxxluct of its baso 
»n<I altitude? 

240. Assumption. The area of a rectangle equals the prod- 
wt of fie base and altitude. 

247. Corollary 1. It (dangles having equal altitudes are to 
*aeh other ns their bases. 

248. Corollary 2. Jledangles having equal bases are to 
each other as their altitudes. 

249. Corollary 3. Itcdangtcs are to each other as the 
products of their bases and altitudes. 


Class Exercises 

1. Find tire area of " reetumtlc whow, lenBtb h 270 « nd 

width Is 02. . , . .... , 

2. It two reci»n s lea have the mmn bww l, and their altitnd» 
are respectively c and d, what i» the retio ol thc,r arena? 

3. mire base ol a ree.ana.e is doubled while the al.dude rente, .» 
Unchanged, what change takes place to the urea 

A Tf .1 nmerlcal measure of a rectangle is 14 1 when a square 

4. If tbe numen 1 wh at number would express its 

1 ft. on a side w ft ‘ e , v on a s j<i 0 ? 

area, II tie unit ol are. were a aware 1 yd. 
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E. What is the altitude of a rectangle, if its area is A and its 
base ia 6? 

6. How many bricks 4 in. by 6 in. will it take to pave a side- 
walk 4.0 ft. long and 5 ft. wide? 

7. If one rectangle U z It. long and 6 ft. nride, and another 
rec ti g e is x-f-5 ft. long and 6 ft. wide, by how many square feet 
does the second rectangle exceed the first rectangle? 

S. Find the side of a square equal in area to a rectangle, whoso 
base 13 24 and whose altitude is 6. 

an*!" ^ tte ^ ° f * rectan ® le “ 12 and a diagonal is 13, find its 

area °* an inscribed rectangle whose base is 10, if 
the radius of the circle is 13. 

- area a square inscribed in a circle whose radius 


12. If the area of 
cumscribed circle? 


a square is 196, what is the radius of the cir- 


.i 3 -T ind the area of the figure, i 

EP~f( 0, CD^DE= 

Sfriit ^ //=8 ' “ d the 

all right angles. 

re ,rt*.'h >i r (<e * Into three eqoa 

P«S b, lues parallel to one ride 

th. l t.? i ", <1 ' “ "'“"W' P»h. 1. 

ou aide! °^ mton ^y a hne parallel to 



Optional Exercises 

ia a+6 F * n Fi n t i’ e ,n area ° f a whose E ' de 

ItaSinSUL*” “* « »“** 

2i+ 6 ?“ geometrically that 

^jS. She, ^on«H«Ily lta (a _ 6) ,. 0 ,_ 
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19. A rectangle whose base is 12 is inscribed in a circle whoso 
radius is 10, How does its area compare with that of another rec- 
tangle, whose base is 16, inscribed in the same circle? 

20. Construct a square equal to the sum of two squares, whose 
areas are 81 and 144 respectively. 

21. A rectangle whose base is twice its altitude is inscribed in a 
circle whose radius is 10. Find the area of the rectangle. 

22. A rectangle whose width is 6 equals a square whose side is 12. 
Find their perimeters. 



Honor Work 

23. Find the area of a equate inscribed in a semicircle whoso 
radius is 10. 

24. In the square ABCD, AA'-BB'- CC'- 
0D' =, U B. Prove that A'B'C'D' is a square, 
ivnd find its area if AB-s. 

25. If the altitude of a rectangle increases, 
how must the base change if the area is to 
remain unchanged? When the altitude has 
become three times its original length, how does the base com- 
pare with its original length? 

26. State what change is taking place in the area of a rectangle, 
if: (a) its base is increasing while its altitude remains constant: 
(5) both base and altitude are increasing; (c) the base is increasing 
and the altitude decreasing. Discuss (c). 

27. The base of a square increases 4 ft. while its altitude 

4 ft. Is the area increased or decreased, and by how mauy q 

feet? 

Appued Problems 


23. How many bricks will be 


needed to pave a sidewalk 50 ft. 


40 ft ' '“f”” 11 laid so that the,- average about 18 sq. in. 

i rSfc is 18 ft. long, 16 ft. wide and the ridge is 6 ft. 
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above the eaves, how many shingles will be needed? If they are 
sold in bunches of 250 each, how many bunches must be bought? 

31. A woman wishes to buy linoleum to cover the kitchen floor. 
She measures the kitchen and finds that it is 15 ft. long and 11 ft. 
wide. How many square yards will she need? 

, ^"b^t will it cost to plaster the walls and ceiling of the kitchen 

in Ex. 31 at SI per sq. yd., if its height is Si ft., and an allowance of 
9 sq. yds. is made for doors and windows? 

33. A woman finds that she can buy a rug for tho living room for 
1 6o, or carpet at $3 a square yard. The living room is 12 ft. square. 

e uys the rug. How much could she have saved if she had taken 
the carpet? 

34. A dress pattern calls for 3 yds. of cloth 1 yd. wide, but the 
maternl which Mrs. Brown wishes to buy is 42 in. wide. Assuming 

she can use it to the same advantage, what length should she 


35. Dorothy i, making papot dolls. She tuts eaeh doll from > 
ang e 5 in. by 3 in. How many dolls can she cut from a rec- 
tangle of paper 20 in. by 15 in.? 

35. Afaraerbu,n,SeldlH,od,ty50n>dsat825.nociii. Wlrnt 
price does he payf (An acre equals ICO equate rods.) 

new hiui.i “S' "f* 000 ■* It- ol lin to cover the roof of his 
SC ' 4 length must his plumber cut from a roll 3 ft. 


thp 8 flom°If m3Dy k° ard feet (square feet) of lumber are needed foi 
3 in Y!° m 11 ft - lo “S and 9 ft- *ide? If the boards are 

3 in. wide, what is their total length? 

tom’ak^^ W T- ha3 , a Unea tablecloth 7 ft. by 4 ft. She wishes 
4fHSuare 5*“* fr ° m * Part ° f **• and s,m have a tablecloth 
, . ° w muc b cloth can she use for each napkin? 

How'many°roLb of ^|i h5sh ’ a ”1 the dktance around ifc “ 45 **; 
roll i, jo • - , a ' paper will be needed for the walls, if each 

or windows. & 80 4S * oas ^ Make no allowance for doors 

“ orden i‘ *"• *** "hot length must be token 
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Algebraic Exercises 


42. The length of a rectangle is 10 ft. more than the width. If 
each dimension is increased 5 ft., the area will be increased 475 sq. ft. 
Find its dimensions. 

43. The length of a rectangle is three times the width. If the 
length is decreased 4 and the width is increased 3, the area will be 
increased 8. Find its dimensions. 

44. Find the side of a square whose area is increased 32 when the 
dimensions are each increased 2. 

45. If the base of a square is increased 3 and the altitude decreased 
2, the area remains unchanged. Find its side. 

46. If the length of a rectangle is increased 4 and the width 
diminished 2, or, if the length is decreased 4 and the width in- 
creased 4, the area remains unchanged. Find the dimensions. 

47. A square rug is 2 ft. from each wall in a room and covers one- 
half the floor. Find the length of the rug correct to the tenth of a 
foot. 

48. A woman has the choice of two rugs, both having the same 
area, for her square dining room. One of them is the length of the 
room but 4 ft. narrower, whereas the other is 2 ft. shorter than the 
room and 2\ ft. narrower. Find the dimensions of the room. 

49. If I cut a strip an inch wide from all sides of a rectangular 
sheet of paper, I reduce its area by one-half, whereas, if instead I 
cut a strip the same width from the two ends only, the sheet 
becomes square. Find its dimensions. 

50. Illustrate geometrically that: 

(a) (a+6)(e+d) ^ac+bc+ad+bd. 

(b) (a+b)(c-d)~ac+bc-ad-b<L 

(c) (a-5)(c-d) -ae-bc-ad+bd. 


Investigation Problem. How doe. the 
Wea of UABCD compare with that of 
the rectangle FBCEt State and jm 
a proposition about the area o a parall 


z 
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Proposition 1 

250. The area of a parallelogram equals the product of 
its base and altitude. 



Given: OABCD, with base BC=b, and 
altitude h. 

To prove: ABCD=hb. 


Pr “': Sr»mnOT3 Reason 

, 1. Post.2A»dS«. 

;• FBCE w a rectangle. «> t IO l. 

CB [ In * ABF “ d WE, AB=DC and BF= 3 . § IOs! 

f f ACED are rt. A. 4. 5 12. 

5. AABF^ADCE. r tni 

c. abce^abce. *■ 

£ Aecola. 8 ■ ! M6 - 

^ 9. Ax. 2. 

** f >ara deZofframs having equal altitudes 
"« to «*cA other as their bases. 


produrf XS"* Far< dlelograms are to each other as t 
Products oY their Ix^s and a^Uudes. 



areas of polygons 
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253,1 Corollary 3. Trigonometry. 

// tu-o adjacent sides and the included 
angle of a parallelogram are a, b, 
and C, respectively, and the area is K, 
dicn K*=ab sin C. 

K~hb (§ 250), A=asinC (§ 23S), K=ab sin C 

Investigation Problem. How docs the 
A ABC compare with that of 
ABCE? State and prove a proposi- 
on a b°ut the area of a triangle. 
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Proposition 2 

264. The area of a Mangle equals half the product of its 
base and altitude. 



Given: A ABC, with altitude AL. 
To prove: AABC-IADXBC. 
Statements 


STATEMENTS REASON 

2.’ $SlfaC7 11 AB ' and AE BC ‘ meetbE at E - L 5 77 - 


2. ABCEfaa O. ' II n>eetm S at if. 1. 

3. OABCE-.ADXBC. 3 j S 

4. AABC-JOABCE. 4 ‘ I j«. 

5. AABC-MDXBC. J L. 6. 

earA Triangles having equal altitudes are to 

each other as their bases. 

Triangles having equal bases and equal 
altitudes have equal areas. 

wif fhetr 5' 0ro ^ ai 7 Triangles are to each other as the products 
VJ lheir «»« and altitudes. $ 

tfmait ^"Sonometry. The area of a triangle 

included oW/ ^ pr °^ ucl °f two **** and lAc sine of their 

\ -K=JabsinC. 
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269. 1 Corollary 6. In an equilateral triarujle, whose side 

is s, the altitude is - \/3 and the area is —\/3. 

1 4 

A 

Show that: BD - | (§ 05). AD - (5 228). .A 

2 B'—lyC 

A ABC = t\/3 (§ 254). 

4 

Class Exercises 

1. Find the area of a triangle whose base is 12 and whose alti- 
tude is 9. 

2. Find the area of a right triangle whose legs are 8 and 9. 

3. Find the area of a right triangle whose hypotenuse is 13 and 
one of whose legs is 12. 

4. Find the area of a parallelogram, whose base is 19 and whose 

altitude is 12 . , tl .. . . 

5. If one parallelogram has half the base and half the altitude of 
another, it equals one-fourth of the other. 

6. A triangle haring half the base and half the altitude of a 
parallelogram, is one-eighth of the parallelogram. 

7. The area of a rhombus equals one-half the product of its 

diagonals. . . . . 

8. Find the area of a rhombus, the diagonals of which are 

and 40. , 

9. Find the era. of . rhombos, i/ .ride » 10 .nd > d»6»“l £ 

10. Find the area of a parallelogram, if two odes are 16 and u 

“llTlW th“ trea of a rhomb™, if the perimeter is 52 and one 

“ffS a triangle and a on the same base are e,nal 

“Ire t'ddle points of two adjacent side, of a 

JZ22ZS3-** - •ZEST* 

14. A median of a triangle boeets tto tmrge. 


' Optional. 



1‘i-ANr. nroMirmy 



Omoju Ktttatn 

11. w n .m r, i!* HAM. ,,jr.u .( ,;i-. An u-4 ac 

r^~il,r! r a Mile. {M , : 

Urf Mav» »fr-» u £J!i;C' 

IC. I’tiic U* tarn* Jiypr <!**;« 
lUt A/JO/> u wjual ts arr» {XV}.’. 

IT. tf t!> d » ImrjV 

in a j. ini, ihyy m v - nt .^ ^ , 

la ar*s. ’ 

s&cbr. U ' tU: ' *** vn ** n ^ n ' r ‘* <* a.i/jc tf^i /.too 
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* £f5U3ro 0n hypotenuse of an isosceles right triangle 
“ four times the triangle. 

square^ 10 8qUa7e Qn Agonal of 3 square is double the original 

• 32 *» Jl A?S D ‘ 3 a parallelogram, prove that A EBG is equal ia 
area to AEFC. 


Ex. 32. Ex. 31. 

33. Find the area of a triangle whose base is 10 and whose base 
auglea are 120“ and 30° respectively. 

•rf 4 ’ ^ W0 are equal in area, if two sides of one equal two 

*iaes of the other, and the included angles are supplementary, 

Honor Work 

35. if E is any point inside CJABCD, the sum of AEAD and BBC 
equals one-half the parallelogram. 

35. The sum of the perpendiculars from any point in the base of 
&n Isosceles triaDgle on the legs equals the altitude on a leg, 

37. The sum of the perpendiculars from any point inside an 
equilateral triangle on the three sides equals the altitude. 

38. The area of a triangle equals one-half the product of the 
perimeter and the radius of the inscribed circle. 

39. The area of a circumscribed polygon equals one-half the 
product of the perimeter and the radiua of the inscribed circle. 

40. Find the area of an equilateral triangle inscribed in a circle 
whose radius is 10. 

41. Prove, without using the algebraic method of Book Three, 
that the square os the hypotenuse of & right triangle equals the 
Sum of the squares on the legs. 





PLANE GEOMETRY 


Scooestiov. Construct CDF ± AD, and draw DO and CB. 
The plan is to prow A BGA con- 
gruent to A CAIl, and then to prove 
these triangles half the square 
PGAC and the rectangle DAUF 
respectively. Try to prow it 
without further help. Is PCD a 
Straight line? If AG is taken as 
the base of A BGA, what is its 
altitude? Ilow docs its area com- 
pare with that of square PG.IC? 

How does A CAll compare in 
area with rectangle AIIFD1 Now 
compare PGAC with AIIPD. Com- 
pare MCDL with DFKD. 

42. If the diagonal AC cf quadrilateral ADCD divides the figure 
into two equal areas, it bisects DD. 

43. The diagonal DD of quadrilateral ADCD is trisected at 
and F. Prove that the quadrilaterals 
A BCE, AECF, and AFCD ore equal in 
area. 

44. If side DC of rectangle ABCD is 
extended to E, prove that AABE equals 
DTie-kaU rectangle ADCD. 

45. Two Isosceles triangles hare the 

same area, if their legs arc equal and the 
base of one is twice the altitude of the 
other. _ . 

46. Any line through the point of intersection of the diago 

of a parallelogram bisects the parallelogram. . 

47. If the sides of a parallelogram remain constant, but 
increases from 0° to 00°, how does the area change? If two a ja 
sides are 10 and 12, find the area of the parallelogram, w 
included angle is 30°; 45®; 60°; and 90®. 

43. Trigonometry. If the aides of a parallelogram renia ^^ ef 
stant, but the included angle changes, prove that the BI * a ‘ 
as the eine of that angle. 






AREAS OF POLYGONS Si $ 

Applied Problems 

49. A house whose width is 30 ft., has two gabled ends, and the 
ridge ia 20 ft. above the plate at the eaves. How many square feet 
of boards are needed to cover both gables? 

60. Two streets AB and BC meet at an angle of 30°, and a third 
street AC crosses BC at right angles. If 
BC is 80 yds., find the area of the plot 
bounded by the three streets. 

61. A man builds a comer seat in 
the form of a right triangle whose legs 
are 3 ft. and 5 ft. If he wishes to 
cover it with leather, how many square 
feet will he need7 

62. South America is roughly a triangle whose base, running 
north and south, is 5,000 miles, and whose altitude, running east 
and west, is 3,000 miles. What is its approximate area in square 
miles? 

63. In the year 1G09, Kepler discovered that the speed at which 
the earth travels around the sun changes when its distance from 
the sun changes, and that, if he took the distance from the sun tc 
the earth as the altitude of a triangle and the distance the earth 
traveled in a second as its base, the triangles always had the same 
area. If the earth goes 19 mi. per second when it is 92,000,000 
“lies from the sun, how fast is it traveling when it is 95,000,000 
fniles from the sun? What is the distance from the earth to the 
sun when the speed is 18J mi. per second? 

64. As the earth moves farther from the sud, does its speed 
increase or decrease? 

Geometric reasoning applied to life situations (Optional) 

L Assuming that it rains whenever the wind is in the east, which 
of the following statements are necessarily true? 

o. Since it is raining, the wind b in the east. 

b. Since the wind is in the east, it is raining. 

c. Since it i 3 not raining, the wind is not in the eas . 

d. Since the wind is not in the east, it b not raining. 

^ If it is true that it rains only when the wind is in the east, 
ff bich of the above statements are necessarily true? 




BUILDING A SKYSCRAPER 


Large buildings are completely planned before their 
construction Is started. Some one must compute the amount . 
of surface to be enclosed, the areas of floors, ceilings, and 
walls, and all this must be done accurately from the plans 
before the contractor can bid for the contract. If the bid is 
too high, he will not get the work; if too low, he will lose 
money on it. 

After the building is up, it is still necessary to plaster, 
paint, put on roofing, put in windows and rugs or carpeting, 
and perform numerous other operations that require finding 
areas. This work is usually let to other contractors whose 
oft ice forces figure the entire cost before a contract is taken. 

And after all this work is completed, there are still many 
places in the home in which the thrifty housewife can save 
money if she knows how to find areas of the materials 
nee ed for curtains, decorations, dresses, and other articles 
she must make. 

As in the building shown here, the contractor docs not 
necessari y begin walling in the rooms from the bottom up, 
u may for special reasons enclose rooms on certain floors, 
caving those above and below open until later. He can do 
this because the walls are laid on the steel frame and not 
built up from the ground. 

Photograph by G«org« A. Douglas from Philip D. Gendreau, N. Y. . 
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Space Geometey {Optional) 

f" is ralM » "slit prism it its lateral edges an 
perpendicular to its bases. Find the lateral 
mea and also the total area or a right prism 
whose Lateral edge is 10 in. and whoso base is: 

(s) A square G in. on a side, 
ft) An equilateral triangle 5 in. on a side. 

52 " ^'langlc 7 in. long and i in. wide. 

W A right triangle whose legs arc G nnd S in. 
s[ ^ 0IV muc h cardboard is required to mate a rectangular bor 

s m l r ' lon& 5 in - *“>. “<1 * to- far’ 

I 7 A.torrr'— a for the total area of a rectangular boa whcee 

length 13 f, width tc, and height A. 

* A r,” j 12 ft - tong. 10 ft. wide, and 0 ft. high. If we allow 
, r „ „ , ' ,° r , ra antl windows, how many square feet of plaster 

are needed for the walls and ceiling? 

In the pyramid shown here, 17/ 
a Ihe altitude, //the middle point 

of the square base, and HA’ nnd VK 

are A AC. FA, , h . nlt.tujo of a 
tnanglc, re called the slant height 
of the pyramid. 

base It nnH I° tal surfacc of a square pyramid if each side of the 
g “ nd the Elan t height is 12. 

baM is“l^h e ^t2 a ^°| s Y^ rc pyramid * wch ade of 13,8 

has « siilrnf ^ ^° r ktcral area 2/ of a pyramid if the bsse 

slant height j.^ 0 Cngtl1 *’ nnd 4,1 lateral triangles have the same 

product ^ lc , ^ atera I ®rea of this pyramid equals half the 
7 ini heiEht “ nd the I«im<£r of the base, 

eter of iAh, ° f fhis B( l uar e pyramid is 260 and the perim- 

its altitude U *** £ kat height, the edge of its base, a®* 




Volume of the rectangular box. 

Just as we found by approximating tliat the area of the 
rectangle equalled the product of its two dimensions, so we 
could show that the volume of 
the rectangular box equals the 
product of its three dimensions, 
or its base multiplied by its alti- 
tude. In the illustration each 
layer contains 5X4 cubes and 
there arc 3 layers, therefore 
5X4X3 cubes. 

If we regard the rectangular box as a pile of cnnls, we 
*ec that we could push it sidewise into the form of fin 
oblique parallelepiped 
without changingthc base, 
altitude, or volume. Con- 
sequently the volume of 
any parallelepiped equals 
its base times its altitude. 




Exercises 

h How many pupils rhould occupy a clas*room CO ft. II fl- 
«^e, and 10 ft. high if there ehouhl l<- allowed M cu. ft if »r» r - 
*aeh pupil? 

2. How many bushels will a tin 5 ft. by 3 fl. by I ft bf-'l ^ 1 
bo.-21£0 cu. in.7 

3- How many tons of coal will a bin JC ft. 5 y 
3 ft high hold if a ton of cml occupi'-i 34 ru. ft.? _ ( 

< A cord of wood b ti ft. lors. d ft. *»•!•% 4 (!' *‘* * 

f-«y «>rtls aro there in a ruV CO ft. l*>t. * f| . *:>. * 
hljh? ^ 

l >ln Brown ord.roti 15 It.- cf it. .!»l ll» 

M«.9ia.loa- S in. .i.lt, Sia.MjS. lltn.V.Ml < 


an 1 ! 


... How 

»-d t, ft. 
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Proposition 3 


* 260. The area of a trapezoid equals half its altitude 
times the sum of its bases. 



Reasons 

1. Post.1. 

2. 5 106. 

3. 5 254. 

4. Ax. 3. 


Given: Trapezoid ABCD, with altitude 
h, and bases b and b . 

To prove : ABCD = \h(b+b ') . 

Proof: Statements 

1. Draw AC. 

2. A is the altitude of both A. 

3. A ABC~\W and &ACD=\hb. 

4. ABCD=lh(b+b'). 

Class Exercises 

1. Find the area of a trapezoid whose bases are 0 and 14 a 

whose altitude is 11. . „ « ei „ n d 3 17 

2. Find the area of a trapezoid whose bases are C.S3 and 3.1 

Md whoso altitude is 17. . , , Br n if it, bsso AD end SC 

0. Find the area ot and Z S is 30". Also it 

are 8 and 10 respectively, and it AS is M. * 

A# is 45°. .. t44 and whose 

4. Find the Jtiti.de of a trapesed who* erca » 

bases are 10 and 14. 




“ PLANE geometry 

parallel to one leg of a trapezoid, and 
shorter ba=e i ^ 1 ^' * bc par5 ^ lc ^°S Tam formed by extending the 

shorter base ,3 equal in area to the trapezoid. 

cut an iS»LT lanSU -j r piCCe ° f cardboanI 12 in.XI4 in., John 
and a sZZ ^ *“** U in - 8 in. and legs 5 in., 

b g ^ Wlth flldc 8 in ‘ Fi “ d the area of the part mmain- 

6- FiSuS'S? * traPC2 ° id 8rC 12 and 18 aEd the Ie & flre Mch 

and one^ba^is 1G in tra ^ z “ ,d “ 201 «!• in - Its altitude i? 17 in. 
9 °ase is 16 in. Find the other base. 

-SO and Wh0SG h " 


Optiohai. Exercises 


c bases are 12 and 20 and 


lh V rei °< » trapezoid »ho* l 
hose base angles are each C0°. 

Find the base^iT^ co ? ta ' na tMO sq. ft and its altitude Is 16 ft 
12 Itf^T C “ 3 11 ■ hnSCI than U« other, 
the area of a tranp^ vi tr ’ 3ng * <f is *0 * n - and its altitude 4 in., find 
13. 5 F ^ CUt ° ff by a Uae 3 iQ ‘ the vortex. 

°f trapezoidal BCD^™ 1 of , CZ> ' one of the non-parallel aides 

area of the t mSd ** lhe area ° f ^ BE “ one - half 

bisects «he arJ^Mk 6 J be m ' ddle P°ints of the bases of a trapezoid 

- u <- area 01 the trapezoid. 

and //;— te 7 j e - ^F=14, 

abcdefg 5, £nd the area of 
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16. The area of a trapezoid equals the product of one eg nn 

1 perpendicular drawn to it from the a -P 

middle point of the other leg. 

17. If the longer base of a trapezoid \ 

grows shorter until it is the same length - g 

as the other base, what has the trapezoid 

become? Does the formula for the area of a trapczoi s 
true for this figure? .. 

18. If the shorter base of a irapezoid grows porter un i 
length becomes zero, what has the trapezoi C0I “ 

the formula for the area of a traperoid still hold true for tha 
figure? o 

19. Find the area of trapezoid ABCD, if BC~20, CD 
st/UDO", ^0-00’, and 

20. Find the area of a trapezoid if AB** »0, 

AB«=00°, and AC=90°. Xow draw another 

Investigation Problem. Draw a AA ■ • corresponding 

AA'B'C' whose sides are each twice .as long ‘ » A-l BC? 

sides of A ABC. Is the area of AA BC twice 
More than twice? Cut AA'B'C' into / 

triangles having sides equal to ^ j 

those of A ABC. How many such AV / \ 

triangles arc there? If the 6idcs / 1 L—v c' 

of A A’B’C’ were three times the D d O » " 
corresponding sides of CuiBC.hom by cutting 

would their areas compare* 1 , . (ll0<c 0 f A ABC. 

AA’B’C' into triangles haring Con you 

How then do the areas of sumlar tn. jLiawT In the figure, 
prove this? If not ' of /hdTtV? What is the ratio 

what is the area of - BC, ^ „ 

£*»£., How does ~f f compare wdh jfgl- C 
AA ' B ' C ' ' BC Eulc yo„ r result as s proproi- 

End the ratio in terms o' b-c- 7 
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Proposition 4 

2 f similar Man 

the squares of corresponding sides. 


‘ 26L of simile Mangle arc ,o each a, ha a 



To prove: A* g g. ^ ISC' ac' 
A A‘&C B 7 C 7,t= A i C i ‘ 
, Statements 

^“ Uitud «^0«ndA'i)'. 

2. *d*?£_ = BC„AD 
&A'B'C' B’C A’jy' 

3. A £. m J*c 

4. 5c* 

A A’B’C W- 

In the same way. 

Si’ AC’ Id’ 

Cu«s Exercises 
5 ' “ d e 


-45* 

"Al?" 


ReASO-V! 

1. {«. 


3. 521' 

4. Ar. 


I 

Find the sides o 
5 and 15. now 
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3. The sides of a triangle are 5, 7, and 8. The perimeter of a 
similar triangle is 40. Compare their areas. 

4. If the area3 of two similar triangles are to each other as 2 is to 
3, what is the ratio of their sides? 

6. The sides of a triangle are 4, 5, and 7. Find the sides of a 
similar triangle whose area is three times as great. 

6. Similar triangles are to each other as the squares of cor- 
responding altitudes. 

7* A park is represented on a map by a triangle whose area is 
3 sq. in. If the scale of the map is 1 : 12,000, find the area of the 
park in square rods. 

8 . The base of a triangle is 8. Find the base of a similar tri- 
angle whose area is 2\ times that of the former. 

9. The base of a triangle is 15 and its area is CO. Find the 
area of a similar triangle whose altitude is 6. 

10. The area of a right triangle is 25 and one leg is 10. Find the 
hypotenuse of a similar triangle whose area is 100. 


Optional Exercises 


11. The corresponding sides of two similar triangles are to each 
other as 3 is to 8, and the sum of their areas is 3C5. Find their areas. 

12. What part of a triangle is cut off by a line parallel to the base 


and bisecting one side? 

13. Two lines parallel to one side of a triangle trisect a second 
side. Compare the areas of the ports into which the triangle B cot. 

U. The base of a triangle is 10 and its altitude 4. Fmd the area 
of the triangle cut off by a line parallel to tho base and at a d.stance 
of 3 from the vertex. _ 

& « 

cuts the other two rides. . 

16. Construct a „usro twice as Urge as » 

IT. Construct an effuilsterat tnangl. three time, „ lsrge « a 
given equilateral triangle- 
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28. To find the height of a cliff, Paul dropped a stone and noted 
it required 4 seconds to reach the bottom. How high was the cliff? 

29. If the stone were dropped from the top of a tower 400 ft. 
high, how many seconds would it take to reach the ground? 

30. Using information from the graph, write a formula for find- 
ing the distance a stone will fall in any number of seconds. 





wane geometry 


on which there i 
E»ge. 


a mortgage; (c) The man who holds the morf- 


Completion Test (10 mm.) 

sltliudilaTb ” r * t " ,p '' oi * ' 1 **“'« '’“‘a «•» 8 and 10 and abuse 

•ItUu* Is 1 ”” “ lrapc “ >i<1 “» 6 and 8 and iu arts ii 23. Its 

, M 3 ; J 1 * “ Wt ?' 10 of * parallelogram is a am] ila base is t. The 
> , “ 4 Tl» proportion rspressing the relation 

“ n a, o and « i? . . 

cliancll^fV,*' 3 ^ ? f j *. r “ n8 *° ** doull!cd while the area remains un. 
changed, the altitude is multiplied by 

includwl"»n a ^ a ^ nt ei<,CS ° f * rarallclogram remain constant as the 
mduded angle increases to CO* the area of the parallelogram 

Numerical Test {/0 min.) 

altitude on * l ' i f ne,c “ 8 * n, ‘ «» *ltitudo on it is 6. If tbs 
2 in il g «*> i» <• Cnd th, length of tbs .Ms. 

I5 lh aI,d « SC “ d *! EF ‘ ^-ZDnnd ZB- ZB. IMB-5, 
3. The Ism of 5 / ^ >BC h «• C » J «•« of AD EF. 
equilateral trianeli/^ki tni !” s,c are 3 and 4 - Find the area of an 
triaDgle. S whose ride equals the hypotenuse of the right 

PsrinSs SfftLg, 1 *; **• * <*wh ~S 1, 5 and 6. Tbs 
of the second i tna ngle u 30. What is the ratio of the area 

1 : 4. Fbd P Se»t^oHlf f - tW ° - 8imikr trians,ea 802 in ^ ratio 

e rat, ° of tl >eir perimeters. 
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' Matching Test (10 min.) 

After each number, write the letter of the phrase that 
forms a correct statement with that following the number. 


1* Inscribed angle 

2. Area of trapezoid 

3. Triangles having 
equal altitudes 

4. Areas of similar 
triangles 

5. An angle formed 
by two tangents 

6. Area of a triangle 

7. Perimeters of sim- 
ilar triangles 

8. Angle formed by 
intersecting chords 

9. Unit of area 

10. Area of a parallelo- 
gram 


a. % the altitude times the sum of the 
bases. 

b. \ the product of base and altitude. 

c. Product ot base and altitude. 

d. Are to each other as their bases. 

e. Are to each other as the squares of 
corresponding sides. 

/. A square whose side is a unit of 
length. 

g. Are to each other as corresponding 
sides. 

h. Measured by $ its arc. 

t. Measured by half the sum of its arcs. 

j. Measured by half the difference of 
its arcs. 


Reasoning Test (10 min.) 

Give the reason for each statement in the following proof: 
Given: D any point on BC, AM the median to BC and 

J/£||AZ). 

To prove: AEBD=iAABC. 


1. BM-IBC. 

2. AABM and ABC have the same 
tude. 

3. AABM —\AABC. 

4. ME -ME. 



6. AD |1 ME. 

6. The distance from A to 

7. AAME-ADME. 

8. ABME-APME. 


ME -the distance from D to ME. 
9. A ABM-AEBD. 

10. A EBD-IAABC. 
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262. Triangles on the same base are equal in area, if 
tHeir vertices are on a line parallel to the base (§256). 

J^toation. Transform a given trianglo into an isosceles 
tnangle on the same base. 

Given AABC. 

To construct an isosceles triangle on DC 
equal in area to AABC. 

Construct DE through A parallel to DC. 

^Grastruct FQ, the perpendicular bisector 

Draw GD and GC. Then AGDC is the required triangle. 



Exercises 


1. Transform a 
equal to BC. 

2. Transform a 
and having a given 

3. Transform a 
the hypotenuse. 


given A ADC into a right triangle having a leg 

given AABC into another triangle on BC, 
angle adjacent to BC. 

given A ABC into a right triangle, having BC 


4. Transform a 
same base. 


given parallelogram into 


rectangle on the 


name a ,® vea P ara llelogrnm into a parallelogram on the 

same base, and having a 60° angle. 

base, ^ rans ^ orm a siven parallelogram into a rhombus on the same 


and hav^r^ 0 a frkngfc into a triangle on the same base 
and having a side parallel to a given line. 

BC as ak^ 0na * E * ven ^ABC into an isosceles triangle having 
base aii-Thn^™ * tr “ D ^ e into another triangle on the same 

To.^ f e er 3ide equal to a e iven **• 

given sides S int ? another triangle having two 

11. Transf * . W ° transformations, one side at a time.) 

ndf, and a ^ * nto another triangle having one given 

K “ “ee adjacent to it. „ 
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A Self-Measuring Test 

!• Write a formula for the area of a rectangle; a triangle; a 
parallelogram; a trapezoid. 

2. What are the principal propositions used in proving the 
one about the area of a trapezoid? a triangle? a parallelogram? 

3. Complete this statement. Similar triangles are to each other 

as 


4. Give the theorem in which parallelograms are to each other 


5. Are similar triangles to each other as the products of their 
bases and altitudes? Is this true if the triangles are not 
similar? 

6. State the conditions under which triangles arc to each other: 
(<*) as their bases; (6) as the squares of their bases; (e) as their 
dtitudes. 

7. How would you find the area of an irregular polygon? 

8. Define: 

(A) Hypothesis. 

(0 Hypotenuse. 

(m) Indirect proof. 

(n) Tangent. 

(o) Chord. 

(p) Inscribed angle. 

w/ (?) Arc. 

C h ) Supplementary anile*- M Similar triangles. 

(fl Right anglee. (»> Perpend, enter. 

If] Isosceles triangle . (0 Eelremes. 

9. What construction lines mould you dmte in order to juot. 

^ g 

w riinTuhLhS«'^id«o( a triangle proper 
(,) An inherited a'nt ,c h measured bj- . . .T 


(a) Quadrilateral. 
(i>) Parallelogram. 

(c) Rhombus. 

(d) Rectangle. 

(e) Trapezoid. 

{ f ) Vertical angles. 
(fl 1 ) Adjacent angles. 
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(/) The area of a trapezoid equals . . .? 

(j) The sum of the squares of the legs of a right triangle 
equals . . .? 

(A) The product of the segments of a chord . . .7 
(*) an ^ c formed by a tangent and chord is measured 
by . . .7 

(j) Opposite sides of a parallelogram are equal? 

( ) lanes arc parallel if their alternate interior angles are 
equal? 

(f) In a circle equal chords have equal ares? 

10. State the principal proposition on which each of these con- 
•tractions depends- 


(o) A line through a point parallel to a line, 
to) Dividing a line into three equal parts. 

(<0 Constructing a tangent at n point on a circle. 

Constructing a fourth proportional. 

(e) Constructing a mean proportional. 

(/) Circumscribing a circle about a triangle. 

263. Construction by algebraic analysis. When con- 
b rue ion exercises involve area or other numerical relations, 
Tbfo “ naIy ? 3 * s method of discovering the solution, 
method will be illustrated by the following examples. 

^ ^ Stration Construct a square equal to one-half a 
given rectangle. 

StcpI. Draw a 
square to represent 
the one to be con- 
structed. 

Step 2 . We could 
TODstraet the square 
if we knew a side. 

Therefore let x equal 
a side. 

Step 3. The useful 

“»■* >>» °< «* »™> 
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Step 4. The area of the square is one-half that of the rectangle 
Therefore x* =4ah. ,■ 

Step 5. This equation can be transformed into the propo 
a_x 

1 top 6. Construct n. Bisect l and construct the menu pro- 
portions! between o and \b. 

Step 7. Construct a square on a: as a side. 


Illustration 2. On a given line segment as base, 
an isosceles triangle equal in area to a given parallelogram. 

Step 1. Draw an isosceles triangle to represent the on 

constructed. 




Birr 2. Wo could construct the triple « - 
Therefore let I equal the nlt.tudc. e nnd ^ Uir 

to.P 3. The useful kn.»n odl then, c, t. 

given parallelogram and the given ► 

and c, respectively. areas gives ui the cnoatior 

Step 4. The cquaMy 01 

icc-oi. .. t, transformed into the proportion 

Steps. This equation cm be Iran 


jc b 
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*1™ 2' ^ nstruct *> thc fourth proportional to Jc, a, and 6. 
bfttr With e as base and x as altitude, construct the required 
triangle. ^ 


Illustration 3. Construct n triangle similar to two given 
similar triangles and equal to their sum. 


Step I. Draw a triangle to represent the one to be constructed. 
tep ... e could construct this triangle if wc knew its base. 
Therefore let * equal ita base. 

Step 3 The useful known lines arc the bases of the given tri- 
aneles. Call them a and b respectively. 





c‘ th ° condltion K»ven and J 2C1, *»=o>+6». 
aqM eqUati ° n “ a,read i’ in tte form of the sura of two 


Step 6. Construct x by j 227. 

triangles X ’ COnstruct a triangle similar to one of the given 


illustrations, we observe that the method of 
sis i 3 as foHows; 60 Utl0 “ ° f * COastruction b > r algebraic analy- 

2 Let t 10 f epreSent tbe one t° be constructed. 

which ’ if kE0TO ' W0lJd en3ble 119 

3. Let a, b, c, etc., stand for useful given lines. 
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4. From tho conditions given in the problem, write an 
equation in x, a, b, etc. 

5. Transform this equation into a proportion or the sum o 
squares. 

6. Construct x by § 213, § 229, or § 227. 

7. Using this value of x, construct the required figure. 


Class Exercises 

1. Construct a square equal in area to: 

(a) A given parallelogram. 

(6) A given triangle. 

(c) The Bum of two given squares. 

(d) Three times a given square. 

(e) One-half a given square. 

if) The difference of two given squares. 

(g) Twice a given triangle. . . 

2. Construct a triangle simitar to a given “ d havI ” E ' 

(o) Twice the area. 

(b) One-third the area. 

(c) Its altitude equal to a given line segment. 

3. Bisect a triangle by drawing a line parallel to one o i 

■ides. 

4. Construct an isosceles triangle on a given line segme 

base and equal in area to a given triang e. . . 

E . Construct a right triangle equal in area to a g™ .me* 
and having one leg equal to a given line segment. 

6. Construct a rectangle, having its base equal to a given 

segment: 

(o) Equal in area to a given rectangta 
l) Equal in «■ a 

(0 a’^en rectangle. 

W to . ^n rhombus. 

, to lhe 01 
two given equilatendtmngles. 
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»*> to Ihi Mta. 

” Cl two given equilateral triangles. 

8. Construct a square c^nal w tbe ^ (taM ^ lqtuM _ 


IIOHOk WOBK 

«i “»• ssr * » * *« >-«i «i-i h . 

u. Construct . square equal in are, ,n a givsn tre^so-A 

b£i?“ n ”, * Htbl <*«* equal in are, in . 

iunZ^L^Tnta' 1 '”' ,,, " : ' n, " ” MI,W ,h ' 

JL C °"‘ lnK ‘ “ " ! " iUtCnJ totonth equal in are. to a given 


264. Formulas. 


Figure 

Formula 

- ■ — 

Parallelogram. . . 

K-hb 

{250 

Triangle. . . 

^-oAsi'd C 

{253 

Trapezoid ... 1 

K~lKb+b r ) 





1 V RevIEW ’ EaR asES: Hoirog Wow 

“r ‘ 

*• ^tenure J*„al, £ *‘ C ' ,b “ ' h ' “ 
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3. The bases of a trapezoid are 20 and 12. If the legs are 
extended until they meet, the triangle formed on the shorter base 
as a side has an area of 54. Find the area of the trapezoid. 

4. Two adjacent sides of a parallelogram are 10 and 12. If the 
is 60, prove that their included angle is 30°. 

5. Find the area of a rhombus whose diagonals arc 10 and 20. 

6. Cut off one-fifth of a parallelogram by drawing a line through 
one of the vertices. 

7. If rectangle ABCD is equal in area 
to square EDOF, prove that AEDC is similar 
to A ADG. 

8. If the ends of one side of a parallelo- 
gram are joined to any point on the opposito 
side, prove that a triangle is formed whose 
area is one-half that of the parallelogram. 

9. If a vertex of a parallelogram and the . . 

middle points o( the opposite sides ere joined, the triangle tamed 
is three-eighths of the parallelogram. 

10. The bases of a trapezoid are 10 and 24, and the lower base 
»nglcs are each 45 degrees. Find the area. 

11. Find the ares ot a trapeioid whoso bases nre 5 and -I. »n 
whoso lower base angles are each CO". 

12. Bisect a parallelogram by a line perpendicular to tbe tare. 

13. If two triangles are similar, con-tmct a triangle e.m.Iar to 
them and equal to their difference. 

M. n,e Sion of s rhombus is 72. snd one dingon.il b 1C- ™ 
the other diagonal and a ride. «—« «««■!* 

U. Find the side ot .» «***»■ 
tho sum of the sressof two squiUtol tmugle* 

T^.ide.of.tHn.gio.10 tOist ,2 sod theis ins>«ded .eg* 

*• 
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PBcl aABCD - 

»» constructed on the sides ot 
II. Then aAKLB i ^ F ° ^ extended until they meet at 

^^£ZSZ’Z£~t* — “ d 



a ^ven^Elo^T ParaUel 40 “ ,dven Une 60 that il wQI bisect 

square of t^hyrotenn^. d f C °'! e ! ed l . he Allowing proof that the 
squares of the leei Pi ° *”1^* tnangle cc t u als the sum of the 
making BB X “ ,re ” ' "«* be estended CB to D 

then tool DE eon.llV^ '°. n! ‘™ cl ' d * risht “”E le “ D - El 
AEBd a right .rng’eld Be™ fT “ " d ^ He P 1 ”™ 1 
the area of the trapezoid to the trap f°' d - Finally he equated 
simplified the result W nte y,^ 8U ™ of ,he lhre€ ‘^angles, a“ d 
‘ Wnte *us complete proof. 

Applied Problems 
c, ! i <1» tow. M 

h at R on cn P ,t' W» to 
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perpendicular to AB, prove that “ the angle of incidence, ZCHO, 
equah the “ angle of reflection,” Z.GUF. . 

26. To continue a straight line AB on the other side of a ouse, 

a surveyor constructs right angles at " 1 

B, C , D, and E, and makes the lengths 
BC, CD and DE each 50 ft. Prove that 
EF -will lie in the same straight line 

withAB. # 

27. If two forces acting on point A are represented, in irec 
and amount, by AB and AC, the 
diagonal AD of DACDB will repre- 
sent 11 the resultant” in direction and 
amount, the resultant being a single 
force which would have the same effect 

«- — * - ito 

forces of .0 lbs. each act a. » 
other, prove that their resultant biseeta the arntle formed D> 
directions, and find its amount. 
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POLYGONS 

265. In § 38, a polygon was defined as a figure formed by 
straight lines which enclose a portion of the plane. This 
includes all of the shapes shown below: 



Fig ' *' Fl °. 2- Fio. 3. Ho. 4. 

In this took, we do not in general deal with polygons such as 
m . k ,g ' 2 ' w Wch the sides cross between the veil ices, 
or wrth pdygons 8 uch as that in Fig. 3, in which sides can 
ex n e mto the space inside the polygon. Most of our 
propos.hons, however, are equally true for these cases. 

y0U jpTf a Proposition from Book One which is not 
true for quadrilaterals such as that in Fig. 2? 

ioins S Polygori “ a straight line, not a side, which 

joins two of the vertices. 

The following is a table of the important polygons: 


Name of Polygon 

Number 
of Sides 

Triangle . . . 

3 

4 

5 

6 

8 

10 

Quadrilateral. 

Pentagon . . 

Hexagon 

Octagon 

Decagon 
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Proposition 1 

266. The sum of the angles of a polygon of n sides is (n— 2) 
Straight angles. 



Given: Polygon ABCDE . . . having n sides. 

To prove: The sum of the angles of ABCDE ... is I"" 2 ) 
straight angles. 


Proof: Statements 

1. Draw all the diagonals from A, forming (n— -) 


triangles. 

2. The sum of the A of a A**l , 

3. The sum of the A of (n-2) A - (»-«) «■ 

4. The sura of the ^ of (f*-2)A equals the sum of 

the A of ABCDE . . • . 

5. The sum of the A of ABODE . . . -<•-*> * 


I Reasons 
| 1. Post. 1. 

2. 5 sc. 

3. Ax. 5. 
•1. Ax. 7. 

5. Ax. 1. 


!ex, is tun straight angles. 

-he sum of the at- ^TbCDE -V) A- If MS.) 

-ho sum of the mt- * ^ AncnE . . . is 2 st .A. (At. <■) 

The sum of the ext- 
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268. Corollary 2. Each angle of an equiangular polygon 
of n sides equals ~~ straight angles. 

269. In a scries of equal fractions, if the sum of any number 
of the numerators is divided by the sum of the corresponding 
denominators, the quotient equals any one of the fractions. 


Given: 


b^rrrr ••• 


To prove: 


... 




Then a«=6r, e=dr, e-fr , .... (Ax. 5). 


ntn a — or, e—ar, e—jr , . . . . 
a+e+e+. . .-.(6+d+/ + . . ,) r ( Ax> 3) . 

. a e 

W+jT.-'Ti-' (Ax. 6 ond 2). 


Exercises 

1. Define a polygon; similar polygons. 

2. What is the perimeter of a polygon? 

. *-tate two propositions about an exterior angle of a triangle, 
polygons? * )r0,K>? ' t * otla e, l ua lly true for quadrilaterals? Other 

4. Can >ou draw o polygon in which every exterior angle equals 
c\erj in enor angle? One in which every exterior angle is smaller 
than every interior angle? 

.:J?, VeStiEa ! i0 nw 0blem - Tno ‘Angles ABC and A'B'C' are 
ar, an C is twice BC. Compare their perimeters. If 
VrCre " tlm , es R C' how would the perimeters compare? 
F r . p 3 r , ) ?° Ur . C °? c usi0n k°Jd equally for similar quadrilaterals? 
tor other simdar polygons? If o, b, c. . . . are the sides of one 
ygon an o', 6 » d, . . . the sides of a similar polygon, write a 
proportion in these letters. Does the fraction _£±*±£±^ 
squal one of theie ratios? Why? J ' L ' +C + 
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Proposition 2 

270. The perimeters of two similar polygons t 
other as any pair of corresponding sides. 


e to each 



Given: ABODE . . .~A'B'C'p'E' 
perimeters P and P ■ 

P AB BC 

To prove: ■p = A r B'~'WC' ' ' ‘ 


, with 


Proof: 


AB 


Reasons 
1. § 215. 


2. §260. 

3. §3S. 

4. Ax. 1. 


Statements 

BC CD _ 

*" A'bT B'C r C'D’ 

AB+BC+CD+... 

' A'B'+B'C'+C'D'+. . . A'B' B'C' 

3. P=AB+BC+CD+...^dP’=A B+B<* + 

4 P AB BC - 

Investigation Problem. tTZiW? 

above Bimilar polygons, woul polygons? Are these 

What parts of these triangles P ? Now j raw AD and A'D\ 
sufficient to prove the trnn^es /ACZ> equal to 

Are &ACD and A CT/ similar? Can you p ^ C Z> 

ZWm c .» yon « emtio to which both ^ «» 

ere equal? Is the converse true? 
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Proposition 3 

*271. Similar polygons can be cut into triangles so that 
the corresponding triangles are similar. 



Given: ABODE . . .~A’B'C'D'E ' . . . 

To prove: ABODE ... and A’B’C'D'E' ... can be cut 
into triangles so that the corresponding tri- 
angles arc similar. 

Reasons 

1 . Post. 1. 

2. §215. 

3. §215. 

4. §220. 

5. §215. 

6. Ax. 4. 

7. §215. 

8. Ax. 2. 

9. §220. 

^nthe same way the other pairs of triangles can be proved 


roof: Statements 

2 ZB''** diagonaIs from A and A'. 

3. AB :A'B'=BC: B'C'. 

4. AABC~AA'R'C'. 

5. ABCD-tB’C'D' and Ax- Ax'. 

6. Ay-Atf. 

S'C'andCD : C'D’-BC : B'C'. 

8. AC :A’C’=CD -.CD'. 

9. AACZt~AA'C'Z)'. 


erft C °“ Ters , e * Polygons are similar, if they can be 
° n ^ n9 ^ es s0 that the corresponding triangles are 
umto, and timilmly placed. 
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Proof: 

Statements 


Reasons 

1. 


, Zx= Ax', Zy= 

Zy',... 

1. § 215. 

2. 

ZC=ZC', 

zd^zd’,... 

2. Ax. 3. 

3. 

AB : A'B'= 

=BC :B'C' ■= (AC : 

: 4'C'' 

3. §215. 



= CD:C’D’= 



4. 

ABODE . . 

- ~ A'B'C'D’E '. . 


4. §215. 


Exercises 


1. If two polygons are similar, and lines are drawn Joining in 
order the middle points of the sides of each, the corresponding 
triangles cut off are similar. 

2. Using the same hypothesis, prove that the new polygons 
formed inside are similar. 

3* If two similar polygons are cut into triangles by diagonals 
bo thai one triangle of one of them is congruent to the corre- 
sponding triangle of the other, then all corresponding triangles 


we congruent and the polygons are congruent. 

4 Polygons ABODE and A'B'C'D’E • are similar, and P and 
p ' are points inside them respectively so located that Zs.t'AUa 
similar to AP'A'i?'. Prove that A PBC is similar to A 
Also that lines from these points to all the vertices of their respec- 
tive polygons cut the polygons into similar triangles. 

6. If two pentagons have their corresponding angles equal, 
»h.t is the smallest number of sides of one which must he too™ 
to be proportional to corresponding sides of the other in orfer 
that the polygons can be proved similar? Prove your conclusion. 


Investigation Problem. I" 'yJT’C^to” te' mho of 

pare the ratio of the areas of AABL 
the diagonals AC an dA*T. 

of AACD and A ' C ' D A” * to the sum of the triangles of 
mnn of the triangles of on P° would you 

the other polygo^M ’ Now complete and prove 

tVaStn\ «* ** B ° M *" t0 ° thCT 
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Proposition 4 

* 273. The areas of similar polygons are to each other as 
the squares of corresponding sides. 



Given: ABODE A'B'C'D'E' , 

To prove : ** ? DE • ~ jL 

A'B’C'D’E' . . . a' 2 ' 

Proof: Statements 

i ?° a5truct ^ the diagonals from A and A'. 

2. AI~A1’, A2~A2', A3~A3', 

3. A3> 
a'« Al' m'> A2’ n'«“ A3 ,=, ‘ * * 

4 AI+A2+A3 4-.. n 2 

' Al'+A2'+A3'+. 

5 AIi CDE . . . q j 

’ job'c'd'E' . . 

^ ECnera ^> the areas of similar figures arc to each 
cr as e squares of any pair of corresponding lines. 

propcKilion has many important applications in physic*. 
.. | ’ *? gravitation, light, sound, electric waves, and 


Reasons 

1. Post. 1. 

2. 5 271. 

3. $251. 

4. § 269. 

5. Ax. 1- 


^Asoetism. the intensity at 


* #quare of iu distance from the source. ' 


any particular point varies inversely 
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Proposition 5 

275. A polygon similar to a given polygon can be con- 
structed. 



Given: Polygon ABODE and line A'B'. 
To prove: A polygon can be constructed 
ABODE. 


Construction: Statements 

1. Draw AC and AD. 

2. At A' construct A x’, y' and z'^Ax, y, and t. 

3. Construct AB' = Z.B, thenZta'-ia.thcnZr - Av. 


Reasons 

1. Post. 1 

2 . § 60 . 

3 . § 60 . 


A'B'C'D’E' is the required polygon. 
Proof: 


1. AA'B'C'~AABC, AA'C'D'~AACD, I l 2 * * - 5 * * * * " 10 ‘ 

AA’D‘E , '~-'Ai\ DE. j o *272. 

2 . A'B'C'D'E'~ABCDE. 

Investigation Problem Can J™ c»»tn.ct a Wangle hav.n, 

the same area os quadrilateral ABCD. Tty ^ 

to replace A ACD with another triangle 

having the eamc area. If '* c T / \f \ 

the tee, what b the I««« ° r 1“ “* ® j J„ f fc 

what point must D move w , . lr i»ne!c 

a straight line with BCt * quadrilateral ABCD 

does A ACD then become, 
then become? 
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Proposition 6 

276. A triangle equal in area to a given polygon can be 
constructed. 



Given: Polygon ABCDE. 

To prove: A triangle equal to ABCDE can be 
constructed. 


Construction: Statements Reasons 

!• Extend CD. j. Post. 2. 

2. Draw AD. 2 . Post.!. 

3. Construct EG 1| AD. 3. § 77. 

4. Draw AG. 4 . Post. I 

Proof: 

1. Ia AIDE a„d ABC, AD i, the base of both. 1. «'»• 

, " and c are on a line EG H AD 2. Const 

5' ^ {D ° nre ef iual in area. 3. § 262. 

. k and the number of sides is 4. Ax- L 

reduced by one. 

nnf n Ajrn- W ^ y ' the num ber of sides can be reduced one at a time, 
UDW ^ F0 19 obtained. Therefore A AFG- ABCDE (Ax. 1). 


Exercises 

of t ! ie “ Umber of 8(rai §bt angles in the sum of the angles 

q drUateral; of a hexagon; of an octagon; of a decagon. 

Polyxon'or 7 th !, DUmber of de grees in the sum of the angles of * 
ys ° a of 7 sides; of 12 sides. 
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3. Find one angle of an equiangular polygon of 4 sides; of 
6 sides; of 10 sides; of 60 sides. 

4. Find the number of degrees in an exterior angle of an equi- 
angular polygon of 5 sides; of 7 sides; of n sides. 

6. Find the number of sides of a polygon, the sum of whose 
angles is 2 straight angles; 6 straight angles; 20 right angles; 
100 right angles; 540°; 10S0°. 

6. Find the number of sides of a polygon, each of whose angles 
is 150"; 175"; 162"; 135"; 179". 

7. Find the number of sides of a polygon, each of whose erfenor 


angles is 40°; 15°; 90°. 

8. Find the number of sides of » polygon, each of whose interior 
angles is 11 times the adjacent exterior angle. 

9. If two angles of a quadrilateral are supplementary, the otner 

two are supplementary. . r . 

10. If the sura of four of the angles of a pentagon v 

the fifth angle. , „„ 

11. If, from any point D inside the l ^ U the sup . 

drawn to the sides AB and BC, their included t. D w ill be sup- 
plement of /.ABC. 





. , „ oiten made of regular (equilateral and 

12. Tiled floors are that triangles, squares, or hexagons 
equiangular) polygon*- but that pentagons or octagons 

will fit together to form suen 
will not fit. 
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13. Show that two such octagons and a square can be used to £1) 
e angular, space around a point. (In order that the figures fit 

around a point, the sum o£ the angles at that point must equal 360°.) 

14. Prove that similar polygons are to each other as the squares 
ot their corresponding diagonals. 

15. The sides of a polygon are 8, 11, 7, 4, and 13, its area is 120, 

an one lagonal is 10. If the side of a similar polygon correspond* 
the a U other sides, the corresponding diagonal, and 

IS. The areas of two similar polygons are 64 and 25. Compare 
the lengths of their sides. 


OpxionxL Exebcises 

-J2' "H** area of a Polygon is 20 and one side is 8. The area of a 
polygon is 12 . Frnd the corresponding side. 



paSlefto^fv. 13 ap0,J '«° a and A'B'C'D' its shadow on a wall 
the squares of fv,° W j hat ABCD an d A'S'C'D" are proportional to 
and A'B’C'TV etr . dlstances from the light. (Assume that ABCD 
19. If 4 " d that OB '± AB and A' S’.) 

to the wall ._j . ’ AB ^D Is one-third of the way from the candle 
shadow? 3 aQ area °f 8 sq. in., what is the area of it* 

similar polvmin°i-v **°^S on 10- Find the corresponding side of a 
066 area “ twice as great; n times as great. - 
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21. Three polygons aro similar, and corresponding sides of two 
of them are 6 and 8. If the third polygon equals their sum, find 
its corresponding side. 

22. Construct a polygon similar to two given similar polygons 
and equal in area to their sum; to their difference. 




Applied Problems 

24. Sines light from » point travels i» ,me! ' 

amount of light that would strike 
a polygon 1 ft. away will strike 
at a distance of 2 ft. a similar 
polygon whose corresponding sides 
are twice as long. How will their 
areas compare? f R3 great 

25. If the same amount of light is spread mi , d 

an area, rve ray that the intensity » hall as great- 

intensities compare in Ex. 24? o if you hold your 

25. When yon “ * b ’ 

book only 3 ft. from the hg > . , ^ y y 0tl held the book 

intensity of the illumination .» it bo * 5 
12 ft. from the light? n , g of c j 0 th in making a 

27. A woman «»* ‘ b “‘ f doth must she use to 

dree, for her little daughter who is onmand-a-balf 

make a similar dress f 

times as tall? . t^te the number of yards of 

28. Mrs. Hsrtney wants to 
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incthe ^ USt f^ Uy - l ° mate a dress ‘ has a small picture show- 
iavthtZ, TT ° f thC pattern ' and she *»* that she can 
that a niece °/ pap ° r contain mg 6 sq. in. She also finds 

leneth nf « i “ tbe reaI P at,ern would be 2 ft. long, has a 

Id A 'n, “ h r pictUre of iL &*«*• the number of 
square yards she will need for the dress. 

If the . Ua ‘ ted Statea - 1 {t - represents 1,000 miles. 

States? P is 3 sq. ft., what is the area of the United 

««° wm Spr 1 ” “ of 45>00 ° wh ”‘ 

figures the Pd b H sbCT wishes to illustrate by areas of similar 

cZ ie, “7»»hv» amounts „ beat pro j' ced wwt 

sr - " 13 4 to ’• - - ot 

The first he° rente l ^ ree tlme3 as much wheat as a second. 

Isugth louwTI * ^ 'r ,J ' EM \ hMe to ' “ 1 “■ 
represents the second? * h ° b ““ lle ‘ ,i “ kr •’“'W 1 » llith 

with that of * “ewspaper compares its circulation 

the figure L ?” PCbtore by ““liar diagrams. The height of 
thi. «“ that for a rival’s. Do* 

of its rival? Explain. ™ 3tlons hip, if its circulation is twice that 


Regular Polygons 

lateral md'e^n^' 01 ' “ “ P ° ,;,eo “ ' 7t!oh is botl1 c 1 ui ' 

cumscribed hbouT”!^!^ 11 * ^ ou l huik a c ‘ r c ,e could be cif- 
figures? Let „ . ^ one of these regular 

J regular poW g"" h “ the «» 

^ugh thd threeSJ f F* * 00 

roust you cow j™ J "! 3 A » s .»ndC? What 
U»t you, cirde”^' ® “ ' »?» *° 
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Proposition 7 

*278. A circle car be circumscribed about any regular 
polygon. 



Given: Regular polygon ABODE 

To prove: That a circle can be circumscribed about 
ABODE 


Proof: Statements 

1. Construct a O through A, B, and C, end let 0 
be its center. 

2. Draw OA, OB, OC, and OD. 

3. In &OAB and ODC, AB~DC. 

4. OB^OC. 


5. Ay^ Ax. 

6. AABC= ADCB. 

7. Az= Aw. 

8. AOAB^AODC. 

9. OA —OD, or 0 D= the radius. 




Reasons 

1. § 175. 

2. Post.l. 

3. § 277. 

4. § 13S. 

5. §55. 

6. §277. 

7. Ax. 4. 

8. §50. 

9. §22. 

10. §140. 


11. § 136. 




SM PLANE GEOMETRY 

polygon C ^° roUar ^ *' ^ circle can be inscribed m any regular 

tint from '^ len chorda are equally dia- 
wnt from the center (| 149). Then use §153. 

cit^'srfbcHIrtV' ‘ Zf 1 * 1 r°to“ « ‘ta cento of its 
“ d ; ““ mb c<l. circles. The radius of fhc cte 
of the inscrihcH e . W | t bc radius of the polygon. The radius 
tnsenbed circle „ called the apothem of the polygon. 

281. Corollary 2. Jfc cental anyle /onOTtf ^ 

SST ^ «/ « -to Coal, « 
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Proposition 8 


282. Regular polygons of the same number of sides are sim- 



Given: Regular polygons ABCDE . • • antJ 
A'B'C'D'E' . . . having the same 
number of sides. 

To prove: ABCDE A'B’C'D'E' .. ■ 

Statements 

1. AA= ZB= ZC=. . -st- A - 


Reasons 
1. § 268. 


2. ZA'= ZB' = Z C’ =-' . . . = — st- A. 

n 

3. AA=ZA', ZB=ZB',.... 

4. AB=BC=CD~ 

B. A'B'=B'C'^C'D'^ 

fi AB BG CD _ 

' A'B~Wc ,C= C'D’ 


2. §268. 

3. Ax. 2. 

4. § 277. 

5 . § 277. 

6. Ax. 6. 

7. §215. 


ABODE ~ A'B'C'D'E jdcs do 

'*• If two regular polygons have “ them into similar 
lines from their centers to their vertices 
igles? Prove your conclusion. 
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J° “ VOi< J lhe . Usual din!cuIt Proofs for Ho cireumfer- 
foUomng^^ ° & C ’ rC k* we assume as an axiom the 


■ \ theorem, true for regular polygons, and independent 

of the number of sides, is also true for circles. 


°f “i*! 5 ™* " C “ h “ e ' c of * re|nllar P 0 ' 18 ”” 


3 I™* SUm of thc an 2 ,<?s of each of the above polygons. 
Tind thaaulnnt * rr S« lftr pelj-gon is S and its perimeter is 112. 
its perimeter is p0,ygon of the sa ™ number of sides, if 

inter^incSS AE f d BF of "8«I" *«■*» ABCDEF 

^ Ct ,n G > find number of degrees in ZAGF. 
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Proposition 9 

285. The perimeters of regular polygons of the same number 
of sides are to each other as their radii, and as their apotkems. 



Given: Regular polygons 0 and O', having the 
her of sides, with radii R and R', perimeters p 
apothems r and r'. 
r „ p Ft r 

f^oof: Statements 

1. Draw OD and O’D'. 

360 / fi’/yjY 

2. In ACODand C'O'D’, /.COD=~ 

3. CO=OD and C'0‘=*0'D'. 

4 C0 0D 
' C'O'^O'D’' 

5. AC0D~AC'0'D'. 

C R _r CD 
' R' r' C'D’ 

7. Polygon 0~po>y£° n U * 
o P CD 


same num- 
and p', sad 





P1ANE GEOMETRY 

j * Circumferences are to each other as their 
radii. (§§ 283 and 281.) 

C B r 

<• ° s “ e °r°' M ' 

C r 2r D ft pi 

rys-v H- 

circle j Ta ^° circumference to the diameter of a 

circle is represented by the Greek letter So, 

and C ~ wD 

C=2rr 

To ihjpla^ « h”” &U ” d ° VCr 700 dccimal P 1 ”" ' 


or approximately 


“3.1416 

-3} 


Terence to Ih^^ 88 ^ *° ^ cnow ^at the ratio of the circum- 

Z tSSZ “ ore *“■« 1717 

ot 2 ^ potan one of pc “ r 

and their toteropM Tre'' ** tbe Cs “ re b T ‘o' 0 odil 

Investigation Problem. t„ ♦», c , ^ , . 

the area of a Orirr rv_ in the figure °f Proposition 9, what i* 
area of A OCB? 

ments true for the aora triangles. Are the same statc- 

JWw^WoDoIiX 1 ^ A> ? AF ’ ctc ‘ ? Can y°“ state and 

would b^the corresMndinVn 6 * rcguIar poIygon? What 

— __ \ "'responding proposition about the area of a circle? 

27. for the method of calculating 



POLYGONS 


365 


Proposition 10 

*290. The area of a regular polygon equals half the 
product of Us perimeter and apothem. 



Given: Regular polygon ABODE . . • perimeter pa 
apothem r. 

To prove: ABODE -irp. 


Proof: Statements 

1. Draw the radii OA, OB, OC, . • • 

2. All the triangles formed have the same 

3. A OAB=\r AB. 

A OBC^ir-BC. 

A OCD~\r-CD. 


altitude, r. 


4. MAB+'60BC+1SOCD+.^- +bc+cd+ , 


Reasons 

1. Post. 1. 

2. § 149. 

3. §254. 


4. Ax. 3. 

5. Ax. 1. 


5. ABODE . . .=£ r P- 


291. Corollary L 
product of its radius 


The area of o eirdo equals half the 
and circumference. 


K-lrC (§ 2S4) 
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292. Corollary 2. The 
square of the radius. 


area of a circle equals r times the 


jr-2rr (§2SS) 


l ^lZr bay3 - Cinlaar ‘‘°'° A °i>«' 


as the squares of 


Class Exercises 

^ th l »' ' - ,hs, the result win be 
o as many significant figures as the data used. 

rlT°‘ ‘ C " k W. where D h the dureelsr. 

3 I'ii .1 tv. • a aC a circ le whose radius is 12; 8.42; 15.033. 

S^Hndtbeareureferenre of . citele whor'd isrest ” 2.1 


6.2S32. 


I2.5C&4. d th ° 0rCa ° f a c,rcIe whoso circumference is 22; S.64; 


g' 2"! ?* radius of a ^ whose area is 3Hf 
7. Find the ^. eUmfe . rence of a ^cle whose area is 15,394. 

8- Tind the raf r' lS °, ° ClfC,e whose circumference is 50; 25.133. 

9. r"d h s r° f a Circ,e **"" "« * I«r. 

rea ° a semicircle whose diameter is 8. 


substitute a valu/fm^^’ ^ ** not necessar y to extract roots or 


ratio of their areas - !**?* 13 5 tio,ra ‘bat of another, find the 

u. rind th7 ’ eir ^^orances. 

,7,; _ , the Clrc umference of „ 


j t j je . “ ‘-“'-umserences. 

circle whose circumferenceT!^ & ** av, * n 6 twjce ‘be area of a 


side is 8. thC radiUS ° f a circ,e equal in area to a square whose 


diameter of the ring Js'ifMhT "j 6 ' 3 ' 3 " B( l- ln i a "d the internal 
«■ A square is ° f the ** 

area °f the segment c ut ^ h “ * “ 7 ' r “ d ** 

» 3 s,ae of the square. 


\ 
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IE. If the area of a square is 25, find the area of the circum 
scribed circle. 

15. If the base of a rectangle is 12 and its area 60, find the area 
of its circumscribed circle. 

17. The sides of a triangle are 6, 8, and 10. Find there mso 

circle equal in area to the triangle. 

18. A circle and a square each have a perimeter of 100. Compare 
their areas. 

19. If the radius of a circle is 10, find the length of an arc o 

SO”; 45”; 30"; 20”; 1". , , . 

20. If the radius of a circle is 10, find the number of agree 

an arc whose length is 10x; 5*; 10- , 

21. Find the mdius of a circle, if an - •< »“ * 

22. A square is inscribed in a circle "hose radius is 10. Find 
the part of the circle that is outside the square. 

23. Find the area and perimeter of a scnucucle whose ar. 
Ol2r. 

Option*!- Exercises 

24. Find the area of a semicirelo -"those ^ 

25. find the area of the ^>^“'" 5 

keaagon, the radius of «h» „ um bcr of square units in 

26. Find the radius of a circle, If the o ci reumfcrenre. 

its area is 5 times the number of lmcrtr ■*»' arc a a 

27. If the altitude of an '***%£“* “ 

°t il s circumscribed and mscri ' , ule u,e change in the 

23. If the radius of a circle is 

circumference; in the area. Irianele inscribed in a circle 

29. Findtliesideofaucquiiatcmlln- 

whose area is 64.- . ^trilateral triangle whose 

30. How much does *' Sect 

side is 8 exceed the area of »*■ j 9 . Had the red.ua oi a 

31. The aides of a triangle are u. 1 - 

eirele equal in area- 
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Honor Wort 

“he w°i ‘To t!nr t °. r *' h ,°‘ h ' r “ 25 ; *” d «» 

„ r . , gr 13 I0 » find the radius of the smaller, 
which is ran penf 1 ^ COnt J* lned between three equal circles, each of 
each 10 fa ' M ™ ally to th « »«*' t»», «nd whose ra dii m 

diameter i.Tm? ’o ® c *” 3n * ar nn E equals the area of a circle whose 
drameter „ the chord of the outer ci[ el. tangent to the tone, chcle. 

35. If eenuemles are drawn on the 
th™ sides of a right triangle as diam! 
eta, ns shown the Sgnre, pmc 

the trianglT ‘ h ° **° m ““‘ s 

in tiic Circumference?^ fn th^ What cIianBe ,a Ies place 

t ”'t much has the circiLS^S 111 " 3 to 

rf 8 ^ ° f “ CirCJ^, ■ “ ° Utside 


Applied Problems 

is 28 in., rT^‘“T^iTg“a l, a“e?”’ * "' h " 1 ' wh °“ di "" ta 

«i «: to dt^f'rjd ,^r d< ” d p,ot u 

iSSSSS? ^KrjftS 

jtittKMiSKr— XS 

43. If an aqueduct IC in. in diameter supplies a city of 12 COO 
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people with water, what population will one 15 in. in diameter 
supply? 

44. Two branches of a sewer pipe are respectively 3J and 4j in. 
in diameter. What must be the diameter, to the nearest me , o 
the pipe into which they empty, in order that the sewage may 
carried off? 

45. If, from a B heet of tin 3 ft., 4 in. by 1 ft., 4 in., the 
number of circular disks 8 in. in diameter are cut, how muc o 
tin is wasted? 


46. The diameter of a driving pulley is 15 

376 revolutions per minute. What is the speed of the dm enpu y 
whose diameter is S in.? „ . 

47. A driving pulley 6 in. in diameter has a ' . ng 

tions per minute. If the driven pulley is to turn 

minute, what diameter must it have? , 

43. The piston of , ..cam b » £ "L " £, 
steam gauge registers a pressure of 90 lbs. pc q 
total pressure on the piston? , 

49. The pedal .proeket wheel «! ’* *?£££* tta wheel is 

tear sprocket wheel has 8 cogs. If “* c cnmnlcte turn of 

28 in., how far will the bieyele travel during one eomp 

50. The gear of a bicycle ia the P™j“ ct ^Jdw'ca'eMura 

Wheel by the number of times the whee ur travel while 

of the ridals. How far will a bicycle with a gear of 90 

the pedals turn around once? a circle of 

El. Assuming that the earth trave hour docs 

93,000,000 miles radius in 3G-> days, bow - 
it average? IIow many miles per second 
E2. Find the length of the belt 
passing around two pulleys - in ‘ 
apart, and having radii of 14 ,n- an 
4 in. 

53. Katherine Long wishes to “J” u j ft. in diameter, 
som- binding for the edge of her ha 
What length will she need? 
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.bo™ T r, p b “"si 2 %v Su° TOrted * * Mt ’ ™«> “ 

of the P uUe ys are 4 ft. and 2 ft 

ss:“ he 



65. The electrical resistance „f 
V™ vnncs inversely aa the area 

1 eq. in. I, »' °”= who* ™. section was 

diameter haa a resistance of 2 n h lon S and 1 millimeter in 

length of copper wire „ T j- ms ' 51,(1 the distance of the same 
metere; j STCw d ”“ te ' " 2 "■'Um-etcm; , ^ 

a band containing To^snialf o' 113,111 nr " llri ' ! 'he edge of a plate 
oeareat hund^STto F “ d to lb ' 

«f the diameter of 'He p?a«e“ Vk kl ’ ra! “ ,h * 

around the «mcer'th^im’el"“"'''' e a th ' ‘>” ei “S. “ paioled 
be required? * €r 13 ** -4 in, » bow many figures will 

which she BeUsfa-'si a* circu,ar doi,i es 1 ft. in diameter 
ihe would charge to make a ,1 ^ us *® IDer wn nt3 to know what price 

proportional to the area ° lljr . zo,n - ,n diameter. If the cost is 
» A friend of t"" !*•“» 

center piece for her dinim» t m *°^de a circular renaissance lace 
decided to copy. The Ja<v» 3 6 ’ w “' c b ^ 4rs - Leonard admired and 
bnen 30 in. in diameter h C 1 °“ truct ! d aroun d a circular center of 
braid. How much braid will Ar»‘ ?***’ a , nd required 24 >' ds - of 
lace 12 in. wide around » t ’ ^*° nard ne ed, if she makes the 
«■ A newspa ”“1^ 6n» 36 in. in dinme.ctf 

education in the various sf-.» t | orn P a ro the cost of public school 
which spends S15 ^ ? the arca3 of c ^Ies. If Tennes- 

“iameter 13 1 in — u af ’ 13 represented by a circle whose 

representing Nebsik, J,,?™ ' houW be used for the circle 
■■rends 590,000 000 S™ 1 * »0,000,000? If California 

“reto ’ ,e ”«h ™*» should be taken for to 
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Sectors and Segments 

61. What part of a circle is a sector whose angle is 90°? 60°7 40°? 
60 s ? C3°? n<7 

62. In a circle whose radius is 10, find the area of the sector 
whose angle is GO®; 45°; 100®; 52°; n®. 

63. Make a formula for finding the area of a sector whoso angle 
13 n , if the radius of the circle is r. 

64. Find the angle of a sector if its area is G r and its radius is 4. 

65. The area of a sector, whose angle is 40®, is 4r. What is the 
radius of the circle? 

66. In a circle whose radius is 12, find the length ot an arc of 
W°; of 120*; of 80°; of 4G®; of *®. 

6J* Make a formula for finding the length of an arc of n°, if the 
wdius of the circle is r. 

68. An arc of 20® is 3 in. long. What is the radius of the circle? 

69. In a circle whose radius is 10, find the number of degrees in 
® n whose length is 5r; 4r; *■; 10; 3. 

70. In OO, A O «=» 00® and OA *= 6. Find the area 
of > (a) sector OAZJ; (6) A OAB; (c) segment AB. / 

7L If OA = 10 and ZO=>GO®, find the area of [ 

segment AB. 

72. If the radius of the circle is 8, find the area of 

a segment whose arc is 120°; 60°; 45°. ^ 

73. Is the segment whose arc is 00° equal to twice the segme 

whose arc is 4 5°7 

74. A cow is tied to a fence at the roadside by a rope 
<»g. The road is 10 ft. wide, and them * gross on ‘ 

but none on thB „ do on ^hieb the fence is. Ova lion' m» r q 
feet of grassland can she graze? 

Compton Test (10 min.) 

■ _ , The radius of a circle, whose area 

1. The radius of a circle is * 

fa 4 times that of the given circle 
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2. If the radius of a circle is 6, the length of an arc of 30° is . . . 

f 11 the area of a circle is 25r, its radius is 

The diameter of the front wheels of a go-cart is half the d iam - 
*. r *if w ^ ee ^ 3- g° )c g a certain distance, the back 
wneds wUI turn ... as many times as the front wheels. 

fi T^ U j? ra< ^ us a circle multiplies the area by 

i e radius °t the circle inscribed in an equilateral triangle 
«... of the altitude of the triangle. 

i» b \ CJcIe wheel « 28 in. in diameter. In traveling 8S0 in., 
it will make . . . revolutions. (Use * = ^.) 

L tbe circumference of a circle to the ... is denoted 

by the symbol r. 

Numerical Test (10 min.) 

tl* '7*5 rad ; a ? “ f * ** is «• It the area of a sector is 9., tad 
the number „( depee, ta , he ^ 

■ The oiramrerence ot a circle is 18.. rind its area. 

are is 18 ™ '' h °“ I * dil “ “ 10 ' 80,1 thc •"» » [ » sartor whose 

te^heS^n! ° f a Cbele k *’ ** the a P° them of * 

find the radius. r ° f * Wh0SG « 30°, has an ana of 3r, 


Trde-False Test (10 min.) 

Write T if the statement is true, F if it is false. 

Each angle of a polygon of n sides equals - — - straight angles. 
circumference* 1 * C * rc ^ e e< l ua l 3 half the product of its radius and 

4. The arM* °t * Un ? ar P° ! ysons are to each other as their radii. 

5. The nrss,<r° a . tr “ n £l e half its base times its altitude, 
cf corresponding 0 *^" tt ^ es arc to each other as the squares 

7. inapoIygon - the P° ,y E° n « regular, 

(n -2) st. A. angles of a regular polygon having n sides is 

8 ' A ° Polygon b regular. 
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9* The perimeters of similar polygons are to each other as the 
eqtiares of corresponding sides. 

10. The area of a regular polygon equals half its perimeter times 
its apothem. 

Matching Test (10 min.) 

Copy the numbers. After each write the letter of the 
phrase which corresponds to the formula following the num- 
ber. 

1. C«Vo a -f J* a. Area of a circle. 

2. JT-|aV5 b. Area of a triangle. 

3. K=\hb c. Area of a trapezoid. 

4. d. Area of a sector. 

6. K =* -- ontraI ^ m r 2 e. Circumference of circle. 

360 

6. K~ Jh{6+6') /. Altitude of equilateral triangle. 

7. K = rr 2 g. Area of equilateral triangle. 

8. »=$s 2 \/§ h. Area of regular hexagon. 

9. C=2xr ». Diagonal of a square. 

10. d—ey/2 j. Hypotenuse of right triangle. 
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PROPOSITIOH 11 

294. If a circle is divided info any number of equal 
ores, the chords of these arcs form a regular inscribed 
Polygon. 



Given: qO, divided into equal arcs AB, BC, CD, . 

chorda AB, BC, CD, 

To prove: A BCD . . . a regular polygon. 


*’ roof! Statements 

l £b=bc=cd~ 

2. Chord AB= chord BC= chord CD 

3. FAB-=ABC=f$CD = . 

L AA = ZB<= ZC~ 

5. ABCD is a regular polygon. 


Reasons 

1. Hyp. 

2. 5 H5. 

3. Ax. 3. 

4. § 107. 

5. 5 277. 


InTe^!<ro« ,, *^ a i^i. P0 ^ eon ^ nscr il >e d in a circle is regular. 

Dnrwto^l , u, G 0 ^A, B, C, ... 
you nmv« . umscnbed Polygon appear to be regular? How can 
the sides . equa,? If kocw that the parts of 

triangles isosceles? eq i^^ d y ° U COmplete the proof? Are *** 
gruent? Pm™ tYove your answer. Are the triangles eon* 
certain regular a ? swer : ** y°u knew how to inscribe any 
Polygon having re ° n “ * cJrcIe > ““Id you circumscribe a regular 
R tne same number of sides? 
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Proposition 12 

295. // a circle is divided into any number of equal arcs , 
the tangents at the points of division form a regular cir- 
cumscribed polygon. 



Given: ©0, divided into equal arcs AB, BC, CD, . 

and tangents OH, HI. U. • ■ ■ 

To prove: GHIJ ... a regular polygon. 

Proof ; Statements 
1. Draw AB, BC, CD,... 

JJ. Zt* is measured by hJFA, Ax is measured by 
i FA, Zy is measured by $AB, . • • • 

3. FA=AB=BC~ 

4. Zv>= Zz~ Zy= Az~. - • 

5. Chord M-chord ' ' 

6 . £J.FA=^CAB=AJJBC= 

7- AL=*AG, GB=BH, 

o! AL^AG-f^'-' W - 0 "- ' ' ' 


Reasons 

1. rost.l 

2. § 170. 

3. Hyp- 

4. Ax. 6. 

5. § 145. 

6. 5 52. 

7. §22. 

8 . § 157 . 

9. Ax. 3. 
10 . § 22 . 
11. §277. 
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Proposition 13 

296. A square can be inscribed in a circle. 



Given: ©0. 

To prove: A square can be inscribed in GO, 
<Wnm»a: !,« R^s, 

fassss^Esr-- 2 5 p m' l 

°S>- 1 Y c ' CD '“ dD ' 4 - 1. 

is the required square. 

Proof: 

L A *, y, and z are rt. A. 

Z JH = £ c =*V=Az. 

3. AB--BC=cb^DA. 

4. ABCD is a square. 


1 . § 12 . 

2. §33.' 

3. § 141. 

4. §291. 


regtdaT Can you inscril » in a eirele any other 
the square and octagon? If a regular 
each side cut ofT?"^ “ “ drcfc ’ how man y de S rees of arc wonM 
intercept this arc’ “ as . lrucfc a ceDtraI aD S Ie " L!cb W * U 

there anv e™ i ft" * I f asurc sis of these arcs on the circle. Is 

circle into six emi-iT^’ ^° Ve 0131 >' our construction will cut the 
mo six equal arcs with no remainder. 

in S cribing^eS t C Lr t l5i - Ch 7°? W i ust completed of use in 
equilateral triangle in the circle? 
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Proposition 14 

297 . A regular hexagon can be inscribed in a circle. 



Given: O O. , 

To prove: A regular hexagon can be inscribed 
in 00. 


Construction: Statements 

1. With any point A on OO as center and 
OA as radius, cut the circle at D. 

2. Similarly, with the same radius, and if, 
C, D, and E in succession as centers, cut me 
circle at C. D, E, and F. 

3. Draw AD, DC, CD, DE, EF, and FA. 
ADCDEF is the required hexagon. 

Proof: 

1. Draw AO and BO. 

2. AB=AO=BO. 

3. AAOB= GO 0 . 


ism* 

6. ABCDEF is a regular hexago . 


298. Corollary- An 
circle. 


Reason a 
. Post. 3. 


2. Post. 3. 


3. Post. 1. 


1. post. 1. 

2. Const, 

3. § S8. 

4. 8 162. 

5. 360+60=0- 
§204. 


can be inscribed in a 
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Class Exercises 

1. A regular octagon can be inscribed in or circumscribed about 
a given circle. 

2. A square can bo circumscribed about a circle. 

3. Regular polygons of 4, 8, 10. 32. . . . 2', aides can bo circum- 
embed about any circle, or inscril>cd in any circle. 

4. Regular polygons of 12, 21, . . . sides can bo inscribed in, or 
circumscribed about, any circle. 

5. A triangle is regular, if its inscribed and circumscribed 
irces a\c the same center. Is a quadrilateral necessarily regular, 

u^msmbed and circumscribed circles have the same ccntcrf 

u' “1 cWc ins " iw >» “ «<l«n»teral trianglo 
Selc ^ lh ' raJ ‘“ S ° r ' irelc AwnnKrllictl about ths 

,ri “ e,e 

A " CDEF “ ^ 

lie nerr^n, * n °' cs °^° ut ‘"side a regular polygon, the sum of 
10 Th ^ U fS Upon the £id « ia instant, 
that of thr- rmri i° f *1” pqu!Iatera l triangle inscribed in a circle is half 
that of the regular hcaagou inscribed in the same circle. 

inscribed squire" 5 CirCumseribcd ttbout » circle equals twice the 

diSe": £ss£ !r 2 jS x 4,* ^ ° ! n sita 

angle the poly^m* 5 ° f * resu,ar P 0 ^ 11 » the supplement of an 

of the regents ITone po1ye ° n intcrsect - the product 

other. equals the product of the segments of tho 

of the equikteraltri™ l nsCT5bed ^luHateral triangle is half that 
terai triangle circumscribed about the same circle. < 
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Optiokai. Exercises 

16. The radius of an inscribed regular polygon is a mean propor. 
tional between the radius of its inscribed circle and the radius of the 
circumscribed regular polygon haring (he same number of sides. 

17. If squares are constructed on the sides of a regular hexagon 
ou iet e hexagon, the twelve exterior vertices of these squares 
ere the vertices of a regular dodecagon (12 sides). 

18. The area of a square inscribed in a semicircle is two-fifths 
ol the area of the square inscribed in the circle. 

19. The diagonals of a regular pentagon are equal. 

k 20- Find the area of the square inscribed in a circle whose radius 

21. Find the area of a regular hexagon whose side is 10. 

22- Rnd the side of an equilateral triangle equal in area to a 
regular hexagon whose side is 12. 

23. Find the area of a regular hexagon whose radius is r. 
circle whSre radiSb 10 * T * SUl ” he,ca80n circumscribed about a 
radi " fa ,2> £ " J ■ <id ' " ,he i “ CTibed 
. '.X ,' t 'v2. ' q “ ih,c " J circumscrib'd .bout 


Hohob. Work 

radius is 10 ^ °* a regu!ar oc h>gon inscribed in a circle whose 

to make W ^ osc “^es * s has its comers cut off so as 

to make it a regular octagon. Find the area of the octagon. 

ting 'straight ™ “ 'reduced to one of smaller size by cut- 

the next ” TOm l ^ e ““^dle point of each side to that of 

he next What proportion of the area is removed? 

equilateraL^ 111311211 ^ 11 P °*' s ° n ’ circumscribed about a circle, i* 

circumference^ ^ cmruxnference equal to the sum of two given 
n «s, one equal to their difference. 



32. Construct a circle whose area equals the sum of the areas of 
two given circles; one equal to their difference. 

33. Bisect the area of a circle by another circle having the same 
center. 

34. On a given line as a side, construct a regular hexagon; a 
regular octagon. 

Drawing Exercises 

35. Copy the Mowing figures. Try to drover "‘ter artistic 


A Self-Measuring Test 

1. If two polygons are similar, what is the relation of their 
sides to their areas? to their perimeters? . circle 

3. On what proposition does the formula for the are, of a 

depend? 

3. Can a circle be circumscribed about: 

( e ) A rhombus. 

(а) Any triangle f ' lar hexagon? 

(б) Any quadrilateral? W A square? 

(c) Any polygon: _ A r ; s ht triangle? 

(d) An equilateral truing polygon equals 

4. Is the proposition the „dius of its inscribed 

half the product of its * wh ich is not regular (a) m 

circle" equally applicable _ p inscribed in the polygon? 

any case? (5) in »"* “ triangle he found by a similar 

Can the area of an eq . , e , 

method? the area of any g(nn n f the angles of a tri* 

B. State the proposition about 
angle: of a polys 00- 
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6. In proving that similar polygons can be cut into similar 
ang es, which of the propositions about similar triangles is used? 

7. Give the formula for: 

(a) The circumference of a circle. 

(&) The area of & circle. 

(c) The area of a trapezoid 

(d) The area of a triangle. 

(e) The sum of the angles of a polygon. 

(f) An angle of a regular polygon. 

f ,' ^ y ou knew the area and the sides of a regular polygon, hen 
could you determine the radius of the inscribed circle? 

9. State five propositions whose converses are true. 

mi^db b y m an t trc“ eaninS ° f BtetemCDt that “ an an S [e 1 

11. What is a mean proportional? A fourth proportional t 
on the fact that^ ° ne ^** er P ro P° s *tion the proof of which depend- 

T}* e ^ )!Lce an 6les of an isosceles triangle are equal. 

M i emate lnterior an gles of parallel lines are equal. 

' ' " extenor angle of a triangle is greater than a remote 
interior angle. 

S Su three ° r more P ara Uels cut equal lengths .... 

U pie sum of the angles of a triangle equals 

U) central angle is measured by its arc. 

Iff! A tangent is perpendicular to the radius 

M S mE r bed an 8l« is measured by ... . 
j ; nangles are similar, if two angles of one equal .... 

an a titude is drawn on the hypotenuse of a right 
(L\ t>. . , n . a ^ is *he mean proportional .... 

&u triangles are congruent, if the hypotenuse and 

(l) Triangles are similar, if two sides are proportional 

(m) o.“° d tp included angles are equal. 

ar triangles are to each other as the squares of 
, . .corresponding sides. 

M Tri!!T °* tIie equab .... 

gles are congruent, if two sides and the included 
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angle of one equal .... If two angles and the 
included aide of one equal .... 

(p) The area of a triangle equals .... 

13. State five propositions in who«c proof we move the figure. 

H. State a proposition which nc prove by the indirect method. 
16. Give two important propositions about loci. 

16. Give three methods of proving an angle a right angle. 

17. Give two propositions true for right triangles but not gen- 
cra hy true for other triangles. 

18. Givo the method of proving the product of two quantities 
equal to the product of two other quantities. 

19. To what arc the areas proportional in: 

(а) Triangles whose bases arc equal? 

(б) Similar triangles? 

(e) Rectangles? 

( d) Rectangles whose altitudes are equal? 


Space Geometry (Optional) 

The circular cylinder has two circular bases in parallel 
planes, and a curved lateral sur- ^ "n. 

face. The lateral surface could 

be traced by a straight line always Z' \ II 

intersecting one of the circles and I, ..I I 

remaining parallel to its first — J 

position. The only cylinders (/ s' N. 

considered here are those in / 1 

which the moving line is per- V J 

pendicular to the plane of the — - j 

bases. I 

We can imagine a cylinder to I 

be a prism whose base has a very — — — 

great number of sides and from / \ 

this we can infer theorems about I i 

the cylinder just as we assumed V — / 

8 2S6 and § 292 for the c,rd6 . 
from theoreL about regular polygons. 
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Exercises 

.j-"* r , apt ' 7 li, “ i ' r “ mt open along a atadght line and 
flat ened out the lateral surface becomes a rectangle. What line 

£<lea't.St„« m " b ‘'’ 0 U ‘ e n ^ iM W1 “ 

«■££££ “S*' * ‘ tC “ “ 10 “ d * 

* at «ral area of a cylinder if iU altitude is 0 and the 

radius of its base la 4. Also find its total area. 

its volume t‘;, Cy,in , der , Can bought °f “ s a special kind of prism, 
If the aititufi - e ^ en , t y equaI tlic P^uct of its base and altitude. 
If the albtude ia 5 and the radius 6, find the volume. 

altitude kin !°^J 0T t ^ IC V0 * uine of « cylinder in tenns of the 
altitude h and the radius of its base r. 

of 3 in. C ^ < k* ca * t ‘ n C3n “ to have a radius of 2 in. and a height 

/m I!r mnny sr * U3rc inches of tin are needed to make it? 

? Tf- 0WI « an y cubic inches of salmon will it hold! 
will be ne^ed C0Vcr 400 “!• ft*. how many gallons 

whose height is 30^ and Ik 1 '™ 1 5!“ fMe of a cy!indHcal ,ank 
feet nt » i *“a» How many cubic 

how far from'the tw^”^ mca3uriD S can whose radius is 2 in., 

1 dt. if a quart contains 58 ^*0x7 “° “' t * P '“"‘ “ c * to 

30 tuma of ribbon* 0 *!^ avtTa Ee radius of 2 in. and contains 
oi ribbon. tic,w many yard., does it contain! 

Knmw Exercises; Hoisor Wore 

2. Find th- 1 * !!h ''i'’”' on< - lhini of » given circle. 

I Find ft! 't »' «”• » the radius i, to. 

rain, th ” nm,b " in an are eqna] in tength to th. 

4 - If the perimeter t 

equilateral triangle- <n !° “* case ' find the area of W “ 
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6. If the area is 100 in each case, find the perimeter of (a) an 
equilateral triangle; (6) a square; (c) a regular hexagon; (d) a 
circle. What conclusion would you draw from the results obtained? 

6* Divide a circle into arcs in the ratio 3:4:5. 

7. If the area of an equilateral triangle is 36%/3, find the radius 
of its inscribed circle; of its circumscribed circle. 

8. If the area of a regular hexagon is 96-\/3, find the area of its 
inscribed circle. 


9- In a circle whose radius is 10, find the area of the segment cu 
off by a chord equal to the radius. 

10. Find the nren of the largest circle trhich can be cut from a 
square of paper 10 in. on a side. 

U. Construct a semicircle whose area will equal that of a gi\ en 
circle. 

12. The diameters of two wheels are 20 in. and 28 in. 

'nahes 100 more revolutions in going a certain distance 

larger does. Find the distance. „ A i r 

13. If the vertices of a square 10 in. on a 
side are taken as the centers of arcs whose 
*ndii ore 5, as in the figure, find the length o 
the curve ABCD. 

14. Using the same hypothesis, find the area 

inclosed by the arcs. . . . ’. „ r ftnc i 

15. The wove in the figure in constructed by tnbng, , • 

D as centers, and drawing semi- f f \ — — _ 

circles with a radius of 2. Find 3 J C V 
the length of the curve. ~ 



Applied Problems 

- 

square inch on the liquid wsi 


TO6 WANE GEOMETRY 

^. E,L ** “ me prcssurc ^ square inch is transmitted 

force TTZ - thC MdmS of which » 14 in -- what is the total 
rorce exerted on thi3 piston? 

an^tMM.n^fV 0 Cor “ t ™ ct a e*rculir running track 100 yds. long, 

smallest field IT" *“* ** “* ^ **“ 

T;Ar Uhr ? Jnn 'f S trac ^ “ 20 ft- wide. IIow many feet start 
coine m JSZ *° *,^° y mnnin E on the outside edge 60 that in 

runnine on i » * ° nce he w ih run the same distance as a boy 
rumung on the inner edge? 

T, T** am °unt of work done in turning a crank is the product 
How l *' e distance through which the force acts, 

comoletpl"^ °° J° U1 ^ 3 work arc done in turning a crank 
SgJ 1 K? 20 U ft and if the force 

and Carrie 3 ™, n* tu "*“6“t ‘he rate of CO revolutions per miDute, 
is connectPff ;?«!* ^ ,n ' ,n dimeter. If the pulley on a machine 
must it have ,° ne . of t . bc5c Pulley* by a belt, what diameter 
no Tf . ° er “ay make 40 revolutions per minute? 

of 5 m how VC Ca '! c ’ tIie P ul * c y on the machine had a diameter 

in^ow many revolutions per minute would it make? 

TT which has a radius 
ltltn ? S -’* DAnAAB - whose 

gth is l (j L , connected to the 

wheel at X. As ^ moves f ™ 
the position di onOBto the posi- 
tion A,, where0.4 lX ^ lB|i th(J 
distance B moves (B l B l ) i 

which have radj^oM*-^ which connects two equal pulleys, 

or . ,, , « “-F u their centers are IS in. apart. 

polio’s, radii 7 v f ^ U Whieh connecta tw o no «I nal 
27 » . ‘ ana - m., if their centers are 10 in. apart. 

Kndthe inner ^ **** ° nd bM an 8re * of 32 ■* h 

radio receiver 11 !/ °f copper wire are required for the coils of » 

’ e pnmary has 8 turns and the secondary 6S 
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turns, both wound on a 3-in. cylinder, and the tickler has 40 turns 
on a 2-in. cylinder? (Assume each turn a circle.) 

29. If a foot of a certain wire has a resistance of one ohm, how 
many turns must be wound on a 2-in. cylinder to produce a resist- 
ance of 2,000 ohms? 

30. The resistance of a wire varies inversely as the area of a crow 
section, that is, a wire having twice as great a cross section ha* 
half as great a resistance. It is also directly proportional to the 
length. What length of wire rg in. in diameter will be required to 
produce the same resistance as a wire ^ in. in diameter and 30 ft 
long? 

31. If the sun is 390 times ns far from the earth as is the moon, 
but appears to be the same size as the moon, how ™ an y une ® a * 
great surface has it? Herr many times as great is its diameter! 
(Consider the disks of the sun and moon to be circles.) 



INEQUALITIES 

eauai mt Tt k 1 ° *^ eorcms 60 far studied, we proved things 

thinfr^ n 3 OW * ver °^ en as important to know when 
S* " % •» equal. So now we 

rail 5 °T U,t,ra - V** th “™™ have certain new 
itv thpnw. 113 .l" conn< ‘ ct ' on ^th the corresponding cqual- 
T We 03 to *"«• ^e Sange iTone 
a new fomwir th ^ nge in another. And they provide 
tlian two he unhreet proof in which we deal with more 
than oni> rlfth 1 ” ' t,M ’ and consw l u «»tly must prove more 
we wish to 1 m W ’ r ^f. be /°! t! wc can establish the one that 
deal with JT°'r ^' 3 ' 9 important, for in life we often 
SbmtL l ““ U0M “ Khich *™ ~ -» than two 


klTEQUAUTTES 


9. Axioms. 


in the Bd<i ' d "” eq,,al3 ’ u "> “» unequal 

uneo'ual fa'th* 8,8 eu ^ ,tracte ^ from unequals, the results are 
unequal in the Eame order. 

onlLrf iUrt? 0 " 13 ^ muItipIicd ^ cq^, the results are 
unequal in the eame order. 

?n th* eqU8 k “? diTided b y equals, the results are un- 
equal in the same order. 

""’equi 1 fat?e“op ! ^ ! ro b r!i'^ Cd the *" 

•upher quantity 7,1'^^.'''^ ^ 

and the tbTee quantities is greater than the second, 

than the third ** Ereater than the third, the first is greater 
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Proposition 1 

300. If two sides of a triangle are unequal, the angle opposite 
the longer side is greater than the angle opposite the shorter side. 



Given: [A ABC]; AC>AB. 


To prove: AB>AC. 


Proof: Statements 

1. Const. AD bisecting A A. 

2. On AC, take AE^AB. 

3. Draw DE. 

4. In AABD and ADE, 
Ax^Ay. 

5. AD=AD. 

6. AB*=AE. 

7. &ABD=&ADE. 

8. AB~At. 

6. Az>AC. 

10. ab>ac. 


1. 5 65. 

2. Post. 3. 

3. Post. 1. 

4. Const. 

5. Iden. 

6. Const 

7. 550. 

8. 5 22- 
0 . 5 68 . 

10. Ax. 1. 
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Proposition 2 



To prove: AC>AB. 
Proof: Statements 

1. AC< f », cr >AB. 

2. Suppose AC<AD. Then 
AB</.C. 

impossible because 

/s-7r° ac ~ ad - Tb " 1 


Reasons 


1. Ai. 20. 

2. §300. 


3. Hyp. 

4. §55. 

5. Hyp. 


5. This is impossible 
*B>AC. 

6. Therefore AC>AB. [ 6. m „», y p» ibi Iit y .=«. 
a point hfaUru?' Th ‘ pCrpen ' hcu! ^ r ’* the ihortesl line from 

that'the^de^onnn^ 6 'H™ th ° PC ’ int lo ,he *■“. rad « to '' 
Pe«S. ^ " ,hB righ ‘ fa longei than to 
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Proposition 2 


303. If two triangles have two sides of one equal respectively 
to two sides of the other, and the included angle of the first 
greater than the included angle of the second, the third side of the 
first is longer than the third side of the second. 




-v 

Given: \&ABC and A'B'C' ]) AB=A'B', AC~A'C , 
and AA>AA'. 

To prove: BOB'C'. 

Proof: Place A A'B’C bo that A’B’ coincides with its i equal A . 
A'C‘ falls inside ABAC (ABAC> AA' bybrp-)- 
acting AC' AC. Dm* EC'. AB-AE0to£ AC -AC ( I)T; • 

AX. Ay (Const.). AiAEC'SCsAECtitO). EC--ECU 

BE+EC'>BC’ (Ax. 9). BE+EOBC or BC>BC (Ax. ) 

304. Converse. If 0™ triads trace hso 
respectively to two sides of the other, and « " e opposite 
first longer than the third side of the second, then '(VP 1 
the thM side of the first is treater than the angle opposite 
third side of the second. 

Given: \*ABC end A'B'C]-, AB-A'K AC-A C, 
and BOB'C 

Toprove: £A> AA'. u aA<AA', BC<irC 

Proof. A A <, “//tiKstLcB'C (t to, sod BC-VC 

(5303); said „„ toporfde, u BOtPC (Hjt). 

Therefore, Aa> 
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- 1 : “ tw ° “*? of * ““elc remain constant in length, but their 
third ride?" 6 ““““ “ " hal ch “ge t">l<ca place in the 

, JL V’ “! and dC-16, find the smallest and the 

m C ^ r'V h ' f ' BC “ “« « AA increases from 0* 
l-nrth n! ° btusc ’ ^twecn what numbers must the 

length of BC he? Has BC a different length for essay different 

f \ lKm to 1S0 °. *We AB »«d etc remain 

When / I** ““ of ^ B C increase continuouslj-7 

of AdBC? ° meS Dear y Is0 °* nnat can you say about the area 

of AABC doS" iU ‘ l0C, ^ BC d “ blt7 Do “ “ 

25“?“ °f 8 **“«»• are hinged rods and the third is a 

larrer what i *h ^ 1116 an8,e incJu<,od ^ the rods grows 

larger, what is the effect on the rubber bandT 

OB and oA,; tr j ang '® “which aide AB is greater than side AC. 

Z*Z 'St 41,8,69 5 Md c ** 05 * 

acute rithfor^nhb f ° Uow ^ E trian Ei«*, determine whether AC is 

the given value of b lwithtit Pr f? f , y r r CODcIusion by 

Wing the legs to th^v.C rf aTndT^ * *“ 

S::j “*• (d) o=12 6=5 c=13. 

S I '? M a- 0 6-8 .-11. 

W 0-6, b. 8, c.fo. (f| o= 7, 6=3, c= 9. 

9 Tt rr >ft ' t ° Eidesofatria ngIeisEreatertbanthethirdside. 
aide. er ence of two sides of a triangle is less than the third 

10. I. it poadbl, to construct a triangle schore ddes are: ' 
w 3, 4, 5. 

ft) I 21 tc) 4, 6, 1. 

W * * 3 * M) 5, 6, 7. 
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1L In A ABC, AB**AC. Point D is on AB extended through B. 

(а) ZACD> AD. (c) AD>AC. 

(б) DC>BC. (d) ZACB> ZD. 

12- In Z\ABC, AB**AC. Point D is on BC extended through C. 
(a) AD>CD. (b) AD>AB. ( c) ZB> ZD . 


13. A rectangle is not a square if a diagonal does not bisect the 
angles. 


14. State and prove the converse of Ex. 13. 

, 1^- The sura of the diagonals of a quadrilateral is greater than 
«ie sum of a pair of opposite 6ides. 

16. In i_ABCD, AC is the longer diagonal. P is a point on AC 
such that AP—AB. Then BC> PC. 

17. If BC is the longest side and AD the shortest side of quadri- 
lateral A BCD, then ZD> ZB. (Draw BD.) 

18. BC is the longest side of A ABC and D is any point on AC. 
Then BC>BD. 

19. In an equilateral triangle, any line drawn from a vertex and 
ending in the opposite side is less than a side of the triangle. 

20. In isosceles A ABC, vertex ZA =40°. Then the angle 
bisector of a base angle is longer than either segment into which it 
divides the opposite side. 


305 . In a circle, or in equal circles, if two central angles 
ore unequal, the greater central angle intercepts the greater arc. 
This follows immediately from § 162. 


306 . In a circle, or in equal circles, if too ores are unequal, 
‘he greater are is intercepted bp the greater central angle. I ms 
follows immediately from § 162. 
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Pkopositiok 4 

307 . In a circle, or in equal circles, the greater of two un- 
equal arcs has the greater chord. 1 



Given: ©0= OO', and AB>AtB > . 
To prove: Chord dB>chord A'B'. 


OB °' A '• “ d ra '- -ObT (5 138). 

<f 138). ^A0S> AA'O'B' (§300). dB>d'B'(S303). 

of o.yj 5 ..™ D7 ^ rE f' a f!re -'’ or * n ofual circles, the prater 
of too unequal chords ho, the, greater arc. 


Given: O0_-O0% n d chord _4B>cbord A'B - . 
Toprove: AB>A r B‘. 


(iCT)'" Od-O'd'endOB.O'B' 

(S 303)1 AB>AB WfPj- AO>AO' (§304). AB>AV 


Exercises 

A.B twice, more'tWh^ I ° Ds . as arc A ' B '< in equal circles, is chord 
your answer cSS ’ ° r ** than twice ' chord A ‘ B ' 7 **”• 

arc of CO®. ^ ^ Sr ° has a chord twice as long as has an 

angles? Have 

“ Wh ares are major me? If 
' ^ W ° rd " 8 “ «»• It wa be true for this oaeonJy. 

a am 1ws„ mean, , ^ ^ ^ 
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6- Could equal chords have unequal arcs if one of the arcs is a 
®ajor arc? 

, H we start with a small arc, say 10°, and gradually increase 
its length until it becomes 350°, describe the changes which take 
place in its chord. 


Proposition 6 


309. In a circle, or in equal circles, if two chords are unequally 
iistant from the center, the chord nearer the center is the greater. 



Given: O 0, 00>0F, OFXAB, nnd OOXCD. 

To prove: AB>CD. 

Proof: Oon.trurtS£-CD,»dOff±W. nmwra. (WjO' 

(5149). OG>OF( ItoJ. W 

ZOFB and Z.OHB are rt. A \( I I )• d BE=2BH 

Ax<Zz (Ax. 19). FB>BH (5301)- AB-fB end JU> 

(§147). AB>BE (Ax. 17). AB>CD (Ai. 1). 

310. Converse. In « <**• "J" ^ 

Aor* are uneqmJ, Oe greater « fearer the center. 

Given: 00, AB>CD, OF. LAB, and OOXCD. 

To prove. M . If 00<OF, CD>AB 

Proof: (*»<» ■“» Aft*. CD (§150). Both of these are 
(§309); and H OO-j*. There(o „, (W>OF. the only 

impossible, as A 

possibility left- y 
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Proposition 6 

311. If two lines are drawn from a point on a perpendicular 
to a line, cutting unequal lengths from the foot of the perpen- 
dicular, that cutting the greater length is the greater. 


A 



Given: AB±CD, EB>BF. 

To prove: AE>AF. 

Proof: On EB take OB-BF, and draw AG. AG=AF (5 59). 
Point G js between E and B. {EB>BF by hyp.). Zar=Zy(}55). 
/*>Z*(§68). Zy> z.t (Ax. 1). A£>AF (§ 301). 

312. Converse. If two unequal lines are drawn from a 
point on a perpendicular to a line, the greater cuts off the greater 
length from the foot of the perpendicular. 

Given: AB±CD, AE>AF. 

To prove: EB>BF. 

EE <p *=. «>r >BP (Ax. 20). If EB<BF, AE<A t 
lldUR and if EB=BF, AE=AF (§59). Both of these are 
impossible as AE>AF (Hyp.). Therefore, EB>BF, the only 

Dossibilit.v Ul 


Exercises 

1. Lithe AABC.il ZA*=60°and ZB> ZC, which b the long- 
est side of the triangle? 

. , 2 * ^ quadrilateral ABCD, AB=BC. and ZA>ZC. Explain 
which is longer, AD or CD. 

3. In quadrilateral ABCD. AB>BC, and Z A - Z C. Explain 
which is longer, AO or CD. 
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4. In A ABC, AB-AC and D is any point on BC. Prove that 
AB is longer than AD. 

5. In AKLM, KM>KL, and P is any point on LM. Frova 
that KM is longer than KP. 

6. Prove section 308 by tho indirect method. 

7. For section 310 givo a direct proof similar to that of 30J. 

8. If a rectangle, not a square, is inscribed in a circ e, 
adjacent sides are unequally distant from the center. 



8. If AB±BC, prove that M> ED ' ch(>rd th , fat 

10. In a circle, it one arc is twice another, the 

is less than twice the chord of the secon . unequal. 

11. The diagonals of a rhombus, note fat 

12. If in 00. OEJ.AB, ODXBC, and OE>OD, P 

Z.BOC> AAOB. /POO^AOB, prove that 

13. If OEJ.AB, OD±BC, and A 

0B> 0D ' from a circular log, each 

14. Show that, when boafcfa »» ® n the ccn ter of the log is 
board is wider than the one before it, until 

KM - .... „ of section 303, usin E the ^ P'™ 

IB. Prow the proposition of 

ab ° Ve - -a f a triaogle are S, 8, and 10 , is the iargcst^ansle 

16. If the sides of a tnang> A /CZ _ \ 

acute, right, or obtuse zCBD, then 

17. If AB-BD and AABX7 

AO>CD. ir>CD. th'” AABC> 

18. It AB-BB^AOCB. 

ZCBD - that A ABO is obtnse, if AB-9. BC- 11 •"* dO >8- 

19. Show that 
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. a triangle, the square of the side opposite an acute angle 

is less than the sum of the squares of the other two sides. 

21. If two triangles have a side and an adjoining obtuse angle of 
one equal to a side and an adjoining obtuse angle of the other, but 
the other including side of the first obtuse angle longer than the 
other including side of the second obtuse angle, then the third side 
of the first is longer than the third side of the second. 
jeg 22 ' ThC hy P° tcnusc of a right triangle is longer than either 

23. If two triangles have an obtuse angle of one equal to an angle 
e o cr, ut both including sides of one longer than the cor- 
responding sides of the other, then the third side of the first is 
longer than the third side of the second. 

th ° bisoctors of and C meet at D. Prove 
that BC is longer than either BD or DC. 

Dfi >0C k ^ ABC ' ASmAC and D is any point on AC, then 

2S. ^lo shortcut line Iron , point , cMo t0 tll0 tM , fa 
the part ol the radios through the point. 

27. The .hottest chord throu e h n point iroide n eirale in per- 
pendicular to the radio, throush the point. c 

AC> “oroS CD ’ \_7 

30. If chord XOchord BD, then chord riB>chord CD. 

..." ’ fln< l ^ “to the middle point. respectively of the 

rodn AO BO, end CO of S0 , .„ d DE>EFi then 

two circIea ^ avi ' the lame center, nnd three radii cut off 

US? 08 - °» «- : 

33. Quadrilateral ABCD i, joinied 
1 A ‘ ^ C < an(i 11 ZB increases 
prove that ZD also increases 
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180°. Similarly, if ZB reaches 0° before AD does, prove that 
ZD cannot become 0®. 

34. In Proposition 6, i! BF gro ws larger, what chaise **■“? 
place in rtf'! II BF doubles iU length, does AF double? If Be 
decreases to 0, to what does AF decrease? 

35. In Proposition 5, if one chord is one half as far from the 
center as the other, i3 it twice as long? 

36. The diameter of a circle is greater than any 
other chord. 

AC^DB+BC. 

DB+BODC. 

37. In DABCD, AB is acute. Prove ^ ^^whi^the 
longer than diagonal AC. If AC increases i _ 

«des remain constant, what change takes place 

Geometric Reasoning Applied to ti pE Sitoatio 

38. A solution contains only one metah " “ cid 

to find out whether it is lead, copper or • ftC id no 2( 

no. 1, it will tum white if it contains leaiL U hep ^ it 

it will tum black il it contains elite ^ tdd „ 0 . j and 

contains iron, neither acid wilt one fln ,j j, turns black, 

no change takes place. He puts in aci - conclusion. 

Decide which metal is in the solubon and ^ ^ ^ 

39. I found a geometry book, is new and neatly 

the only pupils who have lost theirs. , ne „ book, covered it, 

covered, but has no name w it. b ook, m not write 

and wrote his name in it. , . - book but forgot to wn 

his name in it or cover it Ted «"■£ it but did oot 
bisnamcinit. Hans bad gbaU I return the book? Fn™ 

write his name in A ° 

your answer. . . „ n. ^.Vm ga mirror brings bad luc . 

40. Consider theproposibo- Bn»l« my tiem prove 

lithe Mowing ■ , „ , 

or disprove the proposition' , da Io ,t his pocketbook. 

W 31- w h “ 

( b ) John «w a “ 
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(c) Dorothy did not break a mirror and had good lack. 

(d) Paul broke a mirror and continued having good luck. 
What is your own opinion about the truth of this proposition? 
4L Either (a) all homes run fast, or (6) some horses run fast, or 

(e) no horses run fast. If Dobbin cannot run fast but Black Beauty 
can, which is true (a), (6), or (c)? Prove your answer. 

You are a detective. Mrs. Brown was killed by a hit-and- 
run river. Which, if any, of the following facts would be sufficient 
for proving Smith guilty? 


(а) The radiator of his car was dented. 

(б) Hair like Mrs. Brown's was found on the bumper. 

* * dr0Ve home a 511011 time after the tragedy. 

• i t A neighbor saw Smith washing hi3 car soon after he 
arrived home. 

(e) An eye witness of the accident said that the car which hit 
Mrs. Brown was light blue. Smith's car was light blue. 

check *«P by the police showed that no other light blue 
car had been over that road at the time of the accident. 

buSin^f^ 10 CiU ° D Mary who Uvra “ ^e three-story 
thJl e ' b t he .5“ forgott€n on floor she lira. He recalls 
timp 8 ^ e Went up lunch, and at another 

floor to d0 " ^ S ‘“ d7 ’ riU ‘ h “- °" 


enry an<1 James play in the Bchool orchestra. One 
Henrv wmTt ’ p * an0 ‘ an d one the trumpet. Robert and 

always nm V* • \ aPe P^y^S their instruments. Robert 
inatmmenTT lu3 “ s ‘ ruDlent a! °ng when he goes on a picnic. What 
instrument does Henry ^ PmveyourSer. 

are p-,,i " . antl ^ lr - Jones each have a son. Tlie 6ons’ names 

hcLehnrf J< ?' , Mr ‘ J ones «3400 a yr. Mr. Smith Uvea 

father m 'f a ul earns exactly one-third as much a year as hia 

Wher. What is John’s last name? 

BibffitiM a Tm,rf e ' ndireel PJ°° f . you must be careful that the poe- 
o r the other a Ua ?T esc uslve i that is, that it must be either one 

must be careful to name all of 

theSS 65 * *”“**-1*+ to see if they really prove 
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(а) Either you are stupid or you are careless. I find that 
you are careless. Therefore you are not stupid. 

(б) Either Allan is taller than John or John is taller than 
Allan. Allan is not taller than John. Therefore John 
is taller than Allan. 

(e) Either you must do your homework or you will fail. 

You do your homework. Therefore you will not fail. 

(d) After Lloyd and Roy left my house, I noticed that mj 
book was gone. Lloyd did not take it. Therefore Roy 
must have done so. 

47. Assume that teachers always tell the truth but that lawyers 

alwayalie. Wilson and Blair are either teachers or lawyers. Wilson 

says that Blair said he was a lawyer. Is Wilson a teacher or a 
lawyer? 



SUPPLEMENT 


The following propositions, with the exception of Propo- 
sition 8, which is placed here because it logically belongs 
with the formula group, are not included in the list of funda- 
mental propositions recommended by the National Com- 
mittee on Mathematical Requirements. And none of them 
is on the fundamental list of the College Entrance Exami- 
Mtion Board. They may be omitted by schools desiring a 
shorter course. 


Lutes Meeting nr a Point 


Proposition 1 


T?** ^sectors of the angles of a triangle meet in a point 
equally distant from the sides of the triangle. 



Given: [A ARC]; AD, BE, and CF bisecting A A, B, and C. 
To prove . A D, BE and CF meet in a point O, equally distant 


;«“)■ ^+/.<i st. z (A*, is), 
distances froa 0 5 ,v “ 0 « *5). Let x, y, and I be 0» 

' 2) - Cr ’TI»®«™si.O(S98). 
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Proposition 2 

314. The perpendicular bisectors of the sides of a triangle 
meet in a point equally distant from the vertices. 



Given: [AABC]; DEXbieector of AB, FGX bisectoro 
and HIX bisector of AC. 

To prove: DE, FG, and HI meet in a point 0, equal y 
tant from A, B, and C. 

Proof: If FO were || DE, AB±FO (5 81). Tbe ° A f 
II DC (5 75). But AB and BC meet u. B Thoref 
FO in eome point 0. OA~OB(SW- OB-OC(iW. 
t&x. 2). HI passes through 0 (§ 60). 

Proposition 3 

315. The attitudes of a triangle meet in a point. 


_. . j BC]; altitudee AD, BE, end CF. 

G • ID BE and CF meet in a pmnt. 

To prove. AD, xB through C, 

Proof : Construct it- fi and AH-BC (§105). 

and GI || AC through B « TO- Theref „ re AD is the X burr 
IA-AH (As. 2). ADJ.IBS ») ^ ± biaectel ot Iff and TO 
tor of Iff. fore^AP, BE, and CF meet in a pent «3H1. 

respectively. There 
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Proposition 4 


of the r: mt ^ tant 0 Wangle meet in a -point two-thirds 

IZJZ™ lrom c ° th ,rrt “ ,o “• -*** ** 



Given: lA.-WIC]; medians AD, BE, and CF. 

To prove: AD, BE, and CF meet in a point. 

*B+%<1 “<|"S C C h "°. !■ ^*+^le-lS0- «83). Bet 
greater than the if, i ’ 7*“* “ ,n *P°MiWe, for a part would be 
Eome point 0 Bisect BO* f^' Therefore BE ftn d CF meet in 

EH, Si nndVoX and " 11 ^ Draw W ' 

and ■=< JBC (§ 2*n FF H ^ Md - jBC and Gil || BC 

* « o\i ,,o rnfoef %. FE,a " (is2) ' FEm 

Similarly ao cuts ofT SSe't B0 ,- a0 OE-\BE. 

at point 0. * * HE. Therefore AD, BE, and CF meet 


bisectors o Aht^idS ofTS B? ,b ” Petpeni’enl" 

2- The bisecto r ,ta “ 10 «IlitudeB of AB£f 

two remote exteriors^ tfes'nteet*** lriaRE,e ant * the bIsectora tiie 

of the interior I 9 exten ded both ways, and the bisectors 

bbectorof the intS ***¥* “ 8,e8 flt * *nd C drawn. If the 
angle at C in the Ttr e ^ meets the biseetor of the exterior 
C meets the bisecJT^r ' an<1 *be bisector of the interior angle at 
prove that K A » . exter * or angle at B in the point L, 

A, and t are in a straight line. 



SUPPLEMENT 40,5 

4. The point of intersection of two altitudes of a triangle cann 

bisect both altitudes. , . 

5. If the perpendicular bisectors of three sides of a qua 
lateral meet in a point, the perpendicular bisector o 

side passes through that point. . 

6. If the bisectors of three angles of a quadrilatera mee m 
point, the bisector of the fourth angle passes through . P° 

7. Construct a triangle, given a side and the medians to the 

other two sides. ...t, 

8. Construct . triable, given two median. and the s,de to winch 

one of them is drawn. , . . 

9. If the perpendicular bisectors of two sides of an. 

on the third side, the triangle is a right triaDg e. nara t]elo- 

10. Find a point equally distant from three si es fourth 

Bram. Is this point necessarily the same distance trom 

«ide? Explain. , . . to w bich 

11. If two medians of a triangle are equal, 

they arc drawn are equal. medians to the 

12. Two triangles are congruent, Uasideandthemeaia 
other two sides of one triangle equal a s] 
the corresponding medians of the other. 

13. A circle, conetructed on side B » 

AABC as a diameter, cuts the other tw 
in D and E. If BE and CD mtosect m f, 
prove that AF is perpendicular to • segment of a 

U. The bisectors of all angles msenbed in P™ 

circle pass through a common pom - ,. . ar bisectors oMBand 

15. In quadrilateral ABCD, bisectors of BC zadCD 

AD meet at point B, and the ■« ' o "^'" di cul.r hector of BD. 
meet at point F. Then ff » “^lieular bisector of lb. 

16. In an isose*. '“^ftaSsS. of the no»-P»r.U.l 
base passes through 

sides produced. _ tangent to each other. Prove a 

17. Three equal c« ^ LfthnaS. their points of contact meet 

the three common t"®? tro m the centers of the circles, 

in a point which is equally 
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Formula Propositions 
Proposition 5 


317. If in A ADC, A it on acute angle, o 3 -fc J +c 3 -2fp 
where p ts the distance from A to the foot of the altitude from C. 



Given: (AABC]; z. A acute, altitude CD and A D - p. 
To prove: o*-p.|^t_2cp. 


Proof: 

But 

Therefore 


o’-A«+( c -p)« (§227) 
-A*+p*+c*-2cp. 
A’+p’-fc* (5 227). 

a’^fe.+c*— 2fp (Ax. 1). 


318. Corolla. IfA „„ Musc aiwfe 


a*-b*+e*+2cp. 


319. 


where 


Proposition 6 

The altitude fu on side c equals 

2 

2 * 

C 




SUPPLEMENT 


Given: [AA.BC]; altitude he. 

To prove: k=-Vs(s— a)(s— b)(s— e). 
c 

Proof: a*=6*+c*— 2cp (§317) 

2cp=6 , +c 1 — o’ 

6*+c*— a* 

Let 2s=a+A+e 

Then 2(«— a)*=6+c — a 
2 ( 8 —b)=a-b+c 
2 (8—c)<=a+b—c 



p + * +n \{h±r~a)(a-b+c)(a+b c, 

= 4c* 

lGa(a—a){8—b)(s-'C) 

4c* 

a)( s— 

c 

320. Corollary. The am of « tHanglcqmU 
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Proposition 7 

321 . The median m, to side c of A ABC equals 
iV2a 3 +2&*-c*. 



Givea: [A ABC with] median CD**m { 

To prove: JVS*+26*-A 

Proof: Draw CEj.il B. UeiagAD-Jem {317 and J3I8, 
&*->V+le*-cp 

0, -m. , +lc>+cp 4m.‘-.2a«+26 , -c* 

.'+5*-2*,.+ }e« (Ax. 3) 2m t « 


Proposition 8 

opposite tide*intn°l ^ ° n??e a Wangle divides the 
tides segments proportional to the other two 



[AABC], ad bisects dBAC. 
Tor L.® BA 
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Proof: Construct BE H AD (§ 77) and extend CA to E (Post. 2). 
gj-^«20S). Zw= Ex (Hyp.). rf»-Aa(§81». 

(179). Zy~Zz(Ax.2). EA=BA (§91). (Ax> 1,t 

ac a& 

323. Corollary. and DC=^ c ‘ 


"Proposition 9 

324. The eqimre of the biuetor of an angle of a trim* 
equals the product of the two including sides diminished y 
product of the segments of the third side. 



Given: (AAZJCI, AD bisects ZA. 
Ta V ta,e:jD--ABXAC-BDXDC 
Proof: Circumscribe . G about A ABC 
E and draw EC (Post. 1 and 2). . , D „ A E : AC (} 215). 

(Hyp.). AriBD~AAEC <5 216). ^'AD ^ ?) ^ 

ABXAC-ADXAE (»2«>). AE-AD+ t jff.ABX 
AC=ADtAD-t-DE)-AD +*™™J b dxDC (5230). AD - 
AC~ADy.DE (Ax. 4). ADX 
ABXAC-BDXDC (Ax. D- 

ac ai> (§§ 321 and 323) 

4&C3(»— o) 
" (6+c) 1 * 


325. Corollary. ‘'“ hc ~ b+c b+c 

^ u „J-Vb5tt 

u 6+c 
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Proposition 10 

326. Gircn tie rid, , and lie radio, r of a regular inscribed 

a'Zmbt'of tii*, 0 !" rtS “ h '' T °' ygm Wl< ’ *““ r 


= ^r-rV 



Given. AC**t, the side of a regular inscribed 
Polygon. BC<=x the side of a reg- 
ular inscribed polygon having double 
the number of sides. 

To prove: i-V 2 ^'_ r v 4r 2 _ j2 ; 

’ (§ 147). 1 fa ^' ua P^Pendicular to AC. It will pass through 


~* s ’ (5 22S) 

=r-OD= r - V 'r«-l,» (Ax. 4) 
^VdcT+BD' (§227) 

= V i« , +(r-VrEII^f, (Ax. 1) 

V fo’+r*— 2rV r » — 

-2 rVr'^fr 
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327. Corollary. The value of * is approximately 3.1416. 
Proof: Let a, bo the side of a regular inscribed polygon of 6 sides, 
in of one of 12 sides, etc. Then 

#ll= V2r«-rV'4r , -«7* (§320). 


Now let r equal 1. 


Then a» will equal 1 (§ 297). 

Length of Perimeter 

Side Diameter 


«n«* V2—V4—1 -517C3S 

Ji4-V2-V4^751703S* .201052 

*4,= V2-V4- 201052* • 130SOO 

a„=. V2- V.{ ^. 130S00* .0G543S 

a ltlC V 2 -V.I^00513S» -032723 

V' 2 — v' 4 —T032723* .016302 

*„,-V'2-V'4- .016362* .003181 

Therefore, calculated to four decimal places, 
is 3.1410. 


3.105S29 

3.132629 

3.139350 

3.141032 

3.141452 

3.141555 

3.141555 

the value of ir 


Exercises 

. nd 10 (d) Find the 

1. The sides of a triangle whether the Urges* 

bisector of the largest angle. 1 ~ j t j, e altitude from the 

logle is right, obtuse, or ‘ Eide g. (,) Fiod the area 

Imaliest angle, (d) Find the 

3f the triangle. . , « an d 12. Find the segments 

2. The legs of a bisect or of the right angle. 

of the hypotenuse made by jf the bisector of 1C 

meets AB i» ». “ d o( whos e .ogle. is 30", the side opposite 

4. In s right ““fLg tllo median to this side. 

the 30" angle is » . bu3 if the sides are each 10, and one 

5. Find the area °* a r “° 
diagonal is 12* 
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ic diagonal 


» « ° «. - ■ 

,„I' ,l'-l w ° , iJ ".° f .* '“"S' 0 "» 8 and ID, but their included 
chf„„? mlF?' -f' y 7 a 0 to 1S0 *' h °w *» the third ode 
™ “ ‘ tS ™ atol and whet it it, gmatert 

e.wrlsV^au ri ‘n gk l h ^.‘ ,ie ’ a " !: c ’ 8 ’ 2 '' 6 ’*' s t 

side of the trianrle i’ doC3 1 ,e arca chan B c 113 ll > e third 

'•-lues gi™ i" . h J 2 *° 147 F “ which of the 

and 8 acute right or nht ° . arEe ? 1, Is 1,ie an B |e between sides 6 
“ nEbl ’ ” ohll >“ <er this value of the third tide? 

themedUlndthn * h ?' ■ I *» ”» «. >». Md 12, Cod the altitude, 

end which * ^ t0r,0,l<1 ' I2 - 'Vhiel, is the thortest, 

that the median a !?,L C “ >- f" cl “»K” * ride of the triangle to 

tame lengTh? ‘"" C “ >r 10 eUe 12 will become the 

place in p M ^ 317 1' what chaDge takes 

»mpare w"h » TTTt ho” •>«* P 
'Vhat can you say of ..u, * wbat TO,ue doca V take? 

11 Tl> Y P ' h ZA h 00010 ” ^tcr than 00°? 

*«■£ ''~ss:5£f£r£r , ‘ ° u p ”* ,Mogram 

median to the Iong^t^de; 0 "^ tnan6,C3 ’ find the lcn ff tt of tbe 

Sa=7 6=8 To °=*6, J-6, c-8. 

13. In Ex. 12 fi a ti =9 ‘ (d) ° =6 *' b ~ 8k > e=lOk. 

14. In Ex lo'fi tbe M £ ,e bisector of the largest angle. 

angle is acute, right.^ob^ **'* trian S Ie > whether the largest 

S;2 ^V^^—^-chtriang!. 

radii are 9 and 8 lT£d C ° mraon chord of two circles, whose 

18. Find the a r Centere are 14 “P**- 
B “d whose diagoMffa 1 aparaUe,0 Sram whose sides are 10 and 12, 
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19. Find the area of a quadrilateral ABCD, if 45=5, BC** 9, 
CZ>=8, DA=10, and AC^ 12. 

20. Find the area of quadrilateral ABCD, if 45 = 12, 5(7=10, 
CD* 14, DA - 1G, and 44 = 90°. 

21. The sides of a triangle are 8, 15, and 17. Find the segment of 
the longest side intercepted between (a) the altitude on it and the 
bisector of the opposite angle; ( b ) the median to it and the bisector 
of the opposite angle. 

22. A triangular park has 10 rods frontage on one street, 14 rods 
on the second, and 16 rods on the third. Find its area in square 
rods. 

23. Find the area of a regular octagon whose radius is G. 


328. Summary of formulas. 


Areas 


Rectangle 

Parallelogram. . . 

Triangle 

Trapezoid 

Regular Polygon , 
Circle 


K=hb 
K =db sin C 
K=\hb 
K = J ah sin C 
A’ = JA(6+6') 
K"=\tp 
A = Jrc 
K-vt* 


§246 

§250 

§253 

§254 

§253 

§260 

§290 

§291 

§293 


Central 

Inscribed ' 

Formed by tangent and chord. 

“®de the circle 

Cutside circle 


its arc 
§ its arc 
|its arc 

i sum of its arcs 
j difference of its arcs 


§162 

§165 

§170 

§171 

§172 





PL.VNE GEOMETRY 
Other Formulas 



Sum of angles of polygon. 

Sum of ext. A of polygon. 

Each angle of equiangular polygon. 
Central /. of regular polygon 

K^opposiioacuto 

°{ ^ opposite obtuse £ . ' 
b>de of A opposite right £.... 

Median of triangle 

Bisector of an angle of a triangle. 

Altitude of triangle 

Area of triangle 


o»-&«+c>-2cp 

0 i.&i +c i +2cp 


I w «“§V'2a , +26*— «* 

h ‘ =-Vi(i- a ){,_6)(*-c) 

A--V»(»— C )i 


{317 

{318 

§227 


{321 

§325 

{319 

{320 



THE STORY OF GEOMETRY 1 

First Episode: Thales 


ou have read in the introduction to this book how the Egyp- 
- ^ necessity worked out a crude system of geometry that 
enabled them to relocate the boundaries of their farms after the 
e floods had obliterated the landmarks. Egypt, therefore, may 
called the birthplace of geometry. But the Egyptians were not 
interested in proving that their rules were true, and they did not 
^unk of geometry as dealing with figures represented on paper as 
a li °* a point was a location or position on the earth, 

ne was a string or polo used to measure, and a surface was an 
area of land. They merely considered geometry as a practical 
a l d 6Urve ying. 

■ information on any subject is collected and organized, it 

called a science, and the first step toward making geometry a 
ctence was taken by Thales of Miletus, a Greek, who, about 600 b.c., 
*®*Planted Egyptian ideas of measuring to Greece. Therefore 
. e hink of geometry as a product of western civilization. 

*Tkdes was a trader in his younger days and had amassed great 
wealth, which enabled him to indulge his taste for learning, and to 
°und the Ionian school of philoso phy. Here he developed and 

1 To the teacher. We are forced to admit that the history of malhe- 
, bas not functioned as far as pupils are concerned. The splendid 
works of Smith, Karpinski, Cajori, Bali, and others are gold mines, but 
"e ore is practically untouched. This text initiates a new line of attack 
“rough which it is hoped pupils will be stimulated to write and to read 
.. eac b other compositions built around interesting episodes. It » 
in^v 8 chaUen Erog to a pupil to learn what others have done. Hence 
of geometry, the story of geometry unfolds as a semi con ®“ u ^ 
R*I?’i°£ ea - These are based on compositions wntten by pupfl* of 
^oborling, to whom we owe this treatment of 
Schorr mathematics and which is included here with Pro 


! “S’a permission. 
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Eighth Episode: Later Writers 

The Romans did not add to the science of geometry as the 
Greeks had done. They were a practical people and were inter- 
ested in geometry only for its use in surveying, laying out roads, 
and in the engineering oi warfare. The Hindus likewise obtained 
their basis of geometry from Egypt, but they too gave more atten- 
tion to computation than to underlying principles. For a thousand 
years only those countries under Greek influence knew demonstra- 
tive geometry. The Arabs recognized Greek culture, and through 
them geometry was later introduced into Western Europe. It was 
not, however, until the fourteenth century that geometry became 
an essential item in university courses. 

During the last centuries, many great mathematicians, such as 
Descartes, Newton, and Gauss, have extended the field of geometry, 
but it was not until Legendre wrote his text on geometry that the 
subject was simplified so that it could be used in schools lower than 
the university. 


APPENDIX A 


EXAMINATION REQUIREMENTS OF 
THE UNIVERSITY OF THE STATE OF NEW YORK 

The courses of study in plane geometry in most of the 
states that prescribe courses agree in general with that 
recommended by the National Committee on Mathematical 
Requirements and with that of the College Entrance Exam* 
ination Board. The syllabus of the State Department of 
Education of the University of the State of New York may 
be considered representative of state courses in general. For 
this reason the requirements of that syllabus arc given below. 
Much of the wording used is quoted directly from that 
syllabus. 

The examination will be made up of questions on book 
propositions and on originals. Tho former type of ques- 
tions will require the demonstration of certain theorems or 
the reproduction of certain constructions which it is assumed 
have been presented in class. The policy in recent exami- 
nations has been to includo one or at most two of these. 
The latter type of question, tho originals, will include tho 
solution of construction problems, loci problems, and numer- 
ical problems as well ns the demonstration of theorems, all 
of which are assumed to be unfamiliar to the pupil. 

The book propositions chosen for reproduction on the 
examination will bo selected not from the complete list of 
propositions in this book but from the restricted list given 
423 
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below. Although the pupil is not expected to have the 
proofs immediately in mind for the other propositions in 
this book, it is expected that he will be familiar with their 
content and that he will be able to use them m the solution 
of originals. Furthermore, some of these propositions may 
be given as originals on the examination if they seem to lend 
themselves readily to this purpose. 

The list of propositions selected for reproduction on the 
examination with their paragraph numbers ns given in this 
book is as follows: 

65. The base angles of an isosceles triangle are equal (page 
64). 

67. Two triangles are congruent if the three sides of one equal 
the three sides of the other (page 58). 

72. Two lines are parallel if their alternate interior angles are 
equal (page 87). 

79. Alternate interior angles of parallel lines are equal (page 
96). 

86. The sum of the angles of a triangle is a straight angle 
(page 107). 

91. If two angles of a triangle are equal, the sides opposite 
them are equal (page 114). 

94. Two right triangles are congruent, if the hypotenuse and 
a leg of one equal the hypotenuse and a leg of the other (page 118). 

104. The opposite sides of a parallelogram are equal (page 127). 
(This includes the proof of both the proposition 104 and the 
corollary 105.) 

109. A quadrilateral is a parallelogram if its opposite sides are 
equal (page 128). 

110. A quadrilateral is a parallelogram, if two sides are equal 
and parallel (page 129). 

111. The diagonals of a parallelogram bisect each other (page 
130). 

114. If three or more parallel lines cut off equal lengths on one 
transversal, they cut off equal length® on every transversal (page 
188). 



examination requirements «* 

147 A radius perpendicular to a chord bisects the chord and 
its arc (page 102). (This may include ^ 

149. In a circle or in equal circles, eq 

■“ m MTS 55 TL, chords equally distant front 
the center are equal (page 164). _ « / naEe 170). 

- — 

“°17 ( o"le formed by a tangent and a chord is measured 

by hMf its intercepted me (page^lSS).^ taside a 

cird. ls meT^ed by half the sunt of its opposite intercepted 
arcs (page 189). intersecting outside a circle, 

and^which meet th^Mdrchq hTmeasured by balHhe difference of 
the intercepted arcs (page 160). se( mient is the locus 

220). (This includes *> prod* ® “ ,J S of . poi n, equally 

diStir^ *>■ (This 

th 'S.°A °bLettat d S=s two sides of a triangle propottion.ll, 
is parallel to the third side twQ Mg|es 0 { one equal 

216. Two tnang e0t her (page 240). (A 'ote: As stated 

respectively two angles rftteoth^ W* „ ^ flngles „ instfad 

"fu^S.- bur of course the third angle i, not needed tn 
the hypothesis.) 6ijnil „, a m angle of one equals an 

5S and the including sides me proportional (page 

24 I>- _ as. notes me similar, if the three sides of one are 
222. Two trmng thrt e sides of the other (page 210). 

Tst S** the altitude on the hypotenuse is the 
22o. In a g between 0, segments of the hypotenuse 
S“ (Tb^ remainder of this proposition is not required.) 
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257. 1 .-. 1 rfjfct trtecfe, tie spare e< lie < 55 °“=“ ^ 
Ike s» rf Ik# P!»«« #< “k# '#** d 
2 W. 1 ! pee eboids taterteet, the T-'-’---' r ^ , 

m, f 1 o.I< die proloet #< the topnoos ‘jJ’f^SwSs 

Ml. » « OW#”' “I * *““* “^Zt^SJafie ««* 
• tlltle, Ike teen##! is the Been jmpottiooel kel*"# 

.nd lie eitero .1 figment (japs 273 ). , . ii3 tui 

ISO. Die ere# o< « pnr.Uetor.rn eqods Ike podmt el » 

«nd #Ui*udo (png* 310 ). ^^ UC i of its b«* 

201 . The area of a triage equals half the product 

and altitude {pag* 31 S). altitude toes the 

2 CO. The area of a trapezoid equals half its alOtuae 

cum of Its bases (pa** 327 ). ch ot her as to 

201 . The areas of similar triangles are to 

•zrd ssrt sMsffi- « «- 

W; .1 . «- .«»>•** mi *• ***' 

It. perimeter end Its .pethem <r»So 365 ). utSl tie 
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63. The perpendicular bisector of a ghen “S”' 01 “* 
be ,o a E,ve ° *” “ 

be constructed (page Tt). , e 79) . 

CD. A given angle can b M be constructed at a 

66. An angle equal to a gi 

+%%£ f^rou'Se pin. a *» 

line can be constructed (page divided to , 0 u , number of 

116. A given line segment * tWs cons truction is required 

174. A circle can be circum 

(pace 201). . ... !n a riven triangle (page *»!• 

^177. A circle can be £ J & ^ a tange nt to 

178. Through a given point, on or o 
tbc circle can be constructed , be casBucted (page 

180. Given its three sides, a tnang 

207) - C- two sides and the iaduded angle, a triangle can be 

181. Given two sines 

constructed (page 208). ^ . g , c53 ^an a straight ang« 

182. Given two angles be constructed (page 209), 

-IS ? ££££%* *“ tae c “ 

• constructed (page 242)- ^ded into parts proportional to 

214. A line segment can 

A beween W> given line segmen 

can be constructed (paE'J 7 ^ u , E ;„„ polygon can be con- 
*16- transionuing a polygon into .square, 

structed (pago dMI- U ,„„formin8 it into a tnangW 
use the oelhoda oi 2 KS rdtcMra 353). 

» i S1SSSS2 inscribed in a cirri, (page 317). 

. . .. bn able to use tb< 


297. A regular news 
formulas given on pages 413 and 41 . 



APPENDIX B 

SPECIMEN REGENTS EXAMINATIONS 

The Universitt of The State of New York 
June, 1936 

Group I 

Answer all questions in this group. Each correct answer wilt 
recent $j credits. Ko partial credit will be allorccd. Each answer 


must be reduced to its simplest form. 

1 The area of a equate is 16 square inches. Find the 

area of the inscribed circle. [Answer may be left in 
terms of t.) Ans. 

2 The area of an equilateral triangle is 25\/3. Find 

a side of the triangle. Ans. 

3 How many degrees are there in each interior angle 

of a regular octagon (eight-6ided polygon)? Ans. 

4 Two angles of a triangle are 40® and 60°; how- 
many degrees are there in the obtuse angle formed by 

the bisectorb of these two angles? Ans. 

5 In triangle ABC, angle C=90°, AC = 25, angle 

A = oo°. Find AC correct to the nearest tenth. Ans. 

6 In a circle whose radius is 5", a chord is drawn per- 
pendicular to a diameter and 3" from the center. What 

is the length of the chord in inches? Ans. 

7 Triangle ABC is inscribed in a circle. Angle 

A<=S0°, angle C= 70°, angle C=30®. Which side of 
triangle ABC Is nearest the center of the circle7 Ans. 


8 Given triangle ABO with D a point on AB and E 
a point on BC such that DE is parallel to AC\ if CD =8, 
DA = 6 and £C=* 9, find BE. 
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Ans 
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9 Two sides of a triangle are 10 and 14 and the ™6j“ 

included between these sides is 30”; what a the altrtnde ^ 

on side 14? 

10 If the vertices of an inscribed triangle divide the 
circle into three arcs in the ratio 3 : 4 : 5 , how many 
degrees are there in the largest angle of the triangle? 

11 In parallelogram ABCD, angle B is twice angle A. 

How many degrees are there in angle A c 

12 The circumference of a circle is Sir. Find the radius ^ 

of the circle. 

13 Two angles that are both equaled 

must be (a) adjacent, (W acute or (c) right. Wind. » ^ 

correct, (a), (&) or (c)? 

14 If a point is equidistant from the < sides of a tnangle 
It must ta the intersection of ft. Ah« W £££ ; 

(6) medians or (c) angle bisectors. Wh.ch » correct, l 1, ^ 

area is multiphed by (a) 2, ( ; 4 ns 

“^"(^ntorWeenannarca. Which ^ 

: q correct, (a). ( b ) or W* . , 

. f right angles of all right triangles 
17 The ventures „ on („) „ line parallel to 

having a common 1 JP° w]|oa . diameter is the hypot- 
thohypotenuar, ( ) W( , who!C diameter is the 

enuse “ u correct, <o>, (6) or (e)7 An. 

Kmrtions (questions IMW-Kav. all construction lines on 

the paper. . ... 

„ tho locus of points equidis- 

STSfw iahnsectlng lines at the 

right. 
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19 Construct triangle ABC, having given angle A, angle B and 
the included side c. 



20 Inscribe an equilateral triangle in circle 0. 



Gaoun II 

Answer three questions from this group. 

21 Prove that an angle formed by two chorda intersecting within 
a circle is measured by one half the sum of the intercepted arcs. l l0 l 

22 Prove that two right triangles are congruent if the hypotenuse 
and a leg of one are equal to the hypotenuse and a leg of the 
other. H 

23 Angle ABC ia inscribed in a circle. Chord BD bisects angle 
ABC and chord DE is drawn parallel to AB. Prove that chord 
BE equals chord BC. P] 

24 Two tangents from the external point A touch circle O at 
points B and C respectively. Lues 0 A, OC and BC are drawn. 
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% 431 

SS^ •» * 

similar to triangle BKC [ 5 J. ° 1 W tnangfe 4(70 is 

are «W* AttJ ^uSd?*" *° ?* CirC,e 

diameter and this third tangent |»i °” e taIf «M product of the 


Group m 

Answsr two questions from this group 

the hypotenuse ™’ “ f - «- -#*. upon 

by the altitude. (“] gme ts of the hypotenuse made 


»rea coned to'thVlir^” 1 ^,^ 1 ^’ is . “ inchcs - Find its 
onometry.] [i«J 1 tneh ‘ numerical trig- 

28 Construct one side of the 

the area of a given triangle ABcT [Leave'S ““ WiU ^ "’d* 1 
the paper.] [ 10 J ,Lea ' e all construction lines on 


January, 1937 


Group I 


Anrmr off questions i„ ail 

mcv; t, credits. A'o port U1 credit t it “T* mmr 
must be reduced to its simplest form. oMoteed. Each answer 


Directions (questions 1 - 0 )— Tr n -,„ „„ „ , , . 
of each question the expression which Jh dol . twl lin ° “t the right 
responding blanh win “ «* core 

1 If two parallel lines are cut hi. . » 

Werio, angle, on the same side „f tho tran^f^' 


An*.. 
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2 One angle of a right triangle is G0 a . If the shortest 
side of the triangle is 8 inches, the hypotenuse is . . . 
inches. 

3 The sum of the interior angles of a polygon of five 
sides is . , . degrees. 

4 In a right triangle, the segments of the hypotenuse 
made by drawing the altitude upon the hypotenuse are 
2 inches and 8 inches. The length of this altitude is 
, . . inches. 

5 A point is 6 inches from a circle whose radius is 
9 inches. The length of the tangent from this point to 


the circle is . . . inches. Ana. 

6 The area of a square inscribed in a circle whose 

diameter is 10 inches is . . square inches. Ana. 

7 A cross section of an irrigation ditch has the form of 
a trapezoid. The upper bare of the trapezoid is 30 feet, 
the lower base is 12 feet and the height is 8 feet. The 

area of the cross section is . square feet Ana. 

8 Two circles have radii of 5 feet and 12 feet respec- 
tively. The radius of a circle whose area is equal to the 

sum of the areas of these two circles is . . . feet Ana. 

9 Foint P lies between two parallel lines a and b, 
which are 3 inches apart. The number of points that are 
equidistant from a and b and 2 inches from P is . . Ana. 


Directions (questions 10-13) — Indicate the correct answer to 
each of the following questions by writing the letter a, b or c in the 
space at the right. 

10 A circle can always be circumscribed about a quadri- 
lateral if the opposite angles of the quadrilateral are 

(o) complementary, (6) supplementary or (c) equal. Ana 

11 Two circles are drawn 60 that they have four com- 
mon tangents. The line segment joining the centers is 
fa) equal to the sum of the radii, (6) greater than the sum 

of the radii or (c) less than the sum of the radii. Ana 
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12 Corresponding sides in two similar polygons are in 
the ratio 1 : 4. The area of the larger polygon is 

(а) twice, (6) four times or (c) sixteen times, the area of 

the smaller polygon. Ans 

13 A regular polygon and a triangle have equal areas. 

If the perimeter of the polygon is 10 and the base of the 
triangle is 8, the apothem of the polygon is (a) equal to, 

(б) greater than or (c) less than, the height of the triangle. Ans 

Directions (questions 14-18) — Indicate whether each of the 

following statements is always true, sometimes true or never true by 
writing the word always, sometimes or never on the dotted line at 
the right. 

14 If two rectangles have equal bases, their areas arc to 

each other as their altitudes. Ans 

15 If the three sides of a triangle are unequal, the alti- 
tude upon any side is equal to the median upon that side. Ans 

1G Similar triangles inscribed in the same circle or in 
equal circles have their corresponding 6idcs equal. Ans 

17 If a circle is circumscribed about a triangle, the 

center of the circle lies inside the triangle. Ans 

18 If an altitude of an equilateral triangle is repre- 
sented by 3z, then x represents the radius of the inscribed 

circle. Ans 


Directions (questions 19-20) — Leave all construction linc3 os 
the paper. 

19 Construct the locus of the centers 
of circles each of wliich is tangent to 
both sides of the given angle .4. 

A 



20 Construct the altitude of triangle ABC 
upon side AB. 




APPEX dk b 

Gitonp H 
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24 Given a cirr-ta « i 

s^sr^JKK*"v ta ---'<w 
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10 o and 6.] 
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27 A church "window has the form of a trefoil as shown in the 
figure. The triangle used in the construction 
is equilateral, the vertices of the triangle are 
the centers of the circular arcs and the radius 
of each arc is one half the side of the triangle. 

The side of the triangle is 8 inches. Find (a) 
the perimeter of the figure f*J, (2>) the area of 
the figure pj. [Answers may be left in terms 
of v and radicals. 

28 AB is a diameter of a circle whose center is 0. On OB extended 
a point P is taken 10 inches from O. Through P a secant is drawn 
intersecting the circle at C and D so that the arc BC= 10° and the 
arc AD = GO 0 . Find, correct to the nearest tenth of an inch, the 
distance of the secant from the center of the circle. [Use numerical 
trigonometry.] [ w ] 

June, 1937 

Group I 

Answer all questions in this group. Each correct answer will 
receive £\ credits. No partial credit will be allowed. Each answer 
must be reduced to its simplest form. 

Directions (questions 1-8) — Write on the dotted line at the right 
of each question the expression which when inserted in the cor- 
responding blame will make the statement true. 

1 An angle formed by two chords intersecting within 

the circle is equal in degrees to ono half the ... of the 
intercepted arcs. A ns 

2 The bisectors of the angles of a triangle meet in a 

point which is equidistant from the three ... of the 
triangle. A ns 

3 If the bases of a trapezoid are 12 inches and 

IS inches, the length of the line segment joining the mid- 
points of the nonparallcl sides is . . . inches. A ns...., 

4 The area K of a traperoid in terms of its altitude h 

and its bases b and &' is pren by the formula K— ... . Ans 
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6 The area K of an equilateral triangle whose side is a 
is given by the formula K = .... Ans. 

6 If each exterior angle of a polygon is 40 s , the 

number of sides of the polygon is ... - An*. 

7 If an acute angle of a parallelogram is 00°, an 

obtuse angle of the parallelogram is . . . degrees. Ant. 

8 A tangent and a secant are drawn to a circle from a 

point outside the circle. If the tangent is 14 inches long 
and the secant is 28 inches long, the length of the external 
segment of the secant is . , . inches. An* . 


Directions (questions 9—13) — Indicate whether each of the fol- 
lowing statements is always true, sometimes true or neter true by 
writing the word always, sometimes or nner on the dotted line at 
the right. 

9 The area of a rhombus is equal to one half the prod- 
uct of its diagonals. An* 

10 If the angle between two tangents to a circle is 60°, 

the triangle formed by these tangents and the chord join- 
ing the points of contact is equiangular. An* 

11 A line passing through the midpoint of a chord of 

a circle passes through the center of the circle. An* 

12 If two angles of a triangle are 30° and GO", the side 
opposite the 00“ angle is twice the side opposite the 30 s 

angle. An* 

13 If C is the midpoint of the arc AB of a circle, then 

the chord ABU twice the chord AC. An*. . . . 

Directions (questions 14-17) — Indicate the correct answer to 
each of the following questions by writing the letter a, b, or e in the 
space at the right. 

14 If two angles of one triangle are equal respectively 
to two angles of another triangle, the triangles must be 

(a) congruent, (6) similar or (c) equal. An* .... . 

15 The number of points which are equidistant from 
two given parallel lines and, at the same time, are equi- 
distant from two given point* on one of these lines is 

(o) one, {b) two or fe) three. Ant 
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16 If the radius of a circle is increased by x, the cir- 
cumference of the circle is increased by (a) x, (6) 2x or 

(c) 2vx. A ns 

17 The areas of any two regular polygons which have 
equal perimeters are to each other as (a) their apotbems, 

(6) the squares of their apothems or (c) their perimeters. Ana 

Directions (questions IS— 20) — Leave all construction lines od 
the paper. 


C 



18 Find the center of the circle that can be circumscribed about 
triangle ABC. 

19 Through the point Af construct a line 
which will divide the sides AC and BC of tri- 
angle ABC proportionally. 


20 Construct a tangent to the circle 0 at 
jjoint P. 




Group II 

Answer three questions from this group. 

21 Prove that if in the Bame circle or in equal circles two chorda 
are equal, they are equidistant from the center. (“] 

22 Prove that the areas of two similar triangles are to each 
other as the squares of any two corresponding sides- f lo l 
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23 la the figure at the right, ABCD is a 
quadrilateral, angles B a ad D are right 
angles, AB bisects angle A, and CF bisects 
angle V. Then AE is parallel to CF. 


Below is a possible proof for this exercise. 

Give a reason for each of the following statements: 

1 lDAB-\-AB+ZBCD+ AD~ 360* t*l 

2 AD+ ZD«=180“ l‘J 

3 Z DAB +Z BCD -180° W 

4 tBAE+ABCF- 90“ ('J 

6 ABAE+ABEA-* 90“ [»J 

6 LBCV=IBEA l‘J 

7 AE\\CF PJ 

24 AB is a diameter of a circle and at B a tangent to the circle 

is drawn. From A, a line is drawn intersecting the circle at C and 
the tangent at D. Prove AC : A8«=AB : AD [ 19 1 

25 In the triangle ABC, D is any point in AC and E is any point 
in CB . DE is drawn. Prove that the sum of AC and CB is greater 
than the sum of AD, DE and EB. [ ,0 | 



Gsoct m 

Answer two questions from this group. 

26 The radius of a circular flower bed is 30 feet and this bed is 

surrounded by a path 3 feet wide. Find the cost of paving the 
path at 23 cents per square foot, (Use [“] 

27 Given two linee m and n intersecting each other at right 
an^es, and point P on one of these lines 

a Describe completely the locus of points which are at a 
given distance < from P. {*] 
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b Describe completely the locus o! points equidistant from 
m and n. {*] 

c How many points are there which will satisfy both condi- 
tions given in a and b if P is 4 inches from the intersection 
of m and n and 

(1) s i3 5 inches long [*] 

(2) a is 1 inch long [*] 

28 The altitude of a triangle is 12 inches and it divides the vertex 
angle into two angles of 20° and 45°. 

a Find the lengths of the segments of the base. ('] 
b Find, correct to the nearest square inch, the area of the 
triangle. [*] 


January, 1938 


Group I 

Answer aU questions in this group. Each correct answer will 
receive s\ credits. No partial credit will be allowed. Each answer 
must be reduced to its simplest form. 

Directions (questions 1-12) — Write on the dotted line at the right 
of each question the expression which when inserted in the cor- 


responding blank will make the statement true. 

1 Tho locus of points equidistant from the sides of an 

angle is the ... of that angle. 1 . 

2 The bisectors of two complementary adjacent 

angles form an angle of . . . degrees. 2. 

3 The sum of the interior angles of a polygon of ttren 

sides is . . . straight angles. 3. 

4 An angle formed by a tangent and a secant inter- 
secting outside the circle is measured by one half the . . . 

of the intercepted arcs. 4. 
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5 B the areas of two si m ilar triangles are in the ratio 

1 : 25, corresponding sides of the triangles are in the 
ratio .... 6* 

6 The bases of a trapezoid are 8 inches and 10 inches 

and the area is 54 square inches. The altitude of the 
trapeio«i is . . . inches. 6. 

7 The segments of one of two chords intersecting 
within a circle are r and *. If one segment of the other 
chord is m, the length of the other segment in terms of 

r, sand mis ... . 7. 

8 In the right triangle ABC, hypotenuse AB is 
20 inches and angle A is 54°; the length of AC, correct 

to the nearest inch, is . . . inches. 8. 

0 If one angle of a right triangle is 60® and the hypot- 
enuse is 2, the length of the side opposite the 60° angle 
is ... . {Answer may be left in radical form.} 9. 

10 If the diagonals of a rhombus are 10 and 24, a side 

of the rhombus is ... . 10. 

11 The centers of all circles tangent to the same line 

at the same point lie on a line which is (a) parallel to the 
given line or (b) perpendicular to the given line. The 
correct answer is . . . . [Answer a or 5.} 11 . 

12 The diagonal d of a square is equal to the side * 

multiplied by fa) V2, (&> VS or (c) 2. The correct 
answer is ... . {Answer a, b or c.] 12. 


Directions (questions 12-15) — heave all construction lines on 
the paper. 

13 If the angles A and B are two angles of a triangle, find by 
construction the third angle of the triangle. 
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14 In the space below con- 15 Find by construction the 
struct an angle of 30°. center of the circle of which the 

arc AB is a part. 



Directions (questions 16-20) — Indicate whether each of the fol- 
lowing statements is always true, sometimes true or never true by 
writing the word always, sometimes or never on the dotted line at 


the right. 

16 The diagonals of a rectangle are equal. 16. 

17 The opposite angles of a quadrilateral are supple- 
mentary. 17. 

18 If the radius of a circle is multiplied by fc, the cir- 
cumference is multiplied by k. 18. 

19 An equilateral polygon is a regular polygon. 19. 

20 The altitude upon any side of a triangle is greater 

than the median drawn to that 6ide. 20 . 


Group n 

Answer three questions from this group. 

21 Prove that if two sides of a quadrilateral are equal and 
parallel, the figure is a parallelogram. I I0 J 

22 Prove that an angle formed by a tangent and a chord drawn 
from the point of contact is measured by one half the intercepted 
arc. (»1 

23 Prove that the base angles of an isosceles trapezoid are 
equal. PJ 

24 In the figure at the right, C is the midpoint 
of the arc AB. Chords AB and CD intersect in 
E and chords CIS and BD are drawn. Prove that 
CDXCE-(CB)* [»] 
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25 Given a right triangle whose legs are a and 6; transform the 
triangle into a rectangle whose base is ft given line segment m. 1*1 

Group in 

Answer two questions from this group. 

26 The bases of a trapezoid are 7 and 10 and the altitude is 6. 

a Find the altitude of the triangle formed by the shorter base 
and the nonparallel sides produced. (*] 
b Find the area of the triangle described in a. PI 

27 The figure at the right represents the 
cross section of a hexagonal nut. Assuming 
that the diameter of the circle and the side of 
the regular hexagon are each 2 inches, find, 
correct to the nearest square inch, the area of 
the cross section (the shaded portion). p*l 

28 Given a parallelogram with two adjacent sides a and t and 
included angle C 

a What change takes place in the area of the parallelogram 
if a and b remain constant and angle C increases (1) from 
O’ to 90°, (2) from 90° to 1S0°7 \'- '] 

6 Find, correct to the nearest tenth, the area of the parallelo- 
gram if o«=4, i=5 and angle C*=52 a (*J 



June, 1938 

Group I 

Answer aH question* in this group. Each correct answer reftt 
receive ?j credits. No partial credit will be allowed. Each answer 
must 6* reduced to its simplest form. 

Directions (questions 1-8)— Write on the dotted line at the right 
of each question the expression which when inserted in the cor- 
responding blank will make the statement true. 

1 The angle formed by two secants intersecting out- 
ride a circle is measured by one half the . . . of the inter- 
cepted arcs. 1.,.*,. 
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2 The area of a circle is 25 ir square inches. The 

radius of this circle is . inches. 2 

3 If the vertex angle of an isosceles triangle is 40°, 
the number of degrees in either of the exterior angles 

formed by extending the base is ... . 3 

4 If each exterior angle of a regular polygon contains 

45°, the number of aides of the polygon is ... . 4 

5 In triangle ABC angle B=30° and side AR= 

6 inches. The length of the altitude AD upon side BC 

is . . . inches. 5 

6 A pair of corresponding altitudes of two similar 
triangles are 4 inches and 2 inches. The area of the 

larger triangle is . . . times the area of the smaller. 6 

7 The radius of a circle is 13 inches and a chon! of 
this circle is 10 inches. The distance of this chord from 

the center of the circle is . . . inches. 7 

8 At a point 100 feet from the foot of a flagpole the 
angle of elevation of the top of the pole i3 31°. The 
height of the flagpole, correct to the nearest foot, is . • • 

feet 8. .... . 


Directions (questions 9-12) — Indicate the correct answer to 
each of the following questions by writing the letter a or & on the 
line at the right. 

9 The area of a rhombus is equal to (a) the product 
of two diagonals or (5) one half the product of the two 


diagonals. 9. 

10 An axiom is a statement which (a) is to be proved 

or (6) is accepted without proof. 10. 

11 The circumference of a circle whose radius is 4, is 

(a) &r or (6) Ifor. 11. 

12 The locus of the centers of all circles tangent to c^ch 

of two parallel lines is (a) one straight line or (fc) two 
straight lines. 12 . 


Directions (questions 13-17) — Indicate whether each of the fol- 
lowing statements is always true, sometimes true or never true by ( 
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25 Given a right triangle whose legs axe a and b; transform tbe 
triangle into a rectangle whose base is a given line segment m. l l0 l 

Geocp IK 

Answer two questions from this group. 

26 The bases of a trapezoid are 7 and 10 and the altitude is 6. 

a Find the altitude of the triangle formed by the shorter base 
and the nonparallel sides produced. 1*1 
5 Find the area of the triangle described in a. {*] 

27 The figure at the right represents the 
cross section of a hexagonal nut. Assuming 
that the diameter of the circle and the aide of 
the regular hexagon are each 2 inches, find, 
correct to the nearest square inch, the area of 
the WD33 section (the shaded portion). [ W J 

28 Given a parallelogram with two adjacent sides a and b and 
included angle C 

a 'What change takes place in the area of the parallelogram 
if o and b remain constant and angle C increases (1) from 
0® to 90®, (2) from 90° to 180®? ('■ ’! 
b Find, correct to the nearest tenth, the area of tbe parallelo- 
gram if o=4, b=5 and angle C=*52® j*j 

June, 1938 

Group 1 

Answer ell questions in this group. Each cornel answer uall 
receive s{ credits. No partial credit trill 6e allowed. Bach answer 
must be reduced to its simplest form. 

Directions (questions 1-8)— Write on the dotted line at the right 
of each question the expression which when inserted in the cor- 
responding blank, will make the statement true. 

1 The angle formed by two secants intersecting out- 
side a circle is measured by one half the ... of the inter- 
cepted arcs. 1...... 
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2 The area of a circle is 25x square inches. The 


radius of this circle is . . . inches. 2. 

3 If the vertex angle of an isosceles triangle is 40°, 

the number of degrees in either of the exterior angles 
formed by extending the base is .... 3. 

4 If each exterior angle of a regular polygon contains 

45®, the number of sides of the polygon is ... . 4. 

5 In triangle ABC angle 5=30° and side AB*= 

6 inches. The length of the altitude AD upon side BC 

fa . . . inches. 3. 

6 A pair of corresponding altitudes of two similar 
triangles are 4 inches and 2 inches. The area of the 
larger triangle is . . . times the area of the smaller. 6. 


7 The radius of a circle is 13 inches and a chord of 
this circle is 10 inches. The distance of this chord from 

the center of the circle is . . . inches. 7 

8 At a point 100 feet from the foot of a flagpole the 
angle of elevation of the top of the pole is 31 . The 
height of the flagpole, correct to the nearest fool, is . . . 

feet. 8 

Directions (questions 9-12)-Indicatc the correct answer to 
each of the following questions by writing the letter a or b on the 
line at the right. 

9 The area of a rhombus is equal to (a) the product 

of two diagonals or (6) one half the product of the two 
diagonals. ® 

10 An axiom fa a statement which (a) is to be proved 

or (5) is accepted without proof. 10 

11 The circumference of a circle whose radius is 4, fa 

(«) &r or (5) I6ir- 11 

12 lie locus of the centers of all circles tangent to each 

of two parallel lines fa (a) one straight line or (6) two 
straight lines. _ 12 

Directions (questions 13-17) — Indicate whether each of the fob 
lowing statement 3 » <*™1 l» true or ntca- true by,. 
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uniting the word alxtays, tomttimt, or never on the dotted line ftt 


the right. 

13 When two straight lines are cut by a transversal, 

if the two interior angles on the same aide of the trans- 
versal are supplementary, the two straight lines are 
parallel. 13...... 

14 If two angles and a side of uao triangle arc equal to 

the corresponding parts of another triangle, then the tri- 
angles are congruent. M 

15 A triangle can be constructed having sides 8 indies, 

12 inches and 3 inches. 15 

16 If a theorem is true, a converse of the theorem is 

true. 16 

17 A median of a triangle divides it into two triangles 

which are equal in area. 17 


Directions (questions 18-20) — Leave all construction lines on 
the paper. 


18 Construct the bisector of angle 
ABC. 


19 Inscribe an equilateral triangle in circle 0. 



20 Find by construction the two points t -B 

which are equidistant from points A and B 
and also at the given distance* from point C. A- 

6 
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Group II 


Answer three questions from this group. 


21 Prove that the diagonals of a parallelogram bisect each 
other. [ 1# ] 

22 Prove that if from a point outside a circle a tangent and a 
secant are drawn to the circle, the tangent is the mean proportional 
between the secant and its external segment. [ Ia ] 


23 Given triangle ABC with AB-=AC; D is any point between 
B and C in BC and line segment AD is drawn. Prove that 
AB>AD. [«°] 


24 PA and PB are tangents drawn to a circle whose center is 
0, A and B being the points of tangency. Line segment PO is 
drawn and extended to meet the circle at C. Prove that arc 
AC=atc BC. [The use of original exercises as reasons will not be 
allowed in this proof.] [ ,a ] 

25 In the figure at the right, 

AB is the diameter of a semi- 
circle. A point P moves along the 
arc from A to B and chords PA 
and PB are drawn. * 



a Using the expression increases, decreases or remains the 
same, indicate the change, if any, that takes place in 
(1) angle PAB, (2) angle APB and (3) angle PBA. [*] 
6 At what position of P will the altitude of triangle APB on 
base AB be greatest? [*] 

C At what position of P will the area of triangle APB be 
greatest? [*] 


Group in 

Answer two questions from this group. 

26 In the drawing below, ABCD is a quadrilateral inscribed 
in a circle; arc AB*=135°, arc BC**A 0° and arc CD**100 a . 
Chords A C and BD are drawn ; also chords A B and DC are extended 
to meet at F. and the tangent at A meets CD extended at F. Find 
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3 The sum of the exterior angles of a polygon of n 
sides is (a) n straight angles, (6) 2 straight angles or 


(c) (n—2) straight angles. 3. 

4 If two parallel lines are cut by a transversal, the 
corresponding angles are always (a) supplementary, 

(6) equal or (c) acute. 4. 

5 In triangle ABC, AD is an altitude and AM is a 
median. If AB and AC are unequal, (a) AM** AD, 

(6) AM>AD or (c) AM<AD. 5. 

6 A median of a triangle divides it into two triangles 
which are always (o) congruent, (b) similar or (c) equal 

in area. 6. 

7 The area of a rhombus is equal to (a) one half the 

sum of its diagonals, ( [b ) one half the product of its diag- 
onals or (c) the product of its diagonals. 7. 

8 If the corresponding sides of two similar triangles 

are in the ratio 1 : 2, the areas of the two triangles are in 
the ratio (o) 1 : 4, (i>) 1 : 2 or (c) 1 :\/2 8. 

9 If the segments of one of two chords, not diameters, 
intersecting within a circle, are r and s and the segments 
of the other chord are v and w, then (a) rXs—i'Xw, 

(6) r+s=H-to or (c) 9.. 


10 If from a point outside a circle a tangent and a 
secant are drawn to the circle, the tangent is the mean 
proportional between (a) the whole secant and its internal 
segment, (6) the whole secant and its external segment 

or (c) the external and the internal segments of the secant. 10. 

11 If in the right triangle ABC, AB is the hypotenuse 

and CD is the altitude upon the hypotenuse, then 
(a) (CD)*=ADXDB, (b) (CD)'=ABXAD or (c) {CD)' 
~ACXCB 11. 

12 Similar polygons are defined as polygons which have 

(a) their corresponding angles equal, (5) their correspond- 
ing sides proportional or (c) their corresponding angles 
equal and their corresponding rides proportional. 12. 
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13 If in triangle ABC, BD is the altitude upon AC, 
then BD equals (a) ABXsin A, (6) ABXtanA or 
(c) ABXcosA. 

14 The center of the circle circumscribed about a tri- 
angle is always the intersection of (a) the bisectors of two 
angles, (6) two altitudes or (c) the perpendicular bisectors 

of two sides, M 

15 An inscribed angle of 80° intercepts an arc of 

(a) 80°, (6) 40° or <c) 160°. 15 

16 The locus of the centers of all circles which pass 
through two given points is (a) a circle, (6) a Btraight line 

or (e) a point. 16 

17 Converses of propositions are (u) always true, 

Qt) sometimes true or (c) never true. 17.... 

Directions (questions 18-22) — Write on the dotted line at the 
right of each question the expression which when inserted in the 
corresponding Wank will make the statement true. 

18 The formula for the altitude A of an equilateral tri- 

anglein terms of its ride a is h*= .... 18 

19 The formula for the diagonal dot a square in terms 

of Its side aisd“ .... 19. ..... 


2Q The formula for the circumference c of a circle in 
terms of its radius rise •=... . 20. 

21 The hypotenuse of a right triangle is 17 and one leg 

ia 15; the length of the other leg is ... . 21 

22 If the base of a triangle is 24, the length of the line 
segment joining the midpoints of the other two aides 

» 22 

Directions (questions 23-25>— Leave all con- A 

struction lines on your paper. / 

23 Find by construction the locus of points / 

within angle ABC and equidistant from the c 

sides of the angle. c 

24 Construct the altitude of triangle ABC ^^7 

upon side AB. , / P 
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25 Construct the fourth proportional to the three line segments 
a, 6 and c. 

a 


b 


Group n 

Answer two questions from this group. 

26 Prove that an angle formed by two chords intersecting within 
a circle is measured by one half the sum of the intercepted arcs. I 10 ] 

27 Prove that two right triangles ore congruent if the hypotenuse 
and a leg of one are equal respectively to the hypotenuse and a leg 
of the other. I 10 ] 

28 Triangle ABC is inscribed in a circle. The bisector of angle C 
intersects 6ide AB at D and arc AB at E. Prove: ACXBC “ 
CDXCE [»] 


Group III 

Answer two questions from this group. 

29 The accompanying figure ABECD repre- 
sents the cross section of an undci ground tun- 
nel. ABCD is a rectangle 40.0 feet by 20.0 
feet, surmounted by the semicirclo BEC. Find, 
correct to the nearest square fool, the area of 
the cross section. (Uscr=3.14) l 10 ] 

30 The area of an equilateral triangie is equal to that of a trape- 
roid whose bases are 4 and 14 and whose altitude is 4\/3. Find a 
side of the triangle. ["] 

31 A side of a regular pentagon is 8. Find its area correct to the 
nearest integer. l w ] 
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Group IV 

Answer one question from this group. 

32 Consider each of the following statements and tell whether it 
is always true, true or never true. Give reasons for yovr 

answers. 

a The area of a rectangle is equal to one half the product of 
ita diagonals. I 1, **J 

b If two triangles have a side and any two angles of one equal 
to the corresponding parts of the other, the triangles are 
congruent. I 1, **| 

e If the radius of a circle is increased by z, then the circum- 
ference of the circle is increased by 2 rx. [*• **j 
d If the legs of a right triangle are represented by a and 6 
and the hypotenuse by e, then c* «* (a + &)* l 1 * ' l, j 
33 A square whose eide is a and a rectangle whose base is s+a 
have equal perimeters. 

a Express the altitude of the rectangle in terms of s and o. t 4 l 
b Express the area of the rectangle in terms of * and a. t*J 
e Indicate whether the following statement is true or false'. 
Of all rectangles which have equal perimeters, that which 
is equilateral has the greatest area. Give reasons for 
your answer. {*■ *J 


June, 1939 


Group I 

Answer ell questions in this group. Each correct answer iciS 
receive S credits. No partial credit will be allowed. Each answer 
must be reduced to its simplest form. 

Directions (questions 1 - 11 ) — Indicate the correct answer to 
each question by writing on the dotted line at the right the 
letter a, bore. 

1 A central angle of 60° intercepts an arc of (a) 30°, 

(4) 60” or (c) 120 ®. i 
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2 The opposite angles of a quadrilateral inscribed in 
a circle are always (o) equal, (ft) complementary or 


(c) supplementary. 2. 

3 The difference between the supplement and the 

complement of an angle is (a) an acute angle, (ft) a right 
angle or (e) an obtuse angle. 3. 

4 If the areas of two similar triangles are in the ratio 
1 : 4, then any two corresponding sides of these triangles 

are in the ratio (a) 1 : 4, (ft) 1 : 2 or (c) 1 : 16. 4 . 

5 The center of the circle inscribed in a triangle is 

always the intersection of (a) the bisectors of two of its 
angles, (6) two of its altitudes or (c) the perpendicular 
bisectors of two of its sides. 5. 

6 A circle can always be circumscribed about (a) an 

equiangular polygon, (ft) an equilateral polygon or (c) a 
regular polygon. 6. 

7 The altitude drawn to the hypotenuse of a right 
' triangle divides the triangle into two triangles which are 

always (a) congruent, (6) similar or (c) equal in area. 7. 

S The sum of the interior angles of a polygon of n 
sides is (a) n straight angles, (6) 2 straight angles or 
(c) (n— 2) straight angles. 8. . 

9 Each of the following sets of numbers can be used as 
the sides of a triangle: (a) 4", 8", 9"; (ft) 7", 24", 25"; 

(c) 6", 9", 10". Which set would form a right triangle? 9.. 

10 If in triangle ABC, CD is the altitude upon AB, 
then (a) CD=AD sin A, (6) CD=AD cos A or (c) CD= 


AD tan A. 10 

1 1 The formula for the area A of an equilateral triangle 

in terms of its side a is (a) A^=~-\/ 3, (ft) A—— \/3 or 
2 2 

(c)A=-V3 11 

4 

Directions (questions 12-22) — Write on the dotted line at the 
right of each question the expression which when inserted ia the 
corresponding blank will make the statement true. 
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12 AB, the hypotenuse of right triangle ABC, is 10- 
If angle A is 30', then BC is ... . 

13 ABC is an isosceles triangle in which AC equals 
and one of the angles fa obtuse. The longest side is oppo- 
site angle .... 

14 Two chords intersect within a circle. The segment 
ol one chord are 8 and 3. If one segment of the seraph 
chord is 6, then the other segment is ... . 

15 If the diameter of a circle is 10, then the circum- 
ference in terms of *■ is . . . . 

16 The formula for the area A of a trapezoid in terr 1 ^ 

of its altitude h and its bases b and b' is A «= . . . 


17 The perimeter of a regular polygon is 24. If j* 3 
apothem is 3, then its area is ... N. 

18 In ft right triangle the length of one leg is 20 inch® 8 
and the length of the hypotenuse is 25 inches. Tb® 
length of the longer segment of the hypotenuse made by 
the altitude upon it is . . . inches. 18. 

M The locus of the midpoints of all radii of a giV^n 


20 If the diagonals of a parallelogram are unequal » n d 

bisect the angles through which they are drawn, then fbe 
figure must be a .... 20. 

21 The radius of a circle is 6. The angle of a sector of 
this circle ia 60°. The area of the sector in terms of T 

fa 21. 


22 AB fa a diameter of a circle, AC is a chord and »rc 

AC contains 100°. Angle BAC contains . . . degree*- 22. . . 

Directions (questions 23-25)— Leave all construction lines 
the paper. 

23 Construct the locus of points equidistant 

from the two given points A and B. % 
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24 Construct a line parallel to line AD through C • 

point C. 


A B 

25 Construct the mean proportional between line segments a 
and b. 

a 


b 


Group II 

Answer iwo questions from this group. 

26 Prove that the diagonals of a parallelogram bisect each 
other. [ 10 J 

27 0 is the midpoint of base AB of isosceles triangle ABC. 
AC and BC are extended through C to points E and D so that CE 
is equal to CD. Lines DO and EO are drawn. Prove: DO=EO[ w ] 

28 Prove that if two triangles have an angle of one equal to an 
angle of the other and the sides including these angles proportional, 
the triangles are similar. [ t0 ] 


Group III 

Answer two questions from this group. 

29 ABCD i3 a quadrilateral inscribed in circle O. Chord 
BA = chord CD, and BA and CD extended 
meet in point E. A tangent at B intersects 
DA extended in point F. Diagonals BD 
and AC are drawn. Arc AD=50° and 
arc BC=140°. Find the number of degrees 
in angle a, angled, angle c, angle d and E 
angle e. ( 10 j 

30 In a circle a chord AB intercepts an arc of 100®. If the radius 
of the circle is 10.0 inches, find, correct to the nearest inch, the length 
of this chord. [ l9 ] 
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31 la the isosceles trapezoid ABCD, angle A is 45®; the longer 
base AB is 17 and the shorter base is 7. Find 
a The area of the trapezoid pi 
6 The length of the diagonal BD [ S J 

Grout IV 

Answer one question from this group. 

32 Consider each of the following statements and tell whether it 
ii always true, sometimes true or never true. Give reasons /or your 
answers. 

a A trapezoid inscribed in a circle is isosceles. (*■ *] 

b The center of the circle circumscribed about A triangle lies 
within the triangle, I** *J 

e If two triangles have two side3 and an angle of one equal to 
the corresponding parts of the other, then the triangles 
are congruent. !*• *1 

d In triangle ABC, AB is greater than AC. I! the bisectors 
of angles B and C intersect in D, then DC is greater than 
BD. l»-*l 

33 a Construct triangle ABC, given side 6, the altitude on side b 
•nd the median to side 6. {’] 

\ la it possible to construct the triangle if the altitude is 
(1) greater than, the median, (2) equal to the median? [’• M 
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Aaj., 113 
Abbre nations, 2 
Acute, angle, 14 
triangle, 31, 402 
Addition, in proportion, 234 
Adjacent angles, 11 
theorem, 27 
Algebraic analysis, 338 
Alternate exterior angles, 85 
Alternate interior angles, 85 
theorems, 87, 96 
Altitude, of parallelogram, 126 
of pyramid, 205, 276, 324 
of trapezoid, 126 
of triangle, 32 
construction of, 33 
formula for, 406 
notation for, 206 
theorem, 247, 399 
Analysis, algebraic, 338 
of construction, 212 
proof by, 60, 146 
Angle, 9 
acute, 12 

bisector of, 33, 79, 206, 220 
construction of, 20, 79 
formula for, 405 
central, theorem, 156, 180 
construction of, 14, 80 
dihedral, 102 
exterior, of a triangle, 83 
theorem, 84, 107 
of a polygon, 347 
inscribed in a circle, 179 
theorem, 182 

inscribed in a segment, 179 
theorem, 183 
measure of, 173 


Angle, obtuse, 12 
right, 11, 28 
sides of, 9 
sine of, 292 
straight, 11, 28 
tangent of, 290 
unit of, 12 
vertex of, 9 
Angles, adjacent, 10 
alternate exterior, 85 
alternate interior, 85 
complementary, 16 
corresponding, of parallel lines, 
85 

of triangles, 18 
how to bisect, 20 
copy, 13 

methods of proving equal, 47, 
98, 145, 183, 229 
sum of, in a polygon, 347 
in a triangle, 107 
supplementary, 15 
vertical, 15 
theorem, 27 
Apothem, 360 

Approximate measurement, 286 
computation with, 288 
Arc, 9, 154 
degree of, 179 
intercepted, 155 
major and minor, 154 
theorems, 156, 158, 162, 189, 
374,375 
unit of, 179 

Arcs, methods of proving equal, 
159, 229 

Archimedes, 417 
Area of, box, 324 
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Area of, circle, 285, 368 
parallelogram, 318 
polygon, 365 
prism, 324 
pyramid, 224 
rectangle, 311 
regular polygon, 365 
similar triangles, 330 
surface, 300 
traperonl, 327 
triangle, 318 
formula for, 407 
Arrangement of proof, 44 
Asa, 45 

Axioms, list of, 23 
on. inequalities, 323 
Base, of isosceles triangle, 30 
of parallelogram, 128 
of prism, 135 
of pyramid, 205 
of trapezoid, 125 
Bisect, 18 

constructions, 19, 20 
theorems, 78, 79 
Bisector, of an angle, 20, 33 
construction of, 33, 79 
formula for, 408, 409 
notation for, 206 
theorems, 121, 220, 398 
Center, of circle, 154 
of regular polygon, 360 
Central aDgle, theorems, 156, ISO 
380 

Chord, 9, 151 

theorems, 158, 162, 164, 188 
189, 278, 374 
Circle, 9, 154 
arc of, 9, 154 
area of, 365, 366 
assumption about, 3S2 
center of, 9, 154 
chord of, 9 , 154 
circumference of, 154 
circumscribed, 155 
about polygon, (£5, jc,<j 


Circle, circumscribed, about tri- 
angle, 291 
diameter of, 9, 154 
formula for area of, 366 
for circumference of, 364 
inscribed, 155, 203, 300 
length of, 364 
radius of, 9, 151 
theorem, 155 
secant of, 155 
sector of, 364 
segment of, 179 
tangent to, 155 
construction for, 201 
through three points, 202 
Circumference, 154, 304 
theorems, 364 

Circumscribed, circle, 155, 201 
polygon, 155, 375 
Coincide, 18 
Commensurable, 237 
Common tangent, 169 
Complement of an angle, 19 
theorem. 27 
Computation, 288 
Conclusion, 21 
Cone, 261 
Congruent, 18 

triangle theorems, 43, 45, 58, 
113. 118 

Constructions, 13, 14, 19, 20, 31, 
76, 77, 79, 80, 92, 139, 201, 
203, 204, 207-211, 212, 243, 
277, 353. 354. 376, 377 
analysis of, 212, 338 
Contact, point of, 155 
Converse, 71 
Corollary, 21 

Corresponding, angles of parallel 

theorems, 21, 97 
angles of triangles, 18 
sides of triangles, IS 
Cosine, 292 
Cube, 136 
Cylinder, 383 
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Decagon, 346 
Degree, of angle, 12 
of arc, 179 

Diagonal, of box, 275 
of quadrilateral, 3S 
theorems, 130 
Diameter, 9, 154 
theorems, 157, 162 
Distance from point to line, 119 

Equal, angles, methods, 145, 229 
arcs, methods, 229 
circles, 155 

lines, methods, 145, 229 
Equiangular triangle, 31 
theorem, 114 
Equilateral, polygon, 374 
theorems, 54, 114 
triangle, 30, 377 
Euclid, 4 IS 

Exterior angles, of parallels, 85 
of a triangle, 83 
theorems, 84, 107 
Extremes, 233 

Faces, lateral, of prism, 135 
of pyramid, 205 
Family tree, 142, 197 
Foot of perpendicular, 11 
Formulas, on area, 316, 318, 327. 

342 

table, of, 
theorems, 402 

Fourth proportional, 233, 242 
Functions of angles, 2S9 
sine, 292 
tangent, 290 

Geometric analysis, 60, 146 
Geometry, definition of, 1 
history of, 1, 415 

Hexagon, 346 
construction of, 377 
History of geometry, 1, 415 


Hypotenuse, 31 
theorems, 2G6, 268 
Hypothesis, 21 

Included, angle, 34 
side, 34 

Incommensurable, 237 
Indirect proof, 87 
exercises, 89 

theorems, 87, 96, 210, 389, 391, 
395, 396 

Inequality, axioms, 3S8 
theorems, 3S9-396 
Inscribed, angle, 179 
circle, 155, 203, 360 
polygon, 155, 374 
theorem, 182 
triangle, 377 
Intercept, 155 

Interior angles of parallels, 85 
Intersect, 18 
Isosceles, trapezoid, 125 
triangle, 30 
theorems, 54, 114 

Lateral, area, 135 
faces, 135, 205 

Legs, of isosceles triangle, 30 
of right triangle, 31 
Length of circle, 15i, 364 
Life situations, 26, 74, 236, 399- 
400 

economic problems, 333 
professional problems, 89 
the timber line, 74 
wages and prices, 283 
weather, 323 

Lines, divided proportionally, 239 
divided into equal parts, 139 
meeting in a point, 398 
methods of proving equal, 47, 
114, 130, 145, 159 
parallel, 85 
perpendicular, 11 
to a plane, 75 
straight, 6 
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polygon, 365 
prism, 321 
pyramid, 321 
rectangle, 311 
regular polygon, 365 
similar triangles, 330 
surface, 3CfJ 
trapewid, 327 
triangle, 318 
formula for, 407 
Arrangement of proof, 44 
Asa, 45 

Axioms, list of, 22 
on inequalities, 333 
Base, of isosceles tmngle, 30 
o{ parallelogram, 126 
of prism, 135 
of pyramid, 205 
of tra peloid, 125 
Bisect, 18 

constructions, 19, 20 
theorems, “6, 79 
Bisector, of an angle, 20, 33 
construction of, 33, 79 
formula for, 408, 409 
notation for, 206 
theorems, 121, 220, 393 
Center, of circle, 154 
of regular polygon, 3G0 
Central angle, theorems, 156, 180, 
360 

Chord, 9. 151 

theorems. 158, 162, 164, 1S3 
189, 278, 374 
Circle, 9, 154 
arc of, 9, 154 
area of, 365, 366 
assumption shout, 362 
center of, 9, 154 
chord of. 9, 154 
circumference of, 154 
circumscribed, 155 
about polygon, 15S, 359 


Circle, circumscribed, about tri- 
angle, 201 
diameter of, 9, 154 
formula for area of, 366 
for circumference of, 304 
inscribed, 155, 203, 360 
length o I, 364 
radius of, 9, 154 
theorem, 155 
secant of, 155 
sector of, 364 
segment of, 179 
tangent to, 155 
construction for, 204 
through three points, 202 
Circumference, 154, 364 
theorems, 364 

Circumscribed, circle, 155, 201 
polygon, 155, 375 
Coincide, 13 
Commensurable, 237 
Common tangent, 169 
Complement of an angle, 16 
theorem, 27 
Computation, 28$ 

Conclusion, 21 
Cone, 261 
Congruent, 18 

tnangle theorems, 43, 45, 58, 
112, 118 

Constructions, 13, 14, 19, 20, 31, 
78,77,79, SI, 92, 139 
203, 204, 207-211, 242, 243, 
277, 353, 354, 376, 377 
analysis of, 212, 33S 
Contact, point of, 155 
Converse, 71 
Corollary, 21 

Corresponding, angles of parallel 
lines, S3 
theorems, 91, 97 
angles of triangles, JS 
side^ of triangles, 18 
Cosine, 292 
Cube, 136 
Cylinder, 353 
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Decagon, 346 
Degree, of angle, 12 
of arc, 179 

Diagonal, of box, 275 
of quadrilateral, 38 
theorems, 130 
Diameter, 9, 154 
theorems, 157, 162 
Distance from point to line, 119 

Equal, angles, methods, 145, 229 
arcs, methods, 229 
circles, 155 

lines, methods, 145, 229 
Equiangular triangle, 31 
theorem, 114 
Equilateral, polygon, 374 
theorems, 54, 114 
triangle, 30, 377 
Euclid, 416 

Exterior angles, of parallels, 85 
of a triangle, 83 
theorems, 84, 107 
Extremes, 233 
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of pyramid, 205 
Family tree, 142, 197 
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construction of, 377 
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H5T°tenuse, 31 
theorems, 266, 268 
Hypothesis, 21 

Included, angle, 34 
side, 34 

Incommensurable, 237 
Indirect proof, 87 
exercises, 89 

theorems, 87, 96, 240, 389, 391, 
395, 396 

Inequality, axioms, 388 
theorems, 389-396 
Inscribed, angle, 179 
circle, 155, 203, 360 
polygon, 155, 374 
theorem, 182 
triangle, 377 
Intercept, 155 

Interior angles of parallels, 85 
Intersect, 18 
Isosceles, trapezoid, 125 
triangle, 30 
theorems, 54, 114 

Lateral, area, 135 
faces, 135, 205 

Legs, of isosceles triangle, 30 
of right triangle, 31 
Length of circle, 154, 364 
Life situations, 26, 74, 236, 399- 
400 

economic problems, 333 
professional problems, 89 
the timber line, 74 
wages and prices, 263 
weather, 323 

Lines, divided proportionally, 239 
divided into equal parts, 139 
meeting in a point, 398 
methods of proving equal, 47, 
214, 130, 145, 159 
parallel, 85 
perpendicular, 11 
to a plane, 75 
straight, 6 
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Lo«i, 217 Parallelogram, 126 

methods relating to, 219, 222 altitude of, 126 
space. 227 >w of, 316 

theorems, 70, 71, 121. 220 ba.*c of, 126 

method* for a, 140 

Major arc, 154 theorems, 127, I2S. 120. 130 

Mean proportional, 234. 206 Pentagon, 310 

construction ot, 277 Perimeter of polygon, 30, 319, 


Means, 233 
product of, etc , 231 
Measure, approximate, 258 
common, 236 
numerical, 236 
of angles, 12, 179 
of arcs, 179 

Median of a triangle, 32. 33 
formula for. 40S 
how to construct, 33 
intersect in * point, 461 
notation for, 206 
Methods, 145, 229, 303 
of attach, 47, 63, 72, 02, 08, 114, 
136, 153, 165. 183, 232, 251. 
252, 254, 300, 330 
Minor arcs, 154 

New type testa, 39, 81, 105. 123. 
143, 177, 193, 223, 2fi3, 234, 
334, 371 

Notation of lines in triangle, 206 

Obtuse, angle, 12 
triangle, 31 
Octagon, 346 

Parallel lines, 85 
alternate interior angles of, 85 
axiom about, 23, 83 
construction of, 92 
corresponding angles of, 85 
in apace, 102 

methods lor, 92, 130, 143 
theorems, 87, 61, 02, 96, 97, 133, 
124, 238, 239. 210, 217 
Parallel planes, 102 
Parallelepiped, 325 


363 

Perpendicular, lines, 1 1 
bisector, 19 

construction of, 19, 33, 70, 77 
lines and pUnes. 75, 102 
methods for, 68, 72, 146 
theorems, 70, 76, 77, 91, 97, 168. 
220,309 
ri,364 

value of, 361, 407 
Plane, 7 

intersection tritli parallel. 103 
line perpendicular to. 75 
parallel and perpendicular, 102 
Plato, 415 
Point, 6 

lines meeting at a, 400 
locus of a, 218 
in space, 227 
til rarrtart, 155 
Polygon, 36, 316 
angles of equiangular, 318 
area of, 309 
area of regular, 335 
circumscribed, 155, 375 
inscribed, 37 i 
perimeter of, 30, 333 
regular, 358 
angle at center of, 360 
apothem of, 360 
center of, 360 
radius of, 360 

theorems, 359, 361, 363, 365. 
374,375 

Polygons, perimeter of, 349 
similar, 244 
table of important, 346 
theorems, 349, 350, 352. 353 
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Postulates, 21, 22 
Prism, !35 
bases, 135 
lateral area, 324 
lateral faces, 135 
right, 324 
volume of, 325 

Products, method of proving 
equal, 254 
theorems, 234, 278 
Proof, analytic, 60, 146 
arrangement of, 44 
indirect, 87 
need of a, 3S 
Proportion, 233 
by addition, 234 
methods for, 252, 303 
product of means, etc., 234 
theorems, 234, 238, 239, 240, 
242, 243, 330, 1H8, 408 
Proportional, fourth, 233 
construction of, 242 
mean, 234, 266 
construction of, 277 
segments, 23S 
Proportionally divided, 239 
Proposition, 21 
Protractor, 12 
Pyramid, 205, 261 
altitude, 205 
base, 205 
lateral faces, 205 
slant height, 276, 324 
square, 205 
triangular, 205 
Pythagoras, 416 

Quadrant, 179 
Quadrilateral, 37, 125 
diagonal of, 37 
inscribed, 183 
theorems, 127, ,316 

Radius, of circle, 9, 154 

theorems, 155, 162, 168, 169 
of regular polygon, 360 


Radius, of sphere, 176 
Ratio, 233 

Reasoning, 20, 74, 89, 283, 323 
Rectangle, 126 
theorem, 311 
Regular polygons, 358 
angle of, 348 
apothem of, 360 
area of, 365 
central angle of, 360 
construction of, 376, 377 
perimeter of, 363 
radius of, 360 
similar, 361 
theorems, 359 

Remote interior angles, 81 
Rhombus, 37, 127 
Right angle, 11 
theorems, 27, 180, 182 
Right prism, 324 
Right triangle, 31 
solving the, 295 
theorems, 118, 119, 246, 266, 268 
useful properties of, 301 


S as., 43 
Secant, 155 
theorem, 279 
Sector of circle, 364, 371 
Segment, of a circle, 179 

angle inscribed in, 179, 183 
of a line, 6 
how to bisect a, 19 
Segments, proportional, 238 
Self-measuring tests, 67, 104, 122, 
136, 175, 196, 262, 284, 302, 
337, 381 

Sides, of an angle, 9 
of triangles, notation, 206 
Significant figures, 287 
Similar polygons, 214 
perimeters of, 349 
triangle methods, 251, 252, 303 
theorems, 246, 247, 249, 330, 
349, 352 
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Sine of an angle, 292 
method about, SCO 

theorem, 300 
Slant height, 321 
Space geometry, area, 32 1 
tube, 136 
cylinder, 2S3 
diagonal of bo*. 325 
boe perpendicular to plane, 25 
loci, 227 

parallel planes, 103 
parallelepiped, 135, 335 
perpendicular planes, 102 
plane, 7 
prism, 135 
right, 324 

proportion, in cone, 2C1 
in pyramid, 261 
pyramid, 205 

slant height o! pyramid, 321 
sphere, 170 
volume, 325 
Sphere, 176 
Square, 37, 127 
construction of, 370 
Squares, sum ol, in tight triangle, 
208 

of aides, of ritnilar polygons. 
353 

of ritnilar triangle*, 330 
Sea., 58 

Straight, angle, 11, 23 
line, 6 

Sum of angles, of triangle, 107 
about point, 27 
of polygon, 317 
eatrrior, 217 

Sum. of equates in right triangle, 
2CS 

Summaries, 115, 110, 229, 230 
303,312,413 

Supplementary angles, 15 
theorems, 27, 87, 97, 1S3 
Surface, unit of, 309 
Symbols, xviii, 206 
Symmetry, frontispiece, 296 


Table*, of formula*, 312, 413 
ol polygon*. 316 
trigonometric, 295 
Tangent, of angle, 290 
common, to two circles, 169 
theorem*, 169. ICO, 170, 1SS, 
201, 279, 375 
to arrle, 155 

Terms of » proportion, 233 
Tests, ne*f type, 39, 81, 103. 123- 
m. in, m. «s, 2 m, 2si, 
331, 371 

self-measuring. C7, 161, 122, 
130. 175, 170, 262, 2S1, 302, 
337, 381 
Thalia, 411 
Theorem, 21 

Tra tv-forming, polygons, 251 
triangles, 336 
Transit, 51 
Tra&rvereal, M, 239 
TrapcroiJ, t25 
altitude of. 120 
area of. 327 
bases of, 125 
isosceles, 125 
Triangle, 30 

altitude of, 32, 33, 399, 4CG 
bow to construct. 33 
angle bisector of, 33, 398, 401 
area of, 318, 407 
construction of. 207-211 
equiangular, 31 
equilateral. 30, frl 
inscribed, 377 
isosceles, 30 
theorems, M, 111 
median of, 32. 400, 401 
methods for, 47,60, 145 
notation foqr20G 
obtuse, 31 
right, 31 

theorems, 118, 119, 216, 266 
268,322 
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Triangles, 43 

congruent, theorems, 43, 45, 58, 
113 

similar, theorems, 246, 247, 
249 

Trigonometry, 289 
tables, 295 

Unit, of angle, 12 
of arc, 179 
of surface, 309 


Variation, motion and functional 
relations, 50, 65, 100, 111, 
133, 167, 176, 186, 192, 203, 
217, 241, 257, 272, 282, 307, 
313, 322, 329, 368, 386, 391, 
395, 398, 412 
Vertex, of angle, 9 
of isosceles triangle, 30 
Vertical angles, 15 
theorems, 27 
Volume, 325 
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Sine of an angle, 292 
method about, 300 
theorem, 300 
Slant height, 324 
Space geometry, area, 324 
cube, 136 
cylinder, 383 
diagonal of box, 275 
line perpendicular to plane, 75 
loci, 227 

parallel planes, 102 
parallelepiped, 135, 325 
perpendicular planes, 102 
plane, 7 
prism, 135 
right, 324 

proportion, in cone, 261 
in pyramid, 261 
pyramid, 205 

slant height of pyramid, 324 
sphere, 176 
volume, 325 
Sphere, 176 
Square, 37, 127 
construction of, 376 
Squares, sum of, in right triangle, 
268 

of sides, of similar polygons, 
352 

of similar triangles, 330 
8sa., 58 

Straight, angle, 11, 23 
line, 6 

Bum of angles, of triangle, 107 
about point, 27 
of poly gon, 317 
exterior, 317 

SU£D °2G8 |Uare9 ' n " 8ht trians!e - 
Summanes, 145, m 229 230 
203,312,413 ’ * 

Supplementary angles, 15 
theorems, 27, 87, 07, 183 
Surface, unit of, 309 
Symbols, xviii, 206 
Symmetry, frontispiece, 286 


Tables, of formulas, 312, 413 
of polygons, 346 
trigonometric, 295 
Tangent, of angle, 290 
common, to two circles, 169 
theorems, 163, 169, 170, 188, 
204, 279, 375 
to circle, 155 

Terms of a proportion, 233 
Tests, new type, 39, 81, 105, 123- 
143, 177, 19S, 228, 263, 2S4, 
334, 371 

self-measuring, 67, 104, 122, 
136, 175, 176, 262, 284, 302, 
337, 381 
Thales, 411 
Theorem, 21 

Transforming, polygons, 354 
triangles, 335 
Transit, 51 
Transversal, 85, 239 
Traperoid, 125 
altitude of, 126 
area, of, 327 
basea of, 125 
isosceles, 125 
Triangle, 30 
acute, 31 

altitude of, 32, 33, 399, 402 
how to construct, 33 
angle bisector of, 33, 398, 404 
area of, 318, 407 
construction of, 207-211 
equiangular, 31 
equilateral, 30, 54 
inscribed, 377 
isosceles, 30 
theorems, 54, 114 
median of. 32, 400, 404 
methods for, 47, GO, 145 
notation for^206 
obtuse, 31 
tight, 31 

theorems, US, 119, 246, 266. 

268,322 
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Triangles, 43 

congruent, theorems, 43, 45, 58, 
113 

similar, theorems, 246, 247, 
249 

Trigonometry, 2S9 
tables, 295 

Unit, of angle, 12 
of arc, 179 
of surface, 309 


Variation, motion and functional 
relations, 50, 65, 100, 111, 
133, 167, 176, 186, 192, 203, 
217, 241, 257, 272, 282, 307, 
313, 322, 329, 368, 3S6, 391, 
395, 398, 412 
Vertex, of angle, 9 
of iwisceka tria&gte, 30 
Vertical angles, 15 
theorems, 27 
Volume, 325 



